Tutorial 1

Special Relativity
Conceptual Questions

1) The speed of light in water is c/n, where n = 1.33 is the index of refraction of water. Thus the speed of light in water is less than c. Why doesn’t this violate the speed of light postulate? 

ANS

The constancy of light postulate only applies to light propagating in vacuum. So, a light propagating in a medium which is otherwise could still has a travelling speed other than c. 

2) What is the significance of the negative result of Michelson-Morley experiment? 
ANS

The negative result of the MM experiment contradicts with the prediction of the absolute frame (the Ether frame) of reference, in which light is thought to propagate with a speed c. In the Ether postulate, the speed of light that is observed in other initial reference frame (such as the Earth that is moving at some constant speed relative to the Absolute frame), according to the Galilean transformation, would be different than that of the Ether frame. In other words, the MM negative result provides the first empirical evidence to the constancy of light postulate by Einstein.

3) Is it possible to have particles that travel at the speed of light? 

ANS

Particle travelling at the speed of light would have an infinite mass, as per 
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. Hence it is physically not possible to supply infinite amount of energy to boost a particle from rest to the speed of light. 

  4)
What is the twin-paradox? What is the solution to the paradox?

ANS

Refer to page 43-44, Krane.

PROBLEMS

1)
Space Travel (from Cutnell and Johnson, pg 861,863)

Alpha Centauri, a nearby star in our galaxy, is 4.3 light-years away. If a rocket leaves for Alpha Centauri and travels at a speed of v = 0.95c relative to the Earth, (i) by how much will the passengers have aged, according to their own clock, when they reach their destination? ii) What is the distance between Earth and Alpha Centauri as measured by the passengers in the rocket? Assume that the Earth and Alpha Centauri are stationary with respect to one another.
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Figure: (a) As measured by an observer on the earth, the distance to Alpha Centauri is L0, and the time required to make the trip is t. (b) According to the passenger on the spacecraft, the earth and Alpha Centauri move with speed v relative to the craft. The passenger measures the distance and time of the trip to be L and t0 respectively, both quantities being less than those in part (a).

Reasoning 

The two events in this problem are the departure from Earth and the arrival at Alpha Centauri. At departure, Earth is just outside the spaceship. Upon arrival at the destination, Alpha Centauri is just outside. Therefore, relative to the passengers, the two events occur at the same place - namely, 'just outside the spaceship. Thus, the passengers measure the
proper time interval t0 on their clock, and it is this interval that we must find. For a person left behind on Earth, the events occur at different places, so such a person measures the dilated time interval t rather than the proper time interval. To find t we note that the time to travel a given distance is inversely proportional to the speed. Since it takes 4.3 years to traverse the distance between earth and Alpha Centauri at the speed of light, it would take even longer at the slower speed of v = 0.95c. Thus, a person on earth measures the dilated time interval to be t = (4.3 years)/0.95 = 4.5 years. This value can be used with the time-dilation equation to find the proper time interval t0.

Solution 

Using the time-dilation equation, we find that the proper time interval by which the Passengers judge their own aging is

t0
= t((1-v2/c2) = 0.95 years ((1-0.952) = 1.4 years. 

Thus, the people aboard the rocket will have aged by only 1.4 years when they reach Alpha Centauri, and not the 4.5 years an earthbound observer has calculated. 

Both the earth-based observer and the rocket passenger agree that the relative speed between the rocket and earth is v = 0.95c. Thus, the Earth observer determines the distance to Alpha Centauri to be L0 = vt = (0.95c)(4.5 years) = 4.3 light-years. On the other hand, a passenger aboard the rocket finds the distance is only L =

vt0 = (0.95c)(l.4 years) = 1.3 light-years. The passenger, measuring the shorter time, also measures the shorter distance - length contraction.

Problem solving insight

In dealing with time dilation, decide which interval is the proper time interval as follows: (1) Identify the two events that define the interval. (2) Determine the reference frame in which the events occur at the same place; an observer at rest in this frame measures the proper time interval t0.
2) 
The Contraction of a Spacecraft (Cutnell, pg 863)

An astronaut, using a meter stick that is at rest relative to a cylindrical spacecraft, measures the length and diameter of the spacecraft to be 82 and 21 m respectively. The spacecraft moves with a constant speed of v = 0.95c relative to the Earth. What are the dimensions of the spacecraft, as measured by an observer on Earth?

Reasoning 

The length of 82 m is a proper length Lo since it is measured using a meter stick that is at rest relative to the spacecraft. The length L measured by the observer on Earth can be determined from the length-contraction formula. On the other hand, the diameter of the spacecraft is perpendicular to the motion, so the Earth observer does not measure any change in the diameter.

Solution 

The length L of the spacecraft, as measured by the observer on Earth, is
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= 26 m

Both the astronaut and the observer on Earth measure the same value for the diameter of the spacecraft: Diameter = 21 m

Problem solving insight
The proper length L0 is always larger than the contracted length L.

3) 
Additional problem 36, Cutnell pg. 879.

Two spaceship A and B are exploring a new planet. Relative to this planet, spaceship A has a speed of 0.60c, and spaceship B has a speed of 0.80c. What is the ratio DA/DB of the values for the planet’s diameter that each spaceship measures in a direction that is parallel to its motion? 

Solution

Length contraction occurs along the line of motion, hence both spaceship observe length contraction on the diameter of the planet. The contracted length measures by a moving observer is linearly proportional to the Lorentz factor . Hence, 
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4) 
The Relativistic Momentum of a High-Speed Electron (Cutnell, pg 865)

The particle accelerator at Stanford University is three kilometers long and accelerates electrons to a speed of 0.999 999 999 7c, which is very nearly equal to the speed of light. Find the magnitude of the relativistic momentum of an electron that emerges from the accelerator, and compare it with the non-relativistic value. 
Reasoning and Solution

The magnitude of the electron’s relativistic momentum can be obtained from p = m0v = 
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m/s. The relativistic momentum is greater than the non-relativistic momentum by a factor of 
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5) 
The Energy Equivalent of a Golf Ball (Cutnell, pg 866)
A 0.046-kg golf ball is lying on the green. (a) Find the rest energy of the golf ball. (b) If this rest energy were used to operate a 75-W light bulb, for how many years could the bulb stay on? 

Reasoning 

The rest energy E0 that is equivalent to the mass m of the golf ball is found from the relation E0 = mc2. The power used by the bulb is 75 W, which means that it consumes 75 J of energy per second. If the entire rest energy of the ball were available for use, the bulb could stay on for a time equal to the rest energy divided by the power.

Solution

(a) The rest energy of the ball is

E0 = mc2 = (0.046 kg)(3.0 × 108 m/s)2 = 4.1 × 1015 J 

(b) This rest energy can keep the bulb burning for a time t given by

t = Rest energy/ Power = 4.1 × 1015 J/75 W = 5.5 × 1013 s = 1.7 million years!

6) 
A High-Speed electron (Cutnell pg. 867)

An electron (mass = 9.1 × 10-31 kg) is accelerated to a speed of 0.9995c in a particle accelerator. Determine the electron’s (a) rest energy, (b) total energy, and (c) kinetic energy in MeV

(a) 
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(b) 
Total energy of the traveling electron, 
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(c) 
The kinetic energy = E – E0 ​= 15.7 MeV

7) 
The Sun Is Losing Mass (Cutnell, pg 868)
The sun radiates electromagnetic energy at the rate of 3.92×1016 W. (a) What is the change in the sun's mass during each second that it is radiating energy? (b) The mass of the sun is 1.99 × 1030 kg. What fraction of the sun's mass is lost during a human lifetime of 75 years?
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Reasoning 

Since a W = I J/s the amount of electromagnetic energy radiated during each second is 3.92×1026 J. Thus, during each second, the sun's rest energy decreases by this amount. The change E0 in the sun's rest energy is related to the change m in its mass by E0=m c2. 

Solution

(a) For each second that the sun radiates energy, the change in its mass is 

m = E0/c2 = 3.92×1026 J/(3×108 m/s)2 = (4.36×109) kg.

Over 4 billion kilograms of mass are lost by the sun during each second. 

(b) 
The amount of mass lost by the sun in 75 years is

m =(4.36×109)kg ×(3.16×107 s/year) ×(75 years) = 1×1019 kg

Although this is an enormous amount of mass, it represents only a tiny fraction of the sun's total mass:

m/m = 1.0×1019 kg/1.99×1030 kg = 5.0×10-12
8) 
Figure below shows the top view of a spring lying on a horizontal table. The spring is initially unstrained. Suppose that the spring is either stretched or compressed by an amount x from its unstrained length, as part (b) of the drawing shows. Has the mass of the spring changed? If so, is the change greater, smaller, or the same when the spring is stretched rather than compressed? (Cutnell, pg 868)
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Reasoning and Solution 

Whenever a spring is stretched or compressed, its elastic potential energy changes. The elastic potential energy of an ideal spring is

equal to 1/2kx2 where k is the spring constant and x is the amount of stretch or compression. Consistent with the theory of special relativity, any change in the total energy of a system, including a

change in the elastic potential energy, is equivalent to a change in the mass of the system. Thus, the mass of a strained spring is greater than that of an unstrained spring. Furthermore, since the elastic potential energy depends on x2, the increase in mass of the spring is the same whether it is compressed or stretched, provided the magnitude of x is the same in both cases. The increase is exceedingly small because the factor c2 is so large.

9) The Speed of a Laser Beam  (Cutnell, pg 871)
Figure below shows an intergalactic cruiser approaching a hostile spacecraft. The velocity of the cruiser relative to the spacecraft is vCS = +0.7c. Both vehicles are moving at a constant velocity. The cruiser fires a beam of laser light at the enemy. The velocity of the laser beam relative to the cruiser is vLC = +c. (a) What is the velocity of the laser beam vLS relative to the renegades aboard the spacecraft? (b) At what velocity do the renegades aboard the spacecraft see the laser beam move away from the cruiser?


Reasoning and Solution

(a) Since both vehicles move at a constant velocity, each constitutes an inertial reference frame. According to the speed of light postulate, all observers in inertial reference frames measure the speed of light in a vacuum to be c. Thus, the renegades aboard the hostile spacecraft see the laser beam travel toward them at the speed of light, even though the beam is emitted from the cruiser, which itself is moving at seven-tenths the speed of light.

More formally, we can use Lorentz transformation of velocities to calculate vLS. We will take the direction as +ve when a velocity is pointing from left to right. We can take view that the hostile spacecraft is at rest (as the stationary frame, O) while the cruiser is approaching it with velocity vCS = + 0.7c (according to our choice of the sign). In this case, the cruiser is the moving frame, O’. The light beam as seen in the moving frame O’ is vLC = +c. We wish to find out what is the speed of this laser beam from O’ point of view, e.g. what vLS is.

We may like to identify vLS, vLC and vCS with the definitions used in the Lorentz formula: 
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. In fact, a little contemplation would allow us to make the identification that, with our choice of frames (that the hostile spacecraft as the stationary frame): vLC 
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 ux’ = +c; vCS 
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 u = + 0.7c and 

vLS = ux = the speed of laser beam as seen by the stationary frame O (the quantity we are seeking). Hence, we have
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, i.e. the laser beam is seen, from the view point of the hostile spacecraft, to be approaching it with a velocity +c (+ve means the velocity is from left to right).

(b) 
The renegades aboard the spacecraft see the cruiser approach them at a relative velocity of vCS = +0.7c, and they also see the laser beam approach them at a relative velocity Of vLS +c. Both these velocities are measured relative to the same inertial reference frame-namely, that of the spacecraft. Therefore, the renegades aboard the spacecraft see the laser beam move away from the cruiser at a velocity that is the difference between these two velocities, or +c - (+0.7c) = +0.3c. The relativistic velocity-addition formula, is not applicable here because both velocities are measured relative to the same inertial reference frame (the spacecraft's reference frame). The relativistic velocity-addition formula can be used only when the velocities are measured relative to different inertial reference frames.

10) 
Mass and Energy (Cutnell, pg 873)
The rest energy E0 and the total energy E of three particles, expressed in terms of a basic amount of energy E' = 5.98 × 10-10 J, are listed in the table below. The speeds of these particles are large, in some cases approaching the speed of light. For each particle, determine its mass and kinetic energy.




Rest

Total


Particle
Energy
Energy

    ___________________________



a
E'
2E'


b
E'
4E'


c
5E'
6E'

    ___________________________

Concept Questions and Answers 

Given the rest energies specified in the table, what is the ranking (largest first) of the masses of the particles?

Answer 

The rest energy is the energy that an object has when its speed is zero. According to special relativity, the rest energy E0 and the mass m are equivalent. Thus, the rest energy is directly proportional to the mass. From the table it can be seen that particles a and b have identical rest energies, so they have identical masses. Particle c has the greatest rest energy, so it has the greatest mass. The ranking of the masses, largest first, is c, then a and b.

What is the ranking (largest first) of the kinetic energies of the particles?

According to special relativity, the kinetic energy is the difference between the total energy E and the rest energy E0, so KE = E - E0. Therefore, we can examine the table and determine the kinetic energy of each particle in terms of E'. The kinetic energies of particles a, b, and c are, respectively, 2E' - E' = E', 4E' - E' = 3E', and 6E' - 5E' = E'. The ranking of the kinetic energies, largest first, is b, then a and c.

Solution

(a) 
The mass of particle a can be found from its rest energy E0 = mc2. Since E0 = E' (see the table), its mass is

ma = E'/c2 = 5.98×10-10 J/(3×108 m/s)2 = 6.64×10-27 kg

In a similar manner, we find that the masses of particles b and c are

mb = 6.64×10-27 kg, mc = 33.2×10-27 kg,

As expected, the ranking is mc > ma = mb
(b) 
The kinetic energy KE of a particle is KE = E - E0. For particle a, its total energy is E = 2E' and its rest energy is E0 = E', so its kinetic energy is 

KEa = 2E' - E' = E'
= 5.98×10-10 J.

The kinetic energies of particles b and c can be determined in a similar fashion:

KEb = 17.9×10-10 J, KEc = 5.98×10-10 J

As anticipated, the ranking is KEb > KEa = KEc. 
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(a) This spring is unstrained. (b) When the spring is either stretched or compressed by an amount x, it gains elastic potential energy and hence, mass. 
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