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First Semester, 2015/16 Academic Session

COURSE DETAILS

Course name: Calculus and Linear Algebra

Course code: ZCA 110

Credit hours: 4 (i.e. 4 lectures per week for 14 weeks, plus tutorial
sessions)

LECTURERS

e Four separate classes for ZCA 110 (Groups: A, B, C, and D) handled concurrently
by four lecturers:

A group: Dr. Norhaslinda Mohamed Tahrin (NMT)
B group: Dr. Ramzun Maizan Ramli (RMR)

C group: Dr. Yoon Tiem Leong (YTL)

D group: Prof. Fauziah Sulaiman (FS)

COURSE DESCRIPTIONS

e A core course offered by School of Physics
e Course conducted in English, but the students can answer the final exam either in
Bahasa Malaysia or English

Duration: 7" September 2015 — 18™ December 2015
Semester Break: 9" — 15" November 2015
Public Holidays: Wed 16" September (Hari Malaysia)

Thur 24" September (Aidiladha)
Wed 14" October (Maal Hijrah)
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Meeting times:

Pre-requisite:

E-learn:

CONTENTS

Preliminaries: Sets,

Mon 10.00 — 10.50 am
Wed 9.00-9.50 am

Thurs 12.00 — 12.50 pm
Fri 10.00 - 10.50 am

None, BUT will assume that students are familiar with basic
mathematics at STPM or Matrikulasi level (i.e. arithmetic of
addition, subtraction, division and multiplication; basic
algebra, geometry, trigonometry, simple differentiation, and
integration)

For updates, announcements, assignments, etc.

real numbers, rational and complex numbers (read the

Appendix section of Thomas’ calculus)

The course consists of two parts:

A. Calculus (~weeks 1 -12)

Functions
Limits and continuity

Sequences and series

®
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Differentiation and its applications
Integration and its applications
Transcendental functions

Linear algebra (~weeks 12 — 14)

Matrix algebra, types of matrices

Determinants, minors, cofactors

Solving system of linear equations

Vector spaces: subspaces, basis and dimension, linear transformations



OBJECTIVES

Calculus

1. Differentiation: learn the different rules of differentiation, and its applications

2. Integration: learn the different techniques of integration, and its applications

3. To learn about sequence and series (basic concepts), including the calculus of

transcendental functions

Linear algebra

1. To learn about matrix algebra and its types

2. To solve system of linear equations using matrix

3. To learn about vector spaces: subspaces, basis and dimension, and linear
transformation

COURSE EXPECTATIONS

After completing this course, students should be:

e Well-versed in the so-called foundation mathematics that will be needed for
numerous applications in physics

e Well-prepared for more advanced mathematics courses as well (e.g. ZCT 112/3,
ZCT 210/4, ZCT 219/4, etc.)

CONSULTATION HOURS

Consult your respective group lecturers for details.
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ASSESSMENT

COMPONENTS DESCRIPTION WEIGHTAGE
Course work Two (2) tests — 20% (10% each)
40%
Assignments — 20%
Final examination Will cover all topics 60%
Attendance ¢ will be recorded
e students missing tests without
valid reasons/M.C. will get zero
e students with attendance less
than 70% will be barred from
sitting for the final examination
Total 100%
TESTS
Dates Time Venue
Test1 6" November 2015 10.00 —11.00 am | E41*
(Calculus Part 1)
Test 2 11" December 2015 | 10.00 — 11.00 am | E41*

(Calculus Part 2, linear algebra)

* Basement of PHS Il (Adjacent to Eureka building)

Note: All students (A, B, C, D groups) will sit for the same tests and final examination.
Topics covered will be announced later.
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ASSIGNMENTS and TUTORIALS

e About ten (10) assignments to be completed by students throughout the course
duration

e Students are required to submit them to her/his respective tutors, and will be graded

e Assignments received after the respective due date will not be graded (which means
that you will get zero for that particular assignment)

e Tutorial sessions — each session is to be held during one of the usual lecture hours.
Details of which will be announced later by your respective group lecturers.

REFERENCES

Main textbooks

(1) Thomas' Calculus Early Transcendentals, 11" edition, G.B. Thomas, as
revised by MD Weir, J Hass and F.R. Giordano, Pearson international edition, 2008

2 Schaum's Outline of Theory and Problems of Matrices, SI (Metric) Edition,
Frank Ayres, McGraw-Hill, 1974

Additional references

1. S.L. Salas, E. Hille, and G.J. Etgen, Calculus, John Wiley & Sons, New York, 9th
Edition, 2003, John Wiley & Sons.

2. Edwards and Penny, Calculus, 6th Edition, 2002, Prentice Hall.
3. Gerald L. Bradley and Karl J. Smith, Calculus, 2nd Edition, 1999, Prentice Hall.

4. Seymour Lipschutz and Marc Lipson, Schaum’s Outlines, Linear Algebra, 3rd
Edition, 2001, McGraw-Hill.

5. Introductory Linear Algebra with Application by Bernard Kolman and David R.
Hill, 7" Edition, 2001, Prentice Hall.
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Lecture schedule — tentative

WEEK | DATE TOPICS TO BE COVERED
1 7 — 13 September 2015 PART I: CALCULUS
Chapter 1 Functions
Chapter 2 Limits and continuity
2 14 — 20 September 2015 Chapter 2 Limits and continuity
Chapter 3 Differentiation
3 21 — 27 September 2015 Chapter 3 Differentiation
4 28 — 4 October 2015 Chapter 4 Applications of derivatives
Chapter 5 Integration
5 5 — 11 October 2015 Chapter 5 Integration
Chapter 6 Applications of integrals
6 12 — 18 October 2015 Chapter 7 Transcendental functions
7 19 — 25 October 2015 Chapter 8 Techniques of integration
8 26 — 1 November 2015 Chapter 8 Techniques of integration
9 2 — 8 November 2015 Chapter 8 Techniques of integration
Chapter 9 Sequences and series
Test 1
9 — 15 November 2015 Semester break
10 16 — 22 November 2015 Chapter 9 Sequences and series
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11 23 — 29 November 2015 Chapter 9 Sequences and series
12 30 — 6 December 2015 PART II: LINEAR ALGEBRA
Chapter 1 Matrices
13 7 — 13 December 2015 Chapter 1 Matrices
Chapter 2 Vector spaces
Test 2
14 14 — 20 December 2015 Chapter 2 Vector spaces
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Chapter 1 1.3

Preliminaries Functions and Their Graphs
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Function
=y =f(x)
= f represents function (a rule that tell us how DEFINITION  Function
to calculate the value of Yy from the variable x A function from a set D to a set Y is a rule that assigns a unique (single) element
. . . f(x) e Y to each element x € D.
= X : independent variable (input of f)
= y : dependent variable (the correspoinding Definition  Domain of the function
output value of f at x) The set of D of all possible input values

Definition  Range of the function

The set of all values of f(x) as x varies throughout D
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f—— [  ——— f() * %

Input Output f(a)
(domain) (range) a f(x)

FIGURE 1.22 A diagram showing a D= domain set Y S conaning
function as a kind of machine.

FIGURE 1.23 A function from a set D to
a set Y assigns a unique element of ¥ to
each element in D.
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Natural Domain

Verify the domains and ranges of these

functions
When a function y = f(x)is defined and the
domain is not stated explicitly, the domain is Function Domain (x) Range ()
assumed to be the largest set of real x-values y=x (=00, %) [0, o0)
for the formula gives real y-values. Y= 1\/% EO“:;)O) U (0, c0) EO“:;)O) (0, o)
e.g. compare “y = x2” c.f. “y = x?, x=0” Jy} g~ (—500,4] [O: %)
Domain may be open, closed, half open, y=VI1-x (=11 [0, 1]

finite, infinite.
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| Graphs of functions

= Graphs provide another way to visualise a
function

= In set notation, a graph is
{(x,f(x)) | x €D}

= The graph of a function is a useful picture of
its behaviour.
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FIGURE 1.25 If (x, y) lies on the graph of
/, then the value y = f(x) is the height of
the graph above the point x (or below x if

f(x) is negative).

11
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y=x+2

/2 0 >

FIGURE 1.24 The graph of
f(x) = x + 2 is the set of points (x, y) for
which y has the value x + 2.
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| Example 2 Sketching a graph

= Graph the function y = x? over the interval
[_2!2]

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com
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The vertical line test

Since a function must be single valued over
its domain, no vertical line can intersect the ™

graph of a function more than once. / \ . /\ NI S S S
If a is a point in the domain of a function f, the k / \/
vertical line x=a can intersect the graph of f in

a single point (a, f(a)) @ o1 = Vi ©y-VITF
) .
FIGURE 1.28 (a) The circle is not the graph of a function; it fails the vertical line test. _(b) The upper semicircle is the graph of a function
f(x) = V1 — x%. (c) The lower semicircle is the graph of a function g(x) = —V'1 — x2.

13 14
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Piecewise-defined functions
"
The absolute value function 5L ¥ =M
y=—x
o 7T
1 -
X x2=0 L TR
‘ X‘ = -3 -2 -1 0 1 2 3
—X x<0
FIGURE 1.29 The absolute value
function has domain (—o0, 00)
and range [0, 00).
16
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| Graphing piecewise-defined functions

= Note: this is just one function with a domain
covering all real number

—X x<0
f(x)=4x* 0<x<1
1 Xx>1

17

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

' The greatest integer function

= Also called integer floor function

= f =[X], defined as greatest integer less than
or equal to x.

= e.d.

u [2.4] =2

| [2]:2

» [-2] = -2, etc.

19
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y
y=-x y =fx)
2._
=1
L y
y=x
| | | |
2 10 . 2 *

FIGURE 1.30 To graph the
function y = f(x) shown here,
we apply different formulas to
different parts of its domain
(Example 5).

18
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y FIGURE 1.31 The graph of the
§—=x  greatest integer function y = | x |
3 lies on or below the line y = x, so
sL it provides an integer floor for x
| y=x] (Example 6).
| | N | |
2 1 1 2 3 ¥
)_
2+

Note: the graph is the blue colour lines,

not the one inred

20
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Writing formulas for piecewise-defined

functions y
Write a formula for the function y=f(x) in y=f)
' Ly @
Figure 1.33 1+
5 H é > X

FIGURE 1.33 The segment on the
left contains (0, 0) but not (1, 1).
The segment on the right contains
both of its endpoints (Example 8).

21 22
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Linear functions

14 Linear function takes the form of
y=mx + b

m, b constants

m slope of the graph

b intersection with the y-axis

The linear function reduces to a constant
function f = ¢ when m = 0,

Identifying Functions;
Mathematical Models

23 24
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FIGURE 1.34 The collection of lines
y = mx has slope m and all lines pass
through the origin.
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3
2F }’—§
1_
| | | | | | x
0 1 2

FIGURE 1.35 A constant function
has slope m = 0.

25 26
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\ Power functions

[ | f(X) =x2
= a constant
= Case (a): a = n, a positive integer

y=x Y ooy=4a? Y oy=x? Y oy=x*

FIGURE 1.36 Graphs of f(x) = x",n = 1,2, 3,4, 5 defined for —00 < x < 00,

go back
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‘ Power functions

= Case (b):
= a=-1 (hyperbola)
= ora=-2

1 -
Domain: x # 0 X
Range: y #0 0
Domain: x # 0
Range: y >0
(@) (b)

FIGURE 1.37 Graphs of the power functions f(x) = x for part
(a)a = —1 and for part (b) a = —2.

go back

29
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\ Power functions C ,

)= i
1._
: B *
- Case (C) Domain: 0 =< x <o Domain: —o < x < %
Range: 0=y<w= Range: - <y<o
= a=1%,1/3,3/2, and 2/3 = =
. y
= f(x) = x* = \x (square root) , domain = [0 < X < )
. y
= g(x) = x13 = 3Vx(cube root), domain = (-« < x < «) .
y=x
y=x23
= p(X) = x2B= (x3)2. domain = ? Wk |
= g(x) = x32= (x3)2 domain = ? of 1 : o] 1 *
Domain: 0 = x < Domain: —% < x <
Range: 0=y<w= Range: 0=y<w
FIGURE 1.38 Graphs of the power functions f(x) = x“ fora = %, %, %, and%.
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go back
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| Polynomials

P(X)= a X" + &, X" + a, ,X"2 +... a;X + a :
n nonnegative integer (1,2,3...) i Jrmevres ey
a’s coefficients (real constants) AT R R \

If a,,# 0, n is called the degree of the
polynomial

<
Sl
=
\‘7

(a) (b) (©)

FIGURE 1.39  Graphs of three polynomial functions.

33 34
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\ Rational functions

A rational function is a quotient of two it 1
polynomials:

. R

f(x) = p(X) / 4(x) L\

. X
= p,g are polynomials. /]/ \/
= Domain of f(x) is the set of all real number x Al [ rormoseus .

for which q(x) = 0. -

FIGURE 1.40 Graphs of three rational functions.

35 36
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| Algebraic functions

= Functions constructed from polynomials
using algebraic operations (addition,
subtraction, multiplication, division, and
taking roots)

37
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‘ Trlgonometrlc functions
= More details in later chapter
39
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y
= (1 — )25
y=x”3(x—4) Y y=x(1—-x)
B _3,2_ 23
N y=36"-1
Yy
2 -
1+
1 1
-0 * 0] * 0 51 *
1k 7
2 gk
-3+
(@ (b) ©)
FIGURE 1.41 Graphs of three algebraic functions.
38
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2

y

A
| 1 | x

! pe
- 0 T 2
V/EEV AN
(a) f(x) =sinx

FIGURE 1.42 Graphs of the sine and cosine functions.

VAV

(b) f(x) = cos x

\/
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Exponential functions

f(x) = a*

Where a>0and a= 0. ais called the ‘base’.
Domain (-, «)

Range (0, «)

Hence, f(x) > 0

More in later chapter

4
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Logarithmic functions

f(x) = log, x

a is the base

az1l,a>0

Domain (0, «)

Range (-, «)

They are the inverse functions of the
exponential functions (more in later chapter)

43
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y y
y = 10" y=107"
12} 12k
101 10
8t 8t
6 y=37 6
— 3%
i y X_
I y=2 y=27 2r
; T L | L | ——
1 05 0 05 1 * T 05 0 05 1 .

(@) y=2%y=3%y=10" () y=27y=3%y=10"

FIGURE 1.43 Graphs of exponential functions.

Note: graphs in (a) are reflections of the
corresponding curves in (b) about the y-axis. This
amount to the symmetry operation of X <« -X.

22
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Yy
A
1 -
0 1
y = logsx
-1h y =loggx

FIGURE 1.44 Graphs of four
logarithmic functions.
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Transcendental functions

Functions that are not algebraic

Include: trigonometric, inverse trigonometric,
exponential, logarithmic, hyperbolic and
many other functions

5
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Increasing versus decreasing functions

A function is said to be increasing if it rises as
you move from left to right

A function is said to be decreasing if it falls as
you move from left to right

47
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Example 1

Recognizing Functions
(@) f(x) =1+ x-%x°
(b) g(x) = 7*

(c) h(z) =7’

(d) y(t) = sin(t-/4)
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Function Where increasing Where decreasing

y = x? 0=x< o —o<x=0

y=x> —00 < x < 00 Nowhere

y=1/x Nowhere -0 <x<0and0 < x < 00
y = 1/x? —00 <x <0 0<x< ™

y= Vix 0=x< o Nowhere

y = x23 0=x< o0 —0<x=0

v=x2, y=x3; y=1/x, y=1/x?; y=x112, y=x23
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DEFINITIONS  Even Function, 0dd Function
A function y = f(x) is an

even function of x if f(—x) = f(x),
odd function of x if f(—x) = —f(x),

for every x in the function’s domain.

49
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| Recognising even and odd functions

= f(x) = x? Even function as (-x)? = x? for all x,
symmetric about the all x, symmetric about
the y-axis.

= f(x) = x2 + 1 Even function as (-x)2 + 1 = x2+ 1
for all x, symmetric about the all x, symmetric
about the y-axis.

51
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y=x
(=x, ) (x, )
0
(2)
y
y= 3
(x,y)
0
(=x,-y)
()

FIGURE 1.46 In part (a) the graph of

y = x2 (an even function) is symmetric
about the y-axis. The graph of y = x3 (an
odd function) in part (b) is symmetric
about the origin.

50
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| Recognising even and odd functions

= f(xX) = x. Odd function as (-x) = -x for all x,
symmetric about origin.

» f(x) = x+1. Odd function ?

52
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(@)

FIGURE 1.47 (a) When we add the constant term 1 to the function

y = x2, the resulting function y = x? + 1 is still even and its graph is
still symmetric about the y-axis. (b) When we add the constant term 1 to
the function y = x, the resulting function y = x + 1 is no longer odd.

The symmetry about the origin is lost (Example 2).
53

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

Sums, differences, products and quotients

f, g are functions

For x eD(f )ND(g), we can define the functions of
(f+9) (x) = f(x) + 9(x)

(f-9) (¥) =1f(x) - 9(x)

(fa)(x) = f(x)g(x),

(cH)(x) = cf(x), c a real number

Loo-2 a0

g 9(x)

55
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1.5

Combining Functions;
Shifting and Scaling Graphs

54
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Example 1

f(x) = Vx, g(x) = V(1-x),
The domain common to both f,g is
D(f )ND(g) = [0,1] (work it out)

56
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Function Formula Domain

fre (f+9) = Va+V1i-x [0, 1] = D(f) N D(g)
f-g (f -8k = V- V1i-x [0, 1]

g—f (g-NE)=V1I—-x-Vx [0, 1]

fg (f 2)x) = flx)glx) = Vx(1 — x) [0, 1]

flg —(x) g((i)) i - P [0, 1) (x = 1 excluded)
g/f f( x) = fE )) 1 ; X (0, 1] (x = 0 excluded)
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FIGURE 1.51 The domain of the function f + g is
the intersection of the domains of f and g, the
interval [0, 1] on the x-axis where these domains
overlap. This interval is also the domain of the
function f - g (Example 1).

59

| —
rfla) + gla)

FIGURE 1.50 Graphical addition of two

functions.
58
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| Composite functions
= Another way of combining functions
60
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DEFINITION  Composition of Functions

If f and g are functions, the composite function f o g (“f composed with g”) is
defined by

(f 2 8)x) = f(g(x)).

The domain of f ¢ g consists of the numbers x in the domain of g for which g(x)
lies in the domain of f.

61
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feog

flg(x))

8(x)

FIGURE 1.53 Arrow diagram for f ° g.

63
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X g g(x) f  — fgx)

FIGURE 1.52 Two functions can be composed at
x whenever the value of one function at x lies in the
domain of the other. The composite is denoted by

feg.
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| Example 2

Viewing a function as a composite
y(X) = V(1 - x?) is a composite of
g(x) = 1 — x2 and f(x) = Vx

i.e. y(x) = f [g(x)] = V(1 - x?)

[-1.1]
Is £[g(x)] = g [f(x)]?

Domain of the composite function is [x|< 1, or
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'Example 3 ‘ Shifting a graph of a function

- Read It yourself Shift Formulas
= Make sure that you know how to work out the Vertical Shifts
domains and ranges of each composite y=f)+k  Shiftsthe graph of fup kunits itk > 0

i i Shifts it down | k| units if k < 0
functions listed ifts it down | k| units i

Horizontal Shifts
y = f(x + h) Shifts the graph of f'left h units if 2 > 0
Shifts it right|h|units if 4 < 0

65 66
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| Example 4
1 y=x2+2
y= X +1
=(@y=x3y=x2+1 )
y=x
= (b)y=x2%y=x2-2
y=x%-2
1 unit
| | FIGURE 1.54 To shift the graph
5. 0 i 2 > X of]f()’c) = x2up (F)r down), we add
a1k l(\2 . positive (or negative) constants to
units the formula for f (Example 4a
2L
and b).
67 68
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‘ExmnMe4

s ()y=x3y=(x+3)? y=(x-3)?

69
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=@dy=kly=Ix-2/-1
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Add a positive Add a negative
constant to x. constant to x.
« Y -
y=(x+3)7° y=x* [y=(x-2)*
1 -
| ! L | 5
=3 o 1 2 >

FIGURE 1.55 To shift the graph of y = x? to the
left, we add a positive constant to x. To shift the
graph to the right, we add a negative constant to x

(Example 4c).
70
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|
—4
FIGURE 1.56 Shifting the graph of
¥ = |x| 2 units to the right and 1 unit
down (Example 4d).
72
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Scaling and reflecting a graph of a function

To scale a graph of a function is to stretch or
compress it, vertically or horizontally.

This is done by multiplying a constant c to the
function or the independent variable

73
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Example 5(a)

Vertical stretching and compression of the
graph y = Vx by a factor or 3

5
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Vertical and Horizontal Scaling and Reflecting Formulas

Forc > 1,

y = cf(x) Stretches the graph of f vertically by a factor of c.

y= % f(x) Compresses the graph of f vertically by a factor of c.

y = flex) Compresses the graph of f horizontally by a factor of c.
y = f(x/c) Stretches the graph of f horizontally by a factor of c.
Forc = —1,

y=—f(x) Reflects the graph of f across the x-axis.

y = f(—x) Reflects the graph of f across the y-axis.

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

— N W R W

-1 0

FIGURE 1.57 Vertically stretching and
compressing the graph y = Vxbya
factor of 3 (Example 5a).
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'Example 5(b)

= Horizontal stretching and compression of the
graph y = Vx by a factor of 3

7
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| Example 5(c)
= Reflection across the x- and y- axes
mCc=-1
79
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-1

FIGURE 1.58 Horizontally stretching and
compressing the graph y = V/x by a factor of
3 (Example 5b).
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y=V-x 3
y= Vix
1 -
1 |
-3 -2
FIGURE 1.59 Reflections of the graph
¥ = Vx across the coordinate axes
(Example 5c).
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EXAMPLE 6

Combining Scalings and Reflections

Given the function f(x)=x*-4x3+10 (Figure
1.60a), find formulas to

(a) compress the graph horizontally by a
factor of 2 followed by a reflection across the
y-axis (Figure 1.60D).

(b) compress the graph vertically by a factor
of 2 followed by a reflection across the x-axis
(Figure 1.60c).

81
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1.6
Trigonometric Functions
83
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y=16x*+32x3+10 Y

(a) (b) ©

FIGURE 1.60 (a) The original graph of £ (b) The horizontal compression of y = f(x) in part (a) by a factor of 2, followed
by a reflection across the y-axis. (c¢) The vertical compression of y = f(x) in part (a) by a factor of 2, followed by a reflection
across the x-axis (Example 6).

82
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Radian Qjeasure

FIGURE 1.63 The radian measure of
angle ACB is the length 6 of arc 4B on the
unit circle centered at C. The value of 8
can be found from any other circle,
however, as the ratio s/r. Thus s = rf is
the length of arc on a circle of radius »
when 6 is measured in radians.

84

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com




Conversion Formulas

1 degree = (=~0.02) radians

T
180
Degrees to radians: multiply by IWW
. 180
1 radian = — (~57) degrees

Radians to degrees: multiply by %

85
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9
4
y y
_om
A
X X
e N
4
FIGURE 1.66 Nonzero radian measures can be positive or
negative and can go beyond 27 .
87
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Terminal ray

Initial ray

Positive Initial ray /Negative
measure / Terminal

X measure
ray

FIGURE 1.65 Angles in standard position in the xy-plane.
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Angle convention

Be noted that angle will be expressed in
terms of radian unless otherwise specified.

Get used to the change of the unit

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

86

88



Generalised definition of the six trigo

The six basic trigonometric Functions y
functions oenuse | | |
opposite Define the trigo P
functions in terms of \9
: ] the coordinates of the 0 r o
adjacent point P(x,y) on a circle
sin 6 = opP csc @ = m of radius r
hyp opp
cos @ = a_dj sec O = @ sine: sin@ = y/r FIGURE 1.68 The trigonometric
hyp adj ) functions of a general angle 0 are
opp adj cosine: cosf= X/r defined in terms of x, y, and r.
wO=sg = opp tangent: tan6 = cosecant: cscO=rly
: . y/x secant: sec = r/x
FIGURE 1.67 Trigonometric ) _
ratios of an acute angle. . cotangent: coto= X/y .
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Mnemonic to remember when the basic trigo

y
y - - .
functions are positive or negative
y
hypotenuse & P(x, y) 4
r
Y\ opposite
o pPoste s A
0 X x sin pos all pos
adjacent FIGURE 1.70 The CAST rule,
remembered by the statement “All
>X  Students Take Calculus,” tells
which trigonometric functions are
T C positive in each quadrant.
tan pos COs pos
FIGURE 1.69 The new and old
definitions agree for acute angles.
o1 %
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3 2 2
y
P
1
V3 P
X
1
2

FIGURE 1.71 The triangle for
calculating the sine and cosine of 27/3
radians. The side lengths come from the

geometry of right triangles. o
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Periodicity and graphs of the trigo
functions

Trigo functions are also periodic.

DEFINITION  Periodic Function

A function f(x) is periodic if there is a positive number p such that
f(x + p) = f(x) for every value of x. The smallest such value of p is the period
of f.

95
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TABLE 1.4 Values of sin 6, cos 6, and tan 6 for selected values of 6
Degrees —180 -135 -9 -—45 0 30 45 60 90 120 135 150 180 270 360
; _ =37 -m -7 T T om m  2r 3w 5w 3
6 (radians) T 1 2 7l 0 6 1 3 2 3 1 3 T 2 2
) -2 -2 1 V2 V3 Vi V2o
sind e 2 2 R R T
cos 6 -1 ;Vi 0 ﬁ 1 ﬁ ﬁ 1 0 _1 ;Vi ;vg -1 0 1
2 2 2 2 2 2 2 2
tan 0 0 1 -1 0 ? 1 V3 -V3 -1 %3 0 0
94
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y
= tan x
‘ y y
y =cosx y =sinx
/: !
I 1 x
Loy ] x _ T 0 T 3
& /0 ¥ prowm -k % 3 3
} 2 2 : 2 % 2 II
Domain: —o0 < x < Domain: —0 < x < Domain: x#—+g 1—37
Range: -l=y=<1 Range: -l=y=<1 R C m<y<o
Period: 27 Period: 27 P:;(%Z'_ sy
(a) (b) )
Y y
= cotx

y=secx y=cscx
L x |

\\

I
-7 _w0 7T 3 - _17 é
T
# 3 .
=-1

Domain: x #+2  + 3777 . Domam.x # 0, +, tzﬂ-, .
s e =
Range: y=<-landy=1 Ral?ge.. y=-landy=1
i Period: 27
Period: 2w

(d) )

FIGURE 1.73  Graphs of the (a) cosine, (b) sine, (c) tangent, (d) secant, (e) cosecant, and (f) cotangent

?\Tx

Domain: x # 0, =, =27, .
Range: - <y<o
Period: 7

®)

functions using radian measure. The shading for each trigonometric function indicates its periodicity.
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Parity of the trigo functions Identities

¥

Even Odd

P(cos 6, sin §) 24yi=1

cos(—x) = cosx sin(—x) = —sinx

sec(—x) = secx tan(—x) = —tanx {|Sin9| KD

csc(—x) = —cscx |cos 6] . Applylng
o) = e Pythagorean theorem
The parity is easily deduced IR :0 tget“%Et t'r(;an?'lte
from the graphS triangle fc;rageneral angle 6. ea S O e | en I y
o cos? § + sin* @ = 1. (1)
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Dividing identity (1) by cos?6and sin?6in Double-Angle Formulas

turn gives the next two identities cos20 = cos’0 ~ sin’0 Q
sin26 = 2sinf cos 0

Identity (3) is derived by setting A=B in (2)

1 + tan® 0 = sec? 6. .
1+ cot? 6 = csc2 6. Half-Angle Formulas
cos?§ = 1 + cos 20 4
2
sin26 = 1 — ;os 20 )
Addition Formulas

cos(4 + B) = cosAcosB — sinA sinB @
sin(4 + B) = sin4 cos B + cosAsinB

Identities (4,5) are derived by combining (1) and (3(i))

There are also similar formulas for cos (A-B) and sin
(A-B). Do you know how to deduce them?

99 100
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Law of cosines

c?=a®+ b* — 2abcosh. (6)

y

B(a cos 0, a sin )

c?= (b-acos0)? + (asinb)?

a = a2+h? -2abcoso
A

o) b AD,0)

FIGURE 1.75 The square of the distance

between 4 and B gives the law of cosines.
101
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2.1

Rates of Change and Limits
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Chapter 2

Limits and Continuity
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Average Rates of change and Secant Lines

Given an arbitrary function y=f(x), we
calculate the average rate of change of y
with respect to x over the interval [X;, X,]

by dividing the change in the value of y, Ay,
by the length Ax

DEFINITION  Average Rate of Change over an Interval
The average rate of change of y = f(x) with respect to x over the interval [x1, x,] is

Ay  flx) — fx)) _ flxr + h) — f(x1)
Ax = X, =X = h . h#0.
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Secant

Plxy, f(x1))

0 X X2

FIGURE 2.1 A secant to the graph
y = f(x). Its slope is Ay/Ax, the
average rate of change of f over the
interval [x1, x2].
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350

300 /,/ 0(45, 340)
8
E 250 A / Ap =+ 190
2 200 // Ap .
£ P(23,150) 4 2|~ 86 fliesfday
E 150
Zz / Ar=122
100
A1
50 L
._——“/
0 10 20 30 20 =
Time (days)

FIGURE 2.2 Growth of a fruit fly population in a controlled

experiment. The average rate of change over 22 days is the slope

Ap/ At of the secant line.
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Example 4

Figure 2.2 shows how a population of fruit

flies grew in a 50-day experiment.

(a) Find the average growth rate from day 23
to day 45.

(b) How fast was the number of the flies
growing on day 237

Slope of PQ = Ap /At

[ (flies /day)
340 — 150 _

(45, 340) s &S
330 — 150 _

(40, 330) 0= ~ 106
310 — 150 __

(35, 310) 33 ~ 133
265 — 150 __

(30, 265) =3 ~ 164

Number of flies

p

350
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Slop at P = (250 - 0)/(35-14)

=16.7 flies/day

B(35,350) /

300

T

/

.Q(45, 340)

250
200

P23, 150) /
|

150
100

50

7

0

1007\ 20 30
A(14,0) Time (days)

40

50

FIGURE 2.3 The positions and slopes of four secants through the point P on the fruit fly graph (Example 4).

The grow rate at day 23 is calculated by examining the
average rates of change over increasingly short time
intervals starting at day 23. Geometrically, this is
equivalent to evaluating the slopes of secants from P to Q

with Q approaching P.
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Limits of function values Example 5

Informal definition of limit: How does the function behave near x=17?
Let f be a function defined on an open 2
interval about x,, except possibly at x, f(x)= X" -1
itself. Xx—1
If f gets arbitrarily close to L for all x Solution:
sufficiently close to x,, we say that f
approaches the limit L as x approaches X, 1 1
o dmth=Lo fo0=CTNOHD L forxet
“Arbitrarily close” is not yet defined here X—1
(hence the definition is informal). 6

TABLE 2.2 The closer x gets to 1, the closer f(x) = (x> — 1)/(x — 1)
seems to get to 2

Values of x below and above 1 fx) = % =x+1, x#1

0.9 1.9

1.1 2.1 x

0.99 1.99

1.01 2.01

0.999 1.999

1.001 2.001

0.999999 1.999999

1.000001 2.000001 FIGURE 2.4 The graph of f is

identical with the line y = x + 1

We say that f(x) approaches the limit 22aslx except at x = 1, where f is not
approaches 1. |X|LT1] f (X) =2 or lim= X =2 x defined (Example 5).

x—1 X—-1

10 11
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Example 6 Example 7

The limit value does not depend on how the

funcytlon is defined at Xo- In some special cases lerTxl f(x) can be evaluated by
calculating f (x,). For example, constant function,
oL oL L rational function and identity function for which x=x, is
defined

(@) lim,_,, (4) = 4 (constant function)

1 / * / (b) lim,_,_.5 (4) = 4 (constant function)
| | | (c) lim,_ 5 x = 3 (identity function)

10 ! 10 Ao 1 (d) lim,_,, (5x-3) = 10 — 3 =7 (polynomial function of
, P B degree 1)
@ fiy = £ =1 (b) 509 = | x=1 (© he) =x+ 1 () lim,_, , (3x+4)/(x+5) = (-6+4)/(-2+5) =-2/3 (rational
L x=1 function)

FIGURE 2.5 The limits of f(x), g(x), and A(x) all equal 2 as x approaches 1. However,
only /4 (x) has the same function value as its limit at x = 1 (Example 6). 13
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; Example 9

A function may fail to have a limit exist at a
point in its domain.

X0

X0
0, x<0 1 xz0 L
(a) Identity function y:{l,xzo yo{® ¥ 1
— 0, x=0
y
X

(a) Unit step function U(x) (b) g(x) ©) f(x)
X
0 %o FIGURE 2.7 None of these functions has a limit as x approaches 0 (Example 9).
(b) Constant function J u m p G rOW to OSC i I I ate
FIGURE 2.6 The functions in Example 8. | nfl n ItIES 5

14
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2.2

Calculating limits using
the limits laws
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THEOREM 1 Limit Laws
If L, M, ¢ and k are real numbers and

lim f(x) = L and lim g(x) = M, then
x—c x—c

1. Sum Rule: liln(f(x) +gx)=L+M

The limit of the sum of two functionsxis tche sum of their limits.

2. Difference Rule: lgn(f(x) —gkx)=L-M

The limit of the difference of two fun:tiocns is the difference of their limits.
3. Product Rule: li_r)n‘(f(x) gx))=L-M

The limit of a product of two functior:s isL the product of their limits.

4. Constant Multiple Rule: li_r;n‘(k'f(x)) =k-L

The limit of a constant times a func);io;l is the constant times the limit of the
function.

m & = L
x—c glx) M’
The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.

5. Quotient Rule: M#0

6. Power Rule: If r and s are integers with no common factor and s # 0, then
lim (f(x))"* = L
x—c

provided that L' is a real number. (If s is even, we assume that L > 0.)

The limit of a rational power of a function is that power of the limit of the func-
tion, provided the latter is a real number.
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16

18

The limit laws

Theorem 1 tells how to calculate limits of
functions that are arithmetic combinations of
functions whose limit are already known.

17
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Example 1 Using the limit laws
(@) lim,_, . (x3+4x2-3)
=lim,, ,x3+lim,, ,4x3-1lim,_ .3
(sum and difference rule)
= c3+ 4c?%- 3
(product and multiple rules)
19
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| Example 1

= (b) lim,_, . (x*+x2-1)/(x?+5)

= lim,_, , (x*x2-1) /lim,_, _ (x2+5)

X— C X— C

=(lim,_,.
= (c*+c2- 1)/(c?+ 5)

x4+ lim,_ x2-lim,_, 1)/(lim,_, x?+ lim,_, ,5)
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THEOREM 2 Limits of Polynomials Can Be Found by Substitution
If P(x) = a,x" + ap_1x" "' + --- + aqg, then
lim P(x) = P(c) = anc" + ap_1c™ '+ -+ + ay.
x—>c
22

| Example 1

= (€) lim,_, , V(4x2-3) =V lim,_, _, (4x2-3)
Power rule with r/s = %

= [lim,_, ,4x2-1lim,_, ,3]
=V [4(-2)2 - 3] = V13

21
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THEOREM 3 Limits of Rational Functions Can Be Found by Substitution
If the Limit of the Denominator Is Not Zero

If P(x) and Q(x) are polynomials and Q(c) # 0, then
lim 28 _ Plo)
e 0)  0c)’

23
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Example 2

Limit of a rational function

>@+4ﬁ—3_(—D3+M}DZ—3_9_O

lim :
(-D°+5 6

x>-1  x* 45

2
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Example 3 Canceling a common

factor 2 ix_9
Evaluate ol X% — X
Solution: We can’t substitute x=1 since

f (x = 1) is not defined. Since x=1, we can
cancel the common factor of x-1:

2 —_—
lim > ng_zznm(x Dx+2) o (x+2) g
x>l X —X x—1 X ( X _]_) x—1 X

26
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Eliminating zero denominators
algebraically

Identifying Common Factors

It can be shown that if O(x) is a
polynomial and Q(c) = 0, then

(x — ¢) is a factor of Q(x). Thus, if

the numerator and denominator of a
rational function of x are both zero at

x = ¢, they have (x — ¢) as a common
factor.

25
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FIGURE 2.8 The graph of

fx) = G* +x = 2)/(x* = x)in
part (a) is the same as the graph of
g(x) = (x + 2)/x in part (b) except
atx = 1, where f is undefined. The
functions have the same limit as x — 1

(Example 3).

27
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\ The Sandwich theorem

THEOREM 4 The Sandwich Theorem

Suppose that g(x) = f(x) = h(x) for all x in some open interval containing c,
except possibly at x = c itself. Suppose also that

lim g(x) = lim h(x) = L.
x—>c X—c

Then lim,—. f(x) = L.

28
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| Example 6

= (a)

= The function y =sin @ is sandwiched between
y = |0 | and y= -|0| for all values of 6. Since
limg_, (-]8]) = lim,_, (]€]) = 0, we have

= (b)

= From the definition of cos 6,

0<1-cos @ <|0|forall 6, and we have the
limit lim,_,,cos 6=1

30
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FIGURE 2.9 The graph of f is
sandwiched between the graphs of g and 4.

29

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

y
y:|0|
1L y =sin@
y=1—cosf
7:7' 7;0 0
-1} y=-l6l (b)
(a)

FIGURE 2.11 The Sandwich Theorem confirms that (a) limg—q sin # = 0 and
(b) limg—( (1 — cos @) = 0 (Example 6).

31
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Example 6(c)

For any function f (x), if lim,_, (If (x) |) =0, 2.3
then lim,_, f (X) = 0 due to the sandwich

theorem.

Proof:

-[f GOl = f(x) = [f (X)]
Since lim,_o (If (x) [) = lim,_, (-[f (x) ) =0
— lim,_, f(x) =0

The Precise Definition of a Limit

32 33
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Example 1 A linear function Solution :
y=2x—-1

Consider the linear function y = 2x — 1 near X, For what value of x ety bound:

= 4. Intuitively it is close to 7 when x is close IS ly-7l< 22 _ T

. First, find |y-7|<2 in terms Tosatisty | | 1

to 4, so lim, 5, (2x-1)=7. How close does x of x: this .
have tO be SO that y = 2X '1 dlffeI’S from 7 by ly-7|<2 = |2x-8|<2 3 : : Lower bound:

less than 2 units? =-2<2x8<2 . =’
’ =3<x<5 i

=-1<x-4<1 0 3 j 5 *

Keeping x within 1 unit tht_'lt

of Xy = 4 will keep y within toctsh?sc

2 units of y,=7.
FIGURE 2.12 Keeping x within 1 unit

of xo = 4 will keep y within 2 units of
yo = 7 (Example 1).
34 35
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Definition of limit Definition of limit

L+eT
DEFINITION  Limit of a Function i
Let f(x) be defined on an open interval about xo, except possibly at x; itself. We Lk {IEX[)IC;ZS
say that the limit of f(x) as x approaches x, is the number L, and write ® f(x)
lim f(x) =L, L—-edl
X—>Xp

if, for every number € > 0, there exists a corresponding number 6 > 0 such that
for all x, for all x # x;

0<|x—x <& = [f(x) — L] <e. in here
) )
P4 3 ¥
* 7

Xg—98 xg x+8

FIGURE 2.14 The relation of 6 and € in

the definition of limit.
36 37
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N \:/()/ i ‘:/m/ v:/r/ \=/Iy
10 L+ | L—ﬁ L"H‘To
A * The problem of proving L as the g o | LS = i/l
limit of f (x) as x approaches x, is a -+ | oL L L | fiﬁ} I
Lol problem of proving the existence of / I B I L .4 .
108 f@ 6, such that whenever L,
f(x) lies Make |10 -L| < e =5 ¥ = o] < B0 (@ number) Make | /o)~ L| < e= Lo 5= o] <8110
L¢ in here * Xg— 0< X< Xgt6, . ‘
Ll o L+e<f(x) <L-¢ for any arbitrarily LY I i
10 small value of & - &
for all x # x, ' pjE=—— : -3
in here 0 . . . e ‘ gkl I
* As an example in Figure 2.13, given 1 -
e €= 1/10, can we find a — -
| x . ,) New chullclngc Response:
o oo o wls corresponding value of 6~ e el
e How about if £ = 1/100? &= 1/12347 y , ;
FIGURE 2.13 How should we define f f b | ” | f ol y =/ L y=/) y=/@
8 > 0 so that keeping x within the It for any ar Itran y small value ot & 'OU'OU\:‘_ikﬁ / o
- . we can always find a corresponding L = ‘ tf===x ‘
interval (xg — 8, xo + &) will keep f(x) L ‘ ML i !
. . value of 6, then we has successfully 0000 | ' ] !
within the interval (L “qolt E)? proven that L is the limit of f as x o G , o £ L :
approacnes XO — Nc\\:inllcni Rcsrz‘m:‘e\ |<a Nc\v(cia!{cngc: .
38 100,000 39
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Example 2 Testing the 3 y:Sx_y Solution : y:Sx_y
definition e | 2 ,
| 1
Show that ? o Set x,=1, f(x)=5x-3, L=2. : o
Lo . Lo
2-e = For any given ¢, we haveto 2~ =
| | | | | 1
lim(5x—3)=2 L1 . find a suitable § > 0 so that L1 x
x—1 0 1-€ 1 1+€ 0 1-€ 1 1+€
3 3 whenever 5 3
O<| x = 1< 6, x#1,
f(x) is within a distance &
3 from L=2, i.e. 3
NOT TO SCALE |f (X) -2 |< E. NOT TO SCALE
FIGURE 2.15 If f(x) = 5x — 3, then FIGURE 2.15 If f(x) = 5x — 3, then
0 < |x — 1] < €/5 guarantees that 0 < |x — 1| < €/5 guarantees that
|f(x) — 2| < e (Example 2). |f(x) — 2| < e (Example 2).
40 41
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First, obtainan openinterval (a,b) in-which
f(x)-2|< & =|5x-5|< & = Example 3(a)
y
- I5<X-1<el5=-g/5< X - X< /5 yex
( | X \ Xo+ €[
\ T Limits of the identity — x,+5
A:g/S XO X0+ 8/5 b . ’ Xo———————— 7|/i
a functions % — =
[
choose 6 < ¢/ 5. This choice will guarantee that Prove xo— el L
[f(x) — L] < e whenever x,—8 < X < X, + 8. lim x = x L i
= [
We have shown that for any value of ¢ given, we can X=X, 0 o
always find a corresponding value of § that meets the 0 ¥o =0 Xo %o+
“challenge” posed by an ever diminishing ¢. This is a .
proof of existence. FIGU.RE 2.16 For the function f(x) = x,
. . we find that 0 < |x — xp| < & will
Thus we hav? proven that the limit for f(x)=5x-3 is L=2 guarantee | f(x) — xo| < € whenever
whenx—=>-xp=1 5 < e (Example 3a).
42 43
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Solution Example 3(b)

y
y=x "
X0+ €

Let &> 0. We must ’ e y=k

find &> 0 such that for ¥ +x?) _________ / k —T—

all X, 0 < [x-X,|< & xo— b B Limits constant functions® B

implies [f(x)-X,|< &., M . R

here, f(x)=x, the =€ n Prove L

identity function. L] limk =k (k constant) T .

) ! > x X=X 0 xg—8 x5 xg+ 38

Choose 6 < ¢ will do 0 Xg— 8 xg X+ &

the job. ‘ FIGURE 2.17 For the function f(x) = k,
The proof of the FIGURE 2.16  For the function f(?c) - we find that | f(x) — k| < € for any

. we find that 0 < |x — xo| < 8 will o
existence of ¢ proves positive 8 (Example 3b).
guarantee | f(x) — xp| < € whenever
lim x = x 8 = e (Example 3a).
X—>X, 0 44 45
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Solution Finding delta algebraically for given
y epsilons

Let ¢ > 0. We must y=k Example 4: Finding delta algebraically

find 6 > 0 such that for k+¢€ NPT \/—1_2

all x, 0 < |x-X,|< & ] k T For the limit XILTQ X—1l=

. . — € t

implies [f(x)- k|< &., SN find a 6 > 0 that works for = 1. That is, find a

here, f(x)=k, the ey 5>0 h that f I

constant function. | : | such that for all X,

|

Choose any 6 will do L >

the Job_ y 0 xn—ﬁ .XO x0+5 "

The proof of the FIGURE 2.17 For the function f(x) = k, 0< ‘X - 5‘ <6=0< ‘ VX—1- 2‘ <1

existence of & proves we find that | f(x) — k| < e for any

limk =k positive 8 (Example 3b).

X=Xy

46 47

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com) Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com




0| 1

I
I
I
I
1 t
| |
3 0 3
I ]
| |
| | | 1 | |
5

2

NOT TO SCALE

cof—Y— o s

FIGURE 2.19 The function and intervals

in Example 4.
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Solution

Step one: Solve the inequality |f(x)-L|<e

0< \/ﬁ—Z <1=2<x<10
Step two: Find a value of 6 > 0 that places the open
interval (Xq-0, Xo+9) centered at X, inside the open
interval found in step one. Hence, we choose 6 =3
or a smaller number

By doing so, the
inequality O<|x - 5| < &
will automatically place
X between 2 and 10 to
make 0<|f(x)-2|<1

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

> X
10Interval found in

FIGURE 2.18 An open interval o
radius 3 about x; = 5 will lie inside the
open interval (2, 10).

Solution

o is found by working backward:

How to Find Algebraically a 6 for a Given f, L, xo, and e > 0
The process of finding a 6 > 0 such that for all x

0<|x—x| <6 = | fx) — L] <e
can be accomplished in two steps.

1. Solve the inequality |f(x) — L| < e to find an open interval (g, b) contain-
ing x( on which the inequality holds for all x # xg.

2. Find a value of 8 > 0 that places the open interval (xog — 8, xo + 8) centered
at x, inside the interval (a, b). The inequality | f(x) — L| < e will hold for all
X # X in this 8-interval.

49
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Example 5

Prove that

lim f (x)=4 if

i
X—2 ::
) t
X X#2 -
f(x)= :||
() 1 x=2 iTi(z,l)

[

s

0 4—&2\\/4+e

FIGURE 2.20 An interval containing
x = 2 so that the function in Example 5
satisfies | f(x) — 4| < e.

51
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Solution

Step one: Solve the
inequality |f(x)-L|<e:

O<‘x2—2‘<g:>\/4—g<x<\/4+g,x¢24+5 /
Step two: Choose |
o< min [2-\/(4-5‘), \/(4+g) — 4mmmT 24

2]
For all x that obey
O<|x-2|<¢o

= [f(x)-4]<e e
This Completes the proof_ FIGURE 2.20 An interval containing

x = 2 so that the function in Example 5

satisfies | f(x) — 4] < e.

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

y
Two sided limit _x
does not exist fory; i
lim f (x)=1

BUt x—0"
y does has two one- ° '
sided limits -

lim f(x)=-1

x—0"

FIGURE 2.21 Different right-hand and

left-hand limits at the origin.
54
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2.4

One-Sided Limits and
Limits at Infinity

53
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One-sided limits

L fx) F&x) M

0 X e C

(b) Lm_ fix)=M
X—=C

0 C e X

(a) lim+ f=L
x—c¢

FIGURE 2.22 (a) Right-hand limit as x approaches c. (b) Left-hand limit as x
approaches c.

Right-hand limit Left-hand limit

55
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Example 1

y

One sided limits of d semicircle

No left hand
limit at x=-2;

y=V4-x?

No two sided -2

limitat X=-2; 11cipe 223

lim V4 — x* = 0 (Example 1).

x—>=2

0 2

No right hand
limit at x=2;

No two sided
limit at x= 2;

lim V4 — x* = 0 and

x—2"
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Example 2

Limits of the
function graphed
in Figure 2.24

Can you write
down all the limits
at x=0, x=1, x=2,
X=3, x=47

What is the limit at
other values of x?

56

y=f)

| I > x

0 1 2

FIGURE 2.24 Graph of the function

in Example 2.
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58

THEOREM 6

A function f(x) has a limit as x approaches c if and only if it has left-hand and
right-hand limits there and these one-sided limits are equal:

lim f(x) = L s lim f(x) =L and lim f(x) = L.

57
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Precise definition of one-sided
limits

DEFINITIONS Right-Hand, Left-Hand Limits
We say that f(x) has right-hand limit L at x,, and write

xgljlr} fx) =L (See Figure 2.25)
if for every number € > 0 there exists a corresponding number § > 0 such that
for all x

xo<x<x + 8 = |f(x) — L] <e.

We say that f has left-hand limit L at x,, and write

xE}E{ fx) =1L (See Figure 2.26)
if for every number € > 0 there exists a corresponding number § > 0 such that
for all x

X0 — 8 <x<xg = |fx) — L] <e.

59
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L+eA
¢ f(x)
| f(x) lies
L in here
L—el
for all x # x,
in here
& .
o P 3
0 X X9+ 8

FIGURE 2.25 Intervals associated with

the definition of right-hand limit.
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Limits involving (sin6)/ 6

[P — |

Br 2—Pn 13m0
NOT TO SCALE
FIGURE 2.29 The graph of f(0) = (sin0)/0.
THEOREM 7
lim SO | (9in radians) (1)
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e

y
L+eA
® f(x)
f(x) lies
L= inxhcre
L — el
for all x # x
in here
- b
¢ X
0 xﬂ\— I X *
FIGURE 2.26 Intervals associated with
the definition of left-hand limit.
61
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\Proof y
Area AOAP =% siné 1 g
Area sector OAP = 0/2 \p
Area AOAT =% tané wp
) 1
Y251n0<0/2 <Y2tanf sin 0
1<6/sinf < 1/cosO 0 st
] [
. 0 Q A(1,0)
1>sin@/6 > coso
1

Taking limit 6 204,

- siné - Siné
lim =1=Ilim
60 @ 6-0 @

FIGURE 2.30 The figure for the proof of
Theorem 7. TA/OA = tan@,but 04 = 1, .
so TA = tan 8.

0o
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| Example 5(a)

= Using theorem 7, show that

. cosh-1
lim———=

h—0

0
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- - - - y
Finite limits as x—=o0
| | |
—- -1 0
FIGURE 2.31 The graph of y = 1/x.
66

'Example 5(b)

= Using theorem 7, show that
. sin2x 2
Iim——=—
x—>0 By 5

65
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Precise definition

DEFINITIONS  Limit as x approaches oo or — oo
1. We say that f(x) has the limit L as x approaches infinity and write

lim f(x) = L

if, for every number € > 0, there exists a corresponding number M such that
for all x

x>M = |flx) — L] <e.
2. We say that f(x) has the limit L as x approaches minus infinity and write
Jm J0) = L

if, for every number € > 0, there exists a corresponding number N such that
for all x

x<N = |f(x) — L] <e.
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| Example 6

= Limit at infinity for 1

f(x)==

X
= (a) Show that 1
im==0
X—00 X
= (b) Show that
Xllm ; = O

68
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THEOREM 8
If L, M, and £, are real numbers and

2w N =

Limit Laws as x — £ o0

lim f(x) =1L and lim g(x) = M, then
x—>+00 x—>400

Sum Rule: lillloo(f(x) +teg)=L+M
Difference Rule: liT (fx) —glx) =L—-M
x—>100
Product Rule: liToo(f (x)-gx)) =L-M
Constant Multiple Rule: hT (k- f(x)) = k-L
X—>100
Quotient Rule: M =L M#0

1 —- £
it g(x) M

Power Rule: If r and s are integers with no common factors, s # 0, then
lim (f(x)7 =17
x—>+00

provided that L'/* is a real number. (If s is even, we assume that L > 0.)

70
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No matter what

J positive number € is,
the graph enters
1 this band at x = 2
Y=x and stays.
-
€
|
l N=-_1 I -_—~—
ol 1 *
- ] M=z T
= |
=—€
y T ~N »
No matter what
positive number € is,
the graph enters
this band at x = -2
and stays.

FIGURE 2.32 The geometry behind the

argument in Example 6.
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| Example 7(a)

= Using Theorem 8

lim 5+1 = Iim5+|im1=5+0=5

X—>0 X X—>0 X—>0 X
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Example 7(b)

lim 73 23 limL

X—>0 X2 X—»00 X2

= 3Iim£-|iml

X—>oo X X X

=7+/3:0-0=0

2
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y _5x?+8x—3
1 3x% 42
1
3
\ ) Lmey—3
L . )y
-5 0 5 10
1
T=2  NOTTOSCALE

FIGURE 2.33 The graph of the function
in Example 8. The graph approaches the
line y = 5/3 as|x|increases.

go back

4
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Limits at infinity of rational functions

Example 8

5+(8/x)—(3/x*)
3+(2/x2) N

. 5x*+8x-3 .
lim > =i
X—>00 3X _|_2 X—>00

X—»00 X—>»00

3+lim(2/x*) " 330 3

X—0

5+1im(8/x)-1im(3/X*) 5.0_0 5

73
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Example 9

Degree of numerator less than degree of
denominator

limiX+2 _jim. =0

X—>00 2)(3 -1 X—>00

7%
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FIGURE 2.34 The graph of the
function in Example 9. The graph

approaches the x-axis as | x| increases.
76
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DEFINITION  Horizontal Asymptote
A line y = b is a horizontal asymptote of the graph of a function y = f(x) if
either

lim f(x) =5 or lim f(x) = b.
x—>00 x—>—=00

Figure 2.33 has the line y=5/3 as a horizontal
asymptote on both the right and left because

Iimf(x):g lim f(x)=>

3

8
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Horizontal asymptote

x-axis is a horizontal
asymptote

FIGURE 2.31 The graphof y = 1/x.

7
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Oblique asymptote

Happen when the degree of the numerator
polynomial is one greater than the degree of
the denominator

By long division, recast f (x) into a linear
function plus a remainder. The remainder
shall - 0 as x — *+«. The linear function is
the asymptote of the graph.

79
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| Example 12

= Find the obliqu% asymptote

2X° -3
f(X):ﬁ
= Solution X+
linear function
2x* -3 (2 8 -115
f) =2 S |
Tx+4 7 49) 49(7x+4)

lim £ (x) = lim (Ex—i + —115

X—>to0 X—>to0

. 2 8 . 2
=lim|=x—— |+0= lim| =X
x—>to\ 7 49 x—>t0| 7

j lim ———>
77 49) o= 49(Tx +4)

\
\
~

_ﬁj
49

FIGURE 2.36 The function in Example

12 has an oblique asymptote.
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| )

Infinite limit

Be

You can get as high
as you want by
taking x close enough
to 0. No matter how
high B is, the graph
goes higher.

\%0

You can get as low as| ¢
you want by taking

No matter how
low —B is, the
graph goes lower.

» - B

x close enough to 0.

FIGURE 2.37 One-sided infinite limits:

x_,0+x

lim 1_ 00 and

.1
lim ¥ =~
x—0"
82
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2.5

Infinite Limits and Vertical Asymptotes

81
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\ y
Example 1

« Find fim—— and lim—— |

x-1" X =1 x>l X =1 1+

N 1 2 3

FIGURE 2.38 Near x = 1, the function
» = 1/(x — 1) behaves the way the
function y = 1/x behaves near x = 0. Its
graph is the graph of y = 1/x shifted 1
unit to the right (Example 1).

83
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Example 2 Two-sided infinite limit

Discuss the behavior of

(a) f(x):rjg near x =0
X

——ik—i-nearx::—3
(x+3

(o) g(x)=

84
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Example 3

Rational functions can behave in various
ways near zeros of their denominators

(a)lim(x‘z)zznm (x=2)° . (x=2)

=0

o2 X2 -4 o2(x=2)(x+2) ©2(x+2)

. X=2 _ . X—2 . 1 1
b)I =1 = =
O e 2™ M (xv2) R(x+2) 4
@)Hm—éii: lim -3 ___, (note: x>2)

o2 X4 o2 (X=2)(X+2)

(@) lim X2 = |im

-_— = te: x<2
o2 X2 =4 o7 (X—2)(X+2) oo (note: x<2)

86
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No matter how
B high B is, the graph
goes higher.

x 0 x
(a)
_ 1
glx) = (—x e
5 =
4_
3 FIGURE 2.39 The graphs of the
2F functions in Example 2. (a) f(x)
1+ approaches infinity as x — 0. (b) g(x)
T x approaches infinity as x — —3.
(b

85
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Example 3

(@“mlﬁii:“m___ili__
o2 )2 -4 o2 (x-2)(x+2)
. 2=X . X—2

f)lim =—lim =—lim =

( )xﬂ(x_zf X*Z(X—ZXX—Zf xaz(x_zf

limit does not exist

87
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‘ Precise definition of infinite limits

DEFINITIONS Infinity, Negative Infinity as Limits

1. We say that f(x) approaches infinity as x approaches x;, and write

lim f(x) = oo,

X—>Xg

if for every positive real number B there exists a corresponding 6 > 0 such
that for all x

0<|x —x| <8 = fx) > B.

2. We say that f(x) approaches negative infinity as x approaches x;, and write

lim f(x) = —oo,

x—Xg

if for every negative real number —B there exists a corresponding > 0 such
that for all x

0<|x—x| <8 = flx) < —B.
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\ xg— 8 x0+8/
N\ N Xy .

y=fx)

I
|

Vir

FIGURE 2.41 Forxp — 6 <x < xp + 8,

the graph of f(x) lies below the line

y=—-B.
90
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y=rx)

|
| |
| |
| |
| |
| |
! |
| |
| |

X,

7 N\
7 xXg— 6 0 Xy + 8

FIGURE 2.40 Forxy — & <x <xo + 6,
the graph of f(x) lies above the line y = B.
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| Example 4

= Using definition of infinit limit
= Prove that

x—=0 X

Given B>0, we want to find >0 such that
0<x-0<o

implies iz > B
X

91
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| Example 4

Vertical asymptotes, ... wmoe
Now
1 H H orizon
—>B ifand only if x* <1/B =| x|<1/+/B limL — o symptote
X x—0" X 0l 1  Horizontal *
- asymptote,
By choosing 5=1/v/B im L =0
— = —00
(or any smaller positive number), we see that x=0" X Vertical ssymptote,
. .1 1

| X |< 5 ImplleS 7 > ? 2 B FIGURE 2.42 The coordinate axes are

asymptotes of both branches of the

hyperbola y = 1/x.
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| Example 5 Looking for asymptote

= Find the horizontal and vertical asymptotes of

DEFINITION Vertical Asymptote the curve
A line x = a is a vertical asymptote of the graph of a function y = f(x) if either X + 3
lim_f(x) = £00 or lim f(x) = +0c0. —_
. X+2
= Solution:
1
y=1+——r
X+2

94 95
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y
Vertical
asymptote, 6F
x=-2 Sp._x+43
al Y= x+2
, 14+
Horizontal 3+ x+2
asymptote, 7L
y= 1 P ——
T

[
-5 4 -3\-2-10] 1 2 3

FIGURE 2.43 The lines y = 1 and
x = —2 are asymptotes of the curve
¥ = (x + 3)/(x + 2) (Example 5).
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y
8
y=-
xr-4
Vertical
Vertical asymptote, x = 2
asymptote, Horizontal
x=-2

asymptote, y = 0

1
=4-3-2-10] 1 2 3

FIGURE 2.44 Graph of

y = —8/(x* — 4). Notice that the curve
approaches the x-axis from only one side.
Asymptotes do not have to be two-sided
(Example 6).
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Asymptotes need not be two-sided

Example 6

8
f(X)=———
(%) X% —2

Solution:

8 8

)= ™ 22
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Example 8

A rational function with degree of
numerator greater than degree of
denominator
2
X*—3
F(X)=7-—
_ 2X—4
Solution:
linear remainder

2 v S R
f(x)= X8 _x,

........................

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

97

99



2
_x =3 _x 1
Y=sr—a—atltarg

The vertical distance
between curve and
line goes to zero as x — «©

Oblique
asymptote

|
— |

|

— O [ IV L L =)
o ——————

ok Vertical
asymptote,
-3r x=2

FIGURE 2.47 The graph of

B f(x) = (x* = 3)/(2x — 4) has a vertical
asymptote and an oblique asymptote
(Example 8).
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| Continuity at a point

= Example 1

= Find the points at which the function f in
Figure 2.50 is continuous and the points at

which f is discontinuous.
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2.6

Continuity

101
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0 1 2 3 4

FIGURE 2.50 The function is continuous
on [0, 4] exceptatx = 1,x = 2, and
x = 4 (Example 1).

103
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f continuous: f discontinuous: To define the continuity at any pointin a

Atx=0 Atx=1 function’s domain, we need to define
Atx =3 Atx =2 continuity at an interior point and continuity at
At0<c<4,c#12 Atx =4 an endpoint
0>c,c>4
Why?
104 105
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Continuity Two-sided DEFINITION Continuous at a Point
from the right continuity Continuity Interior point: A function y = f(x) is continuous at an interior point ¢ of its
e from the left domain if
m
| | | lim f(x) = f(c).
| |y =fx) I x—c
: ! | Endpoint: A function y = f(x) is continuous at a left endpoint a or is
I 1 [N continuous at a right endpoint b of its domain if
a c b

l_i)m+ f(x) = f(a) or ll)rr]} f(x) = f(b), respectively.

FIGURE 2.51 Continuity at points a, b,

and c.

106 107
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Example 2

A function continuous throughout its domain

f(x)=v4-x°

108
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Example 3

The unit step function has a jump |

discontinuity
y=U)

or

FIGURE 2.53 A function
that is right-continuous,
but not left-continuous, at
the origin. It has a jump
discontinuity there
(Example 3).

110
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FIGURE 2.52 A function
that is continuous at every
domain point (Example 2).
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Summarize continuity at a point in the
form of a test

Continuity Test

A function f(x) is continuous at x = ¢ if and only if it meets the following three
conditions.

1.  f(c) exists (c lies in the domain of f)

2. lim,—. f(x) exists (f has a limit as x — ¢)

3. lime—, f(x) = f(c) (the limit equals the function value)

For one-sided continuity and continuity at an
endpoint, the limits in part 2 and part 3 of the
test should be replaced by the appropriate
one-sided-timits.

111
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Example 4 e
oy T
= The greatest integer function, * M
m y=intx | Ir I_C: o
= The function is -1 1 2 3 4

not continuous at the
integer points since limit
does not exist there (|eft FIGURE 2.54 The greatest integer

. L function is continuous at every
an d r|g ht I|m Its not ag ree) noninteger point. It is right-continuous,
but not left-continuous, at every integer
point (Example 4).

112
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| Discontinuity types

(b), (c) removable discontinuity
(d) jump discontinuity

(e) infinite discontinuity

(f) oscillating discontinuity

114
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y
20~
Y= y=fx y=fx)
/ / " y =fx)

@ ® © @
y Y _uo2m
y=f9="5 AT
X
0 X
© ®

FIGURE 2.55 The function in (a) is continuous at x = 0; the functions in (b) through (f)
" are not. T
13
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\ Continuous functions

= A function is continuous on an interval if and
only if it is continuous at every point of the
interval.

= Example: Figure 2.56

= 1/x not continuous on [-1,1] but continuous
over (-=,0) (0, =)

115
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5
>

FIGURE 2.56 The function y = 1/xis
continuous at every value of x except

x = 0. It has a point of discontinuity at
x = 0 (Example 5).

116
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THEOREM 9 Properties of Continuous Functions

If the functions f and g are continuous at x = ¢, then the following combinations
are continuous at x = c.

1. Sums: ftg

2. Differences: f—g

3. Products: fg

4. Constant multiples: k+ f, for any number k

5. Quotients:. f/g provided g(c) # 0

6. Powers: /75, provided it is defined on an open interval

containing ¢, where r and s are integers

118
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Example 5

Identifying continuous function

(a) f(x)=1/x

(b) f(x)=x

Ask: is 1/x continuous over its domain?

17
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Example 6

Polynomial and rational functions are
continuous

(a) Every polynomial is continuous by
@) limP(x)=P(c)

(i) Theorem 9

(b) If P(x) and Q(x) are polynomial, the
rational function P(x)/Q(x) is continuous
whenever it is defined.

119
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Example 7

Continuity of the absolute function
f(x) = x| is everywhere continuous

Continuity of the sinus and cosinus function

f(x) = cos x and sin x is everywhere
continuous

120
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g
Continuous m
R atc n at f(c) 'y
c £ g(f(e)

FIGURE 2.57 Composites of continuous functions are continuous.

122
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Composites

All composites of continuous functions are
continuous

THEOREM 10  Composite of Continuous Functions

If f is continuous at ¢ and g is continuous at f(c), then the composite g © f is
continuous at c.

121
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Example 8

Applying Theorems 9 and 10

Show that the following functions are
continuous everywhere on their respective
domains.

2/3

(@)y=vV¥-2x-5 (b)y=—

1+ x*

123
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@ y=Vx*-2x-5

(a) The square root function is continuous on [0, o) because it is a rational power of the
continuous identity function f(x) = x (Part 6, Theorem 9). The given function is then
the composite of the polynomial f(x) = x> — 2x — 5 with the square root function

g(1) = V.
y(x)=fog;
f('[) :\/E:tl/z;
g(x)=x*+2x-5

g(x) is continuous in all x since it is a polynomial,
according to Example 6.

f(t) is continuous in all t due to Part 6 in Theorem 9.

Hence, f [g(x)] = is continuous, according to Theorem

124
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THEOREM 11  The Intermediate Value Theorem for Continuous Functions

A function y = f(x) that is continuous on a closed interval [a, b] takes on every
value between f(a) and f(b). In other words, if yy is any value between f(a) and
f(d), then yo = f(c) for some ¢ in [a, b].

f(b)

Yo

fl@)

126
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23

b = "
(®) y 1+ x*

The numerator is a rational power of the identity function;
the denominator is an everywhere-positive polynomial.

Therefore, the quotient is continuous.

This is the application of theorem 9.

125
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y
3+ o0
2
1k
4 1 1 | X
0 1 2 3 4

FIGURE 2.61 The function
k-2, 1=x<2
f(x)_{a*, 2=x=4
does not take on all values between
f(1) = 0and f(4) = 3; it misses all the

values between 2 and 3.
127
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Consequence of root finding

A solution of the equation f(x)=0 is called a root.

For example, f(x)= x? + x - 6, the roots are x=2, x=-3
since f(-3)=f(2)=0.

Say f is continuous over some interval.

Say a, b (with a < b) are in the domain of f, such that
f(a) and f(b) have opposite signs.

This means either f(a) < 0 < f(b) or f(b) < 0 < f(a)
Then, as a consequence of theorem 11, there must

exist at least a point ¢ between aand b, i.e.a<c<
b such that f(c)= 0. x=c is the root.

128
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Example

Consider the function f(x) = x - cos x

Prove that there is at least one root for f(x) in the interval [0,
72].

Solution

f(x) is continuous on (-, «).

Saya=0,b=m2.

f(x=0) = -1; f(x = #/2) = w2

f(a) and f(b) have opposite signs

Then, as a consequence of theorem 11, there must exist at

least a point ¢ between a and b, i.e. a=0 < ¢ < b= #/2 such
that f(c)= 0. x=c is the root.

130
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f(a)<0
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2.7

Tangents and Derivatives
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'What is a tangent to a curve?

Tangent Secants

P

\
AN

Tangent
Secants

FIGURE 2.65 The dynamic approach to tangency. The tangent to the curve at P is the line
through P whose slope is the limit of the secant slopes as Q — P from either side.

132
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y
A
y=f)
Qlxg + h, flxg + )

|

:f(xo + h) — flxg)
|
|
|
|
A" !
|
| |
| |

0 Xp X0 + h *
FIGURE 2.67 The slope of the tangent
(xo + h) — f(xo)
line at P is lim A ! .
h—0 h
134
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DEFINITIONS Slope, Tangent Line
The slope of the curve y = f(x) at the point P(xg, f(xo)) is the number

. fxo + k) = flxo)
m=lim—————

Jim 7 (provided the limit exists).

The tangent line to the curve at P is the line through P with this slope.

133

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

| Example 1: Tangent to a parabola

= Find the slope of the parabola y=x? at the
point P(2,4). Write an equation for the
tangent to the parabola at this point.

135
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2 _
W:h+4.

Secant slope is

Finding the Tangent to the Curve y = f(x) at (xo, ¥o)
1. Calculate f(xo) and f(xo + A).

2. Calculate the slope

. fGo + k) — flxo)
m= lim ————————
h—0 h

3. If the limit exists, find the tangent line as

Yy =y + mx — xp).

NOT TO SCALE y = 4X - 4

FIGURE 2.66 Finding the slope of the parabola y = x? at the point P(2, 4) (Example 1).

136 137
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Example 3

Slope and tangent to y=1/x, x=0
(a) Find the slope of y=1/x at x = a #0
(b) Where does the slope equal -1/47?

(c) What happens to the tangent of the curve
at the point (a, 1/a) as a changes?

.

1 is —
slope is —

FIGURE 2.68 The two tangent lines to
¥ = 1/x having slope —1/4 (Example 3).

138 139
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1
Y=x%

slope is —lz

FIGURE 2.69 The tangent slopes, steep
near the origin, become more gradual as
the point of tangency moves away.

140
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Differentiation
1
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difference quotient of f at x, with increment 4.

flxo + h) — flxo)
h

= If the limit h-> O of the quotient exists, it is
called

- derivative of f at x.

141
Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)
3.1
The Derivative as a Function
2
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DEFINITION  Derivative Function

f' whose value at x is
f'(x) = lim A

provided the limit exists.

flx +h) — fx)

The derivative of the function f(x) with respect to the variable x is the function

>

The limit

i £ 06 +) = )

h—0

when it existed, is called the Derivative of f at X,
View derivative as a function derived from f
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Ifwritez=x+h,thenh=2z-x

Alternative Formula for the Derivative

) = 1 P I
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If f' exists at X, f is said to be differentiable

(has a derivat

ive) at X

If f " exists at every point in the domain of f, f
is said to be differentiable.
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y =fx)
Secant slope is
f2) — flx)
0(z, f(z) I
P(x, () fa) =5
AN
T |

Ik—h:zfx—>:
| |

—_—— —

X Z

Derivative of fat x is
f'(x) = lim
h—0

i 7@ S

7 =X

 f+ ) — ()
h

FIGURE 3.1 The way we write the
difference quotient for the derivative of a
function f depends on how we label the
points involved.
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Calculating derivatives from the definition

Differentiation: an operation performed on a
functiony = f (x)
d/dx operates on f (X)

Write as g
X f(x)
X
f'is taken as a shorthand notation for
d
— f(x
™ (x)
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Example 2: Derivative of the square root
function

(a) Find the derivative of y=+/x  for x>0
(b) Find the tangent line to the curve Y =/x

atx=4
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Example 1: Applying the definition

Differentiate
fx)=—"
Solution: X
{100 = lim L0EM = 109
h—0 h
( X+ h j_( X J
i X+h-1 x—1
=lim
h—0 h
) -1 -1
>0 (X+h-D(x-1) (x—-1)? :
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y
h
y=%{x+1
N\
\
4.2)  y=Vx
H
| ] | | |
0 4 o

FIGURE 3.2 The curve y = Vx and its
tangent at (4, 2). The tangent’s slope is
found by evaluating the derivative at x = 4
(Example 2).

10
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Notations

dy df d
t)=y=2=2_" t(x)=Df (x)=D, f(x)
dx dx dx
d df d
=" =— =—f©x
dx|,_, dx|._, dx —a
11
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Slope =
i 70410
Slope = =0
i 10 1) = 1@
h—0" h

FIGURE 3.5 Derivatives at endpoints are
one-sided limits.

13

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

Differentiable on an interval; One

sided derivatives
A function y = f (x) is differentiable on an

open interval (finite or infinite) if it has a
derivative at each point of the interval.

It is differentiable on a closed interval [a,b]
if it is differentiable on the interior (a,b) and
if the limits i f(a+h)— f(a)

|

lim f(b+hz— f(b)

h—0"

exist at the endpoints
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A function has a derivative at a point if an
only if it has left-hand and right-hand
derivatives there, and these one-sided
derivatives are equal.
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| Example 5

y
_ _ . y=|x|
= y = |x| is not differentiable at x = 0.
= Solution: , '
y'=-1 y=1
= Forx >0, g g
TR x
= Forx <0, 0
dix| d y'not defined at x = 0:
T=&(—X) =-1 right-hand derivative

# left-hand derivative
= Atx =0, the right hand derivative and left hand
derivative differ there. Hence f(x) not differentiable at FIGURE 3.6 The function y = |x|is

x = 0 but else where. not differentiable at the origin where

the graph has a “corner.”

15 16

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

‘ Example 6 ‘ When Does a function not have a

derivative at a point?

- y =4/ X IS not differentiable at x =0 1. a corner, where the one-sided 2. a cusp, where the slope of PQ

derivatives differ. approaches 00 from one side and —o©
from the other.

= The graph has a vertical tangentat x =0

17 18
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3. avertical tangent, where the slope of PQ approaches co from both sides or
approaches — 0o from both sides (here, —00).

4. adiscontinuity.

19
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| Example

= y = |X| is continuous everywhere, including x
= 0, but it is not differentiable there.

21
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\ Differentiable functions are
continuous

THEOREM 1 Differentiability Implies Continuity
If f has a derivative at x = ¢, then f is continuous at x = c.

The converse is false: continuity
does not necessarily implies
differentiability

20
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‘ The equivalent form of Theorem 1

y
= If fis not continuous at
X = ¢, then fis not _
. ) y= Ul
differentiable at x = c. 1
= Example: the step
function is
discontinuous at x = 0, o[
hence not differentiable
atx =0. FIGURE 3.7 The unit step

function does not have the
Intermediate Value Property and
cannot be the derivative of a
function on the real line.

22
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The intermediate value property of
derivatives

THEOREM 2 Darboux’s Theorem

If a and b are any two points in an interval on which f is differentiable, then f’
takes on every value between f'(a) and f'(b).

= See section 4.4
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23

Powers, multiples, sums and
differences

RULE 1 Derivative of a Constant Function
If f has the constant value f(x) = ¢, then

af _ d
a=a(c)=0.
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3.2

Differentiation Rules
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2

Example 1

c (x, ¢) (x + h,c)

h

| |
I [
| |
I [
| |
I |
| |
I |
x x+h

0

FIGURE 3.8 The rule (d/dx)(c) = Ois
another way to say that the values of
constant functions never change and that
the slope of a horizontal line is zero at
every point.
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RULE 2 Power Rule for Positive Integers
If n is a positive integer, then

RULE 3 Constant Multiple Rule
If u is a differentiable function of x, and c is a constant, then

f(cu) = cf

27

d
In particular, if u = x“,d—(cx“) =cx"
X
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RULE 4 Derivative Sum Rule
If u and v are differentiable functions of x, then their sum u + v is differentiable
at every point where u and v are both differentiable. At such points,

dv
dx(u+ )‘E d

29
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Example 3

3+ (1, 3) / zgf1)=
d :
—(3x%) =3-2x*" =6x
dx 2k

d -
—(x)=2x""=2x | S
X v
0 I1 7 F

FIGURE 3.9 The graphs of y = x2 and
y = 3x%. Tripling the y-coordinates triples —

the slope (Example 3). %
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'Exam ple 5
4
y=x’ +§x2 —5x+1
dy d 4
———( )+ 2)——(5X)+—(1)
dx
8
=3x* +=x-5
3
30
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| Example 6

= Does the curve y = x* - 2x2 + 2 have any
horizontal tangents? If so, where?

31
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' Products and quotients

= Note that d
&(x-x):&(xz)zm

d d
&(X'X);’f&(x)'&(x):l

RULE 5 Derivative Product Rule
If # and v are differentiable at x, then so is their product »v, and

d, _. dv du
E(uv)_udx+vdx'

33
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Yy y=x*-—2x242

(0,2)

FIGURE 3.10 The curve
y = x* — 2x? + 2 and its horizontal
tangents (Example 6).

32
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 Exam ple 7
= Find the derivative of 1 1
y==—| xX*+=
X X
34
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‘ Example 8: Derivative from numerical
values
= Lety =uv. Findy '(2) if u(2)
v2)=1,v'(2) =2

=3, u'(2)=-4,

35
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RULE 6 Derivative Quotient Rule
If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-

entiable at x, and
du dv

i(g):"%‘”dx
dx v UZ )

37
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| Example 9

= Find the derivative of
y=(x*+1)(x*+3)

36
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| Negative integer powers of X

= The power rule for negative integers is the
same as the rule for positive integers

RULE 7 Power Rule for Negative Integers
If n is a negative integer and x # 0, then

n—1

dony
g(x)—nx

38
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| Example 11

39
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FIGURE 3.11 The tangent to the curve
y = x + (2/x) at (1, 3) in Example 12.
The curve has a third-quadrant portion

not shown here. We see how to graph

functions like this one in Chapter 4. “
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| Example 12: Tangent to a curve

2
= Find the tangent to the curve Y= X+;
at the point (1,3)

20
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 Exam ple 13
(x —1)(x2 — 2x)
= Find the derivative of Y= N
42
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' Second- and higher-order derivative

= Second derivative

d’y d dyj d
f" = | —— | = — !
%) dx? dx(dx dx(y)

=y"=D"(f)(x)=D;f(x)

= nth derivative i
a4 o 9V _ o

" _
y dx dx"

y

43
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The Derivative as a Rate of Change
45
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| Example 14

y=x>-3x"+2
y' =3x* —6x
y"'=6x—-6

y" =6
y(4):0
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Instantaneous Rates of Change

DEFINITION Instantaneous Rate of Change
The instantaneous rate of change of f with respect to x at x is the derivative

flxo + k) — f(xo0)

’ o l'
f (xO) hi% A

provided the limit exists.
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\ Example 1. How a circle’s area changes
with its diameter
= A= 2D%4

= How fast does the area change with respect
to the diameter when the diameter is 10 m?

'Motion along a line

= Position s = f(t)

= Displacement, As = f(t+ At) - f(t)
= Average velocity

= V,, = AS/At = [f(t+ At) - f(t)] /At

= The instantaneous velocity is the limit of
V,, Wwhen At — 0

a
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Position at time 7 ... and at time f + Af
| As |
— e = &>

s = f() s+ As = f(t + Ap)

FIGURE 3.12 The positions of a body
moving along a coordinate line at time ¢

and shortly later at time ¢ + At.

48

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

DEFINITION Velocity

Velocity (instantaneous velocity) is the derivative of position with respect to
time. If a body’s position at time 7is s = f(¢), then the body’s velocity at time ¢ is
d f@ + An) — f(@)

_ds _ .
v =g = Am T A

49
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200 s s
700 /
600
g 500 Secant slope is
> .
S average velocity
§ 400 for interval from 9/
A t=2tot=>5. Tangent slope
A 300 \ / is speedometer
200 g reading at t = 2 t 4
/ (instantaneous 0 . . 0 .
100 A/ velocity). § icreasing: s decreasmg:
’/PK [ S positive slope so negative slope 50
0 t moving forward moving backward

12 3 4 5 6 7 8

Elapsed time (sec) FIGURE 3.14 For motion s = f(¢) along a straight line, v = ds/df is

FIGURE 3.13 The time-to-distance graph for positive when s increases and negative when s decreases.
Example 2. The slope of the tangent line at P is the

instantaneous velocity at t = 2 sec.
51 52
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| Example 3

= Horizontal motion

DEFINITION Speed
Speed is the absolute value of velocity.

ds

Speed = |v(t)| = i

53 54
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FIGURE 3.15 The velocity graph for Example 3.
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| Example 4

1 5
Modeling free fall SZEQt

Consider the free fall of a heavy ball released
fromrestatt =0 sec.

(a) How many meters does the ball fall in the
first 2 sec?

(b) What is the velocity, speed and
acceleration then?

57
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DEFINITIONS Acceleration, Jerk

Acceleration is the derivative of velocity with respect to time. If a body’s posi-
tion at time zis s = f(¢), then the body’s acceleration at time ¢ is

_dv _d’s
a(t) = d = g
Jerk is the derivative of acceleration with respect to time:
o\ _da _d’s
J(t) - dt - dt3~

56
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t (seconds) s (meters)
=0 @ o0
r=1 1 F5
- 10
—15
=2 () 120
25
- 30
- 35
40
r=3 [ 145
FIGURE 3.16 A ball bearing
falling from rest (Example 4).
58
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Modeling vertical motion

A dynamite blast blows a heavy rock straight up with
a launch velocity of 160 m/sec. It reaches a height
of s = 160t — 16t ft after t sec.

(a) How high does the rock go?

(b) What are the velocity and speed of the rock
when it is 256 ft above the ground on the way up?
On the way down?

(c) What is the acceleration of the rock at any time t
during its flight?
(d) When does the rock hit the ground again?

59
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Derivatives of Trigonometric Functions
61
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Smax @ v=0
o 256 BV =2
% ¥
==}
s=0fRe——
(@
S,V
400 5= 160t — 16:2 FIGURE 3.17 (a) The rock in Example 5.
(b) The graphs of s and v as functions of
ol time; s is largest when v = ds/dt = 0. The
graph of s is not the path of the rock: It is a
: : bt plot of height versus time. The slope of the
plot is the rock’s velocity, graphed here as
-160 - v= % = 160 — 321 a straight line.
(b) 60
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Derivative of the sine function

The derivative of the sine function is the cosine function:

4 (sinx) = cosx
dx ’

d . . sin(x+h)—sinx
—sinx=1im =
dx h—0

62
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Derivative of the cosine function A §— cosx

' \
The derivative of the cosine function is the negative of the sine function: I : } |
[ I ' I
| | y ‘ [ .
di(cosx) = —sinx | | } | ¥ =-sinx
X | 1+ ‘ |
' ! :/_\
; X
/T | w
_1 —
d . cos(x+h)—cosx
—cosx=1lim =

dx h—0 h FIGURE 3.23 The curve y' = —sinx as
the graph of the slopes of the tangents to
the curve y = cos x.

63 64
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‘ Example 2 ‘ Derivative of the other basic

trigonometric functions

Derivatives of the Other Trigonometric Functions
(a)y =5X +cos X 4 (tanx) = sec’x
(b)y =sin xcos x 4 (seox) = secxtanx
d
COS X %(cotx) = —csc?x
©y=r—c—" y
1—S|n X a(cscx) = —cscxcotx
65 66
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Example 5

Find d(tan x)/dx

67
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Example 7: Finding a trigonometric limit

Trigonometric functions are differentiable,
hence are continuous throughout their
domains.

So we can calculate limits of algebraic
combinations and composites of
trigonometric functions by direct substitution.

lim v2+secx  +/2+secO

x>0 cos( —tanx)  cos(x —tan0)

V241 _\@ B
—cos(z—0) -1 =—V3

69
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Example 6

Find y" if y = sec x

68
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Note that you can only evaluate the limit of
the form

by direct substitution, i.e.,

PO _P()
=1 Q() Q%)

only when P(x) and Q(x) are both continuous at
Xo

70
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3.5

The Chain Rule and
Parametric Equations
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Derivative of a composite function

Example 1: Relating derivatives
y = (3/2)x = (1/2)(3x)
= ylu(x)]
y(u) = u/2; u(x) = 3x
dy/dx = 3/2;
dy/du = %; du/dx = 3;
dy/dx = (dy/du)-(du/dx) (Not an accident)
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71

3

Differentiating composite functions

Example:

y =f(u) =sinu

u=g(x)=x°-4

How to differentiate F(x) =f- g = f[g(X)]?
Use chain rule

72

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

Example 2

y =9x* +6Xx° +1=(3x* +1)°
y=u’u=3x"+1

R TIP
du dx

=2(3x* +1)-6x =36X° +12x
c.f.
d_d

(9x4 +6%° +1)=36x3 +12X
dx dx

74
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THEOREM 3 The Chain Rule

If f(u) is differentiable at the point # = g(x) and g(x) is differentiable at x, then
the composite function (f ° g)(x) = f(g(x)) is differentiable at x, and

(f e g)kx) = f(gx) g'x).
In Leibniz’s notation, if y = f(u) andu = g(x), then

& _ by du

dc ~ du dx’
where dy/du is evaluated at u = g(x).

75
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Example 3

Applying the chain rule
X(t)= cos(t? + 1). Find dx/dt.
Solution:

x(u)=cos(u); u(t)=t2 + 1;
dx/dt = (dx/du)-(du/dt) = ...

77
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Composite f- g

Rate of change at
xis f(g(x) - g'x).

g f
Rate of change f]{ateom
at x is g'(x). at g(x) is f'(g(x)). —
x u = g(x) y = flu) = f(gx)

FIGURE 3.27 Rates of change multiply: The derivative of f o g atx is the
derivative of f at g(x) times the derivative of g at x.

76
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Alternative form of chain rule

Ify =f[g(x)], then
dy/dx = 1" [g(x)]- g (X)

Think of f as ‘outside function’, g as ‘inside-
function’, then

dy/dx = differentiate the outside function and
evaluate it at the inside function let alone; then
multiply by the derivative of the inside function.

78
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Example 4
Differentiating from the outside in:
y=sin(x*+x) = f (u) = f[g(x)]
f(u)=sinu; g(x)=x"+x

- v - - - v -
outside function inside function

Y _ fge01-9'0

dx
ﬂ:cos (X*+X) - (2x+1)
dX —

inside function—derivative of
left alone the inside function 19
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Example 6

Applying the power chain rule
d 3 4N\7
(a) = (5x" —x")
dx

d 1 d
() dx(Sx—Zj dx(3x 2)

81
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Example 5

A three-link ‘chain’
Find the derivative of g(t) =tan(5—sin 2t)

g'(t) = %(tan (5 — sin 2t))
= sec’(5 — sin2¢) - j (5 — s1n2:)
= sec?(5 — sin2¢) - (0 — Ccos 2t (21‘))

= sec?(5 — sin2¢)* (—cos 2¢) 2
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Example 7

(a) Find the slope of tangent to the curve
y= sin®x at the point where x = 7/3

(b) Show that the slope of every line tangent
to the curve y = 1/(1-2x)3 is positive

82
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Parametric equations

A way of expressing both the coordinates of a
point on a curve, (x,y) as a function of a third
variable, t.

The path or locus traced by a point particle
on a curve is then well described by a set of
two equations:

x =f(t), y = g(t)

83
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\

Position of particle
at time ¢

T\ (A, g0

FIGURE 3.29 The path traced by a
particle moving in the xy-plane is not
always the graph of a function of x or a
function of y.

85
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DEFINITION Parametric Curve

If x and y are given as functions

for the curve.

x = f(1),
over an interval of #-values, then the set of points (x, y) = (f(¢), g(¢)) defined by
these equations is a parametric curve. The equations are parametric equations

y=2g()

The variable t is a parameter for the curve

Example 9

Moving
counterclockwise on a
circle

Graph the parametric
curves
X=cost,y=sint,
0<t<2xm

84
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y
- 2 +yr=1
=3
/_ P(cost, sint)
t=a I =0 .
0 (1,0)
_ 3w
=5

FIGURE 3.30 The equations x = cos ¢
and y = sin ¢ describe motion on the circle
x? + y% = 1. The arrow shows the

direction of increasing ¢ (Example 9).
8
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X = xz,x =
Example 10 7 °
Moving along a
parabola P(VE )
x= 1Vt y=t, 0<t r:\l
Determine the relation 1,n
between x and y by .
eliminating t. 0 ;Stjrtos at
y=t=(t)2=x2

FIGURE 3.31 The equations x = V7
and y = fand the interval # = 0 describe
the motion of a particle that traces the
right-hand half of the parabola y = x?
(Example 10).

The path traced out
by P (the locus) is
only half the parabola,
x=0

87
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Parametric Formula for dy /dx
If all three derivatives exist and dx/dt # 0,

dy dy/di

& djdi’ @

89
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Slopes of parametrized curves

A parametrized curved x = f(t), y = g(t) is
differentiable at t if f and g are differentiable
at t.

At a point on a differentiable parametrised
curve where y is also a differentiable function
of x, i.e. y = y(x) = y[x(t)],

chain rule relates dx/dt, dy/dt, dy/dx via

dy _dy o

dt  dx dt i
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Example 12

Differentiating with a parameter

If x=2t+ 3 and y =t2-1, find the value of
dy/dx att = 6.

90
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| Example 14 Finding d?y/dx? for a
parametrised curve

Parametric Formula for d?y /dx* - F|nd d2y/dx2 as a funCtion Oft |f X=t- t2
If the equations x = f(¢), y = g(¢) define y as a twice-differentiable function of !
X, then at any point where dx/dt # 0, y =t- t3_

dy dy'/dt

2 A ®)

(3) is just the parametric formula (2) by
y — y'=dy/dx

91 92
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3 ' 6 Implicit Differentiation

1. Differentiate both sides of the equation with respect to x, treating y as a differ-
entiable function of x.

2. Collect the terms with dy/dx on one side of the equation.
3. Solve for dy/dx.

Implicit Differentiation

93 9%
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‘Example 1.
Differentiating
implicitly

= Find dy/dx if y? = x

3 _ 1 1
Slope = — = ——=
2
\)’1 2Vx o Va
TP(x, V)
|
|
|
| X
0 |
|
|
LG, —Vx)
y2= —\/E
Slope = = = ——L_
2y, 2Vx

FIGURE 3.37 The equation y*> — x = 0,
or y2 = x as it is usually written, defines
two differentiable functions of x on the
interval x = 0. Example 1 shows how to
find the derivatives of these functions

without solving the equation y? = x for y.
%
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Example 3

= Differentiating
implicitly

» Find dy/dx if
y? = X2 + sin xy

y
4l y? = x> + sinxy
2_
1 1 1 | x
-4 -2 2 4
2k
4

FIGURE 3.39 The graph of
y? = x? + sinxy in Example 3. The
example shows how to find slopes on this

implicitly defined curve. o
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| Example 2

= Slope of a circle at a point
= Find the slope of circle x? + y? = 25 at
(3! _4)

96
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Lenses, tangents, and normal lines

Tangent

Light ray

Curve of lens

surface
Normal line

If slop of
tangent is m,, the
slope of normal,
m,, IS given by
the relation

Point of entry

m,m=-1, or

FIGURE 3.40 The profile of a lens,
showing the bending (refraction) of a ray
of light as it passes through the lens
surface.

m,=-1/m,

98
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| Example 4

= Tangent and normal to the folium of
Descartes

= Show that the point (2,4) lies on the curve

x? +y3 - 9xy = 0. The find the tangent and
normal to the curve there.

99
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| Derivative of higher order

= Example 5
= Finding a second derivative implicitly
= Find d?y/dx? if 2x3 - 3y? = 8.

101
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2
6‘0\‘
<
4
x4y —oxy =0/
\ | .
0 \ 2

FIGURE 3.41 Example 4 shows how to
find equations for the tangent and normal

to the folium of Descartes at (2, 4).
100
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\ Rational powers of differentiable functions

THEOREM 4 Power Rule for Rational Powers

If p/q is a rational number, then xP/ s differentiable at every interior point of the
domain of x?/9~! and

A g =P w1
dx q )

Theorem 4 is proved based on d/dx(x") = nx"1
(where n is an integer) using implicit differentiation

102
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Theorem 4 provide a extension of the power
chain rule to rational power:

iu plg _ £u<p/q)—1d_u
dx q dx
u=0 if (p/q) < 1, (p/q) rational number, u a

differential function of x

103
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Proof of Theorem 4

Let p and q be integers with g > 0 and

y=xP9=yd=xP

Explicitly differentiating both sides with
respect to x...

105
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Example 6

Using the rational power rule

(a) d/dx (x12) = 1/2xV2 for x > 0
(b) d/dx (x23) = 2/3 x 13 for x = 0
(c) d/dx (x#3) =-4/3 xR forx =0
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Example 7

Using the rational power and chain rules
(a) Differentiate (1-x?)%4
(b) Differentiate (cos x)/°
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3.7

Related Rates
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Solution

Geometrically, Volume V, is a function of height h, V=V(h)
Height, h, is a function of time, h=h(t). r, radius, is fixed.

Combining both, V=V[r(t)]

By chain rule, the derivative of V with respectto t is

dv _ dVv dh dh_dv  dVv

ot dh dt dt ~ dt ' dh

dv .
We are asked to find % given ~5-=- 3000 L/min
t

109
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~— 7~ EXAMPLE1 Pumping Out a Tank
~_
How rapidly will the fluid level

dh _ ?l ‘\T inside a vertical cylindrical tank
h

S|

4V _ _3000 L/min

dt

drop if we pump the fluid out at
the rate of 3000 L / min?

FIGURE 3.42 The rate of change of fluid
volume in a cylindrical tank is related to
the rate of change of fluid level in the tank
(Example 1).

107 108
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Solution

dv
= G i 2 d_V—_ i
V=mrh gh- T = 3000L/min
dh_dv,dv . dh _-3000L 1
dt dt dn dt min @’
In this example, conversion of unit must be taken care of properly
1m°=1000 L
-3000(10°m*®
Ifr=1m, gh_ ( ) L zz—ém
dt min n(lm) T min
-3000(10°m?®
Ifrlem,ﬁ: ( ) L 7~ 3 m
dt min n(lOm) 1007 min

110
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- EXAMPLE 2 A Rising Balloon

A hot air balloon rising straight up from a level field is tracked by a range finder 500 ft
from the liftoff point. At the moment the range finder’s elevation angle is /4, the angle is
increasing at the rate of 0.14 rad/min. How fast is the balloon rising at that moment?

Draw the scenario and label the relevant
variables (and name them)

& y = the height in feet of the balloon.
E =?
when 6 = /4

Range
finder 500 ft

FIGURE 3.43 The rate of change of the
balloon’s height is related to the rate of
change of the angle the range finder makes
with the ground (Example 2).

111
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A Rising Balloon

y= xtan® %: X sec’0
_y_ 2 de
S = X sec ) 5

Y when 0 = 7/4

Range
finder 500 ft

Given z—f: 0.14(rad/min)

FIGURE 3.43 The rate of change of the
balloon’s height is related to the rate of

change of the angle the range finder makes 2 T
with the ground (Example 2). dy _ 500ft -sec 4

dt  (0.14 rad/min)

at 0 =n /4,

2
2
Nz

— N0 F+ {
AV | B r!
113 Note: radian is dimensionless (hence unit-less)

[fa)
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6 = the angle in radians the range finder makes with the ground.

. EXAMPLE 2
Balloon

4 _ 0.14 rad/min

A Rising Balloon

Geometrically, y is a function of
angle 6.

dt y=xtan®©
when 6 = /4 @ _,
dr . . .
"lwheno=m4 O is a function of time, =0 (t).
Range . . . .
finder 500 Tt X, the horizontal distance,is fixed.

FIGURE 3.43 The rate of change of the
balloon’s height is related to the rate of
change of the angle the range finder makes
with the ground (Example 2).

Combining both, y =y [0 ()]

By chain rule, the derivative of y
with respect to t is

dy

112 E

dy de
de dt
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3.8

Linearization and differentials

114
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Linearization

Say you have a very complicated function,
f(x)=sin (cot?x), and you want to calculate
the value of f(x) at x = z/2 + 6, where Sis a
very tiny number. The value sought can be
estimated within some accuracy using
linearization.

115

Refer to graph Figure 3.47.

The point-slope equation of the tangent line
passing through the point (a, f(a)) on a
differentiable function f at x=a is
y=mx+c,wherecisc=1f(a)-f'(a) a
Hence the tangent line is the graph of the
linear function
Lx)=f"(a)x +f(a)—af’(a)

=f(a) +f'(a) (x-a)

116
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Definitions v = 1)

The tangent line L(x) = f(a) + f"(a) (x - @)
gives a good approximation to f(x) as long as
X is not to be too far away from x=a.

Or in other words, we say that L(x) is the
linearization of f at a.

The approximation f(x) ~ L(x) of f by L is the
standard linear approximation of f at a.

The point x = a is the center of the
approximation.

117
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> "=

Slope = f '(a)

(a, fla)

FIGURE 3.47 The tangent to the
curve y = f(x)atx = a is the line

L(x) = f(a) + f'(a)(x — a).
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Example 1 Finding Linearization

Find the linearization of

f(X)=+v1+x

atx =0.
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FIGURE 3.48 The graph of'y-v.,? V1 + x and its
linearizations at x = O and x = 3 x.Figure 3.49 shows a
magnified view of the small window""abput 1 on the y-axis.
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f(X)=v1+X

_r

2(1+x)"

The linearization of f (x) at x=a is

f(x) =

f(x)=f(@)+f'(a)(x-a)=(1+a)

a=0,

f'(O)zé;f(O)zl;

L (x-a)
+a)

The linearization of f (x) at x=a=01is L(X) =1+ x/2

We write f (X) =~ L(X)=1+x/2

119
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Accuracy of the linearized

120

approximation

We find that the approximation of f(x) by

L(X) gets worsened as |x

— a| increases

(or in other words, x gets further away

from a).
Approximation True value | True value — approximation |
V12=1+ 072 = 1.10 1.095445 <1072
V105 ~1+ Ozﬂ = 1.025 1.024695 <1073
<107

V1.005 ~ 1 + % = 1.00250  1.002497

121
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What gy IS not
dx dy
Note that the derivative notation &
IS not a ratio
l.e. the derivative of the function y = y(x) with

respect to x, is not to be understood as the
ratio of two values, namely, dy and dx.

dy/dx here denotes the a new quantity
derived from y when the operation D = d/dx
is performed on the function vy,

(d/dx)ly] =D [y]

123
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Example 4 Finding the differential dy

(@) Find dy if y=x° + 37x.
(b) Find the value of dy when x=1 and dx =
0.2

125
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Differential

Definition:
Lety = f(x) be a differentiable function. The
differential dy is
dy = f'(x)dx
dy is an dependent variable, i.e., the value of

dy depends on f '(x) and dx where dx is
viewed as an independent variable.

Once f'(x) and dx is fixed, then the value of
differential dy can be calculated.

124
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dy = dx =f'(x)

Referring to the definition of the differentials
dy and dx, if we take the ratio of dy and dx,
l.e. dy =+ dx, we get y

dy = dx = f'(x) dx / dx = f'(x) = d—i

In other words, the ratio of the differential dy
and dx is equal to the derivative by definition.

126
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Differential of f, df

We sometimes use the notation df in place of

dy, so that
dy = f'(x) dx
IS now written in terms of
df = f '(x) dx

df is called the differential of f

127
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The differential form of a function

For every differentiable function y=f(x), we

can obtain its derivative, g_y
X

dy
Corresponds to every derivative g,

there is a differential df such that

df = (d_y) -dx
dx

In addition, if f =u+v, then df =(d—u)dx+(%j-dx
dx dx
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Example of differential of f

If y = f(X) = 3x2-6, then the differential of f is
df = f'(x) dx = 6x dx

Note that in the above expression, if we take
the ratio df / dx, we obtain

df / dx =f'(x) = 6x

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

Example 5
If y = f(x) = tan 2x, the derivative is
dy _ 25ec” 2
dx

Correspond to the derivative, the differential
of the function, df, is given by the product of
the derivative dy/dx and the independent
differential dx:

128

df = d(tan 2x) = (d—y]-dx=(2sec2 2x)- dx
dx
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Example 5 dy, df : any difference?

If y = f(x) = tan 2x, then the differential form

of the function, Sometimes for a given function, y = f(x),

X
y= ”X):(mj the notation dy is used in place of the
G (a0 (x) notation df.
- d(ﬁj ) [d_x]'dxz (x+1) o Operationally speaking, it does not matter

(X”)Hx(X)'dx}x[i(“”'dx} ()] ()] whether one uses dy or df.

(x+1)° (x+1)°

(x+1)dx—xd (x+1) (x+1)dx—x[;x(x+1)«dx} (x+1)dx—x[1-dx]: dx

(x+1)2 (x+1)2 (x+1)2 (x+1)2
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Estimation with differential

Referring to figure 3.51, geometrically, one can

The derivative dy/dx is not dy divided by
dx

Due to the definition of the differentials dy, dx that

their ratio, dy / dx equals to the derivative of the

differentiable function y = f(x), i.e.ﬂ:i(y) = f'(x)
dx dx

we can then move the differential dy or dx around,
suchas dy= f'(x)dx

When we do so, we need to be reminded that dy
and dx are differentials, a pair of variables, instead
of thinking that the derivative %y Is made up of a
numerator “dy " and a denominator “dx " that are
separable

133

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.col

sees that if x, originally at x=a, changes by dx
(where dx is an independent variable, the
differential of x), f(a) will change by

Ay = f(a+dx) - f(a)
Ay can be approximated by the change of the
linearization of f at x=a, L(x)=f(a)+f '(a)(x-a),
Ay ~ AL = L(a+dx)-L(a)=f '(a)dx = df(a)

134
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Ay ~ dy allows estimation of f(a+dx)

A y =)
| ! In oth ds, A d dx=ai
Ay = fla + dx) — f(a) n other words, \'4 centered around x=a IS
T approximated by df(a) (= dy, where the
Ai: flaydx differential is evaluated at x=a):
(a, fla)) ~
" dx=Ax | Ay ~dy
: ' When dx is a small change in x, or eqUivalentIy,
| | the corresponding change in
Eirelgent i i the linearization is precisely dy. . Ay = f(a+dX) - f(a) z dy =f '(a)dX
5 ' — x This also allows us to estimate the value of
a a X . .
f(a+dx) if f '(a), f(a) are known, and dx is not
FIGURE 3.51 Geometrically, the differential dy is the change too Iarge, via
AL in the linearization of f when x = a changes by an amount f(a +dX) ~ f(a) +f! (a) dx
dx = Ax.
135 136
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dr=0.1
Example 6
A(r)
Figure 3.52 L(x)=A(a)+ A’ (a)(r-a)
The radius r of a circle
increases from a=10 A=rr?
m to 1_0.1 m. Use dA A(a+dr)
increase in circle’s AA=dA =2madr | | oy “AGEFA’ (a)dr
area A. Estimate the FIGURE 352 When dr is AGa) AA=A(a+dn-A@@) | AL=A%(a)dp””
area of the enlarged small compared with @, asitis | TTTTTTTTTTITTTOymommmmmmmmmmmmmmmmemm R i :
circle and compare when dr = 0.1 and a = 10, the i
your estimate to your differential fiA = 2ma dr gives | dr
a way to estimate the area of the P
true value. circle with radius # = a + dr : :
(Example 6). E r
137 0 r=a r:a+dr 138
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Solution to example 6

Leta=10m, a+dr=10.1m = dr=0.1m Chapter 4
A(r) = ir? = A(a) = 7(10 m)?2 = 100z cm?
AA = A'(a)dr =2z (a)dr =272(10m)(0.1 m) =
= 27 m2
A(a+dr) = Aa) + AA = Aa) + A'(a)dr Applications of Derivatives
= 1027z m?2 (this is an estimation)

c.fthe true area is n(a+dr)? = 7(10.1)? =
102.017 m?

139
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4. 1 DEFINITIONS  Absolute Maximum, Absolute Minimum
Let f be a function with domain D. Then f has an absolute maximum value on
D at a point ¢ if

fx) = fle) for all x in D
and an absolute minimum value on D at ¢ if

f&x) = fe) forallxinD.

Extreme Values of Functions
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| Example 1

y
1 .
y=sinx :
y = cos x = Exploring absolute extrema
= The absolute extrema of the following
R 0 = > functions on their domains can be seen in
2 g Figure 4.2
,1 -

FIGURE 4.1 Absolute extrema for
the sine and cosine functions on
[—/2, 7/2]. These values can depend
on the domain of a function.
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y y
y=x y=x
D = (-, ) D =[0,2]
L x L x
2 2 THEOREM 1 The Extreme Value Theorem
(a) abs min only (b) abs max and min If f is continuous on a closed interval [a, b], then f attains both an absolute max-

imum value M and an absolute minimum value m in [a, b]. That is, there are

¥ ¥ numbers x; and x; in [a, b] with f(x;) = m, f(x;) = M,andm =< f(x) = M for
I I every other x in [a, b] (Figure 4.3).
y=x? y=x?
D =(0,2] D=(0,2)
T PN N
(c) abs max only (d) no max or min

FIGURE 4.2  Graphs for Example 1.
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L\ =@ !
| | y=f@
: K
| X 1
1 I |] 1 x 1 ILLENG
a Xy | b a b
1|m| . -
| Maximum and minimum
at endpoints
(xy, m)
Maximum and minimum
at interior points
1
Lo\ =w !
| |
| |
| |
| M
1 |
1 |
I |
I 1 !
m |
L m : 1 x 1 : 1 x
a Xy b a X b

Maximum at interior point,
minimum at endpoint

Minimum at interior point,
maximum at endpoint

FIGURE 4.3 Some possibilities for a continuous function’s maximum and
minimum on a closed interval [a, b].
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Local (relative) extreme values

Absolute maximum
No greater value of fanywhere.

Local maximum Also a local maximum.

No greater value of

Local minimum
No smaller value

I of f nearby.

Absolute minimum
No smaller value of
f anywhere. Also a |

local minimum. :
|
a

I
I
I
I'Local minimum :
: No smaller Valule of :
1 f nearby. I |
1 1

!
e d b

FIGURE 4.5 How to classify maxima and minima.

10
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y
4 No largest value

FIGURE 4.4 Even a single point of
discontinuity can keep a function from
having either 2 maximum or minimum

> X value on a closed interval. The function
Smallest value {x, 0=x<1
y = _
0, x=1

is continuous at every point of [0, 1]
except x = 1, yet its graph over [0, 1]
does not have a highest point.
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DEFINITIONS  Local Maximum, Local Minimum
A function f has a local maximum value at an interior point ¢ of its domain if

fx) = f(e) for all x in some open interval containing c.
A function f has a local minimum value at an interior point ¢ of its domain if

f(x) = flo) for all x in some open interval containing c.

11
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Finding Extrema...with a not-
always-effective method.

THEOREM 2 The First Derivative Theorem for Local Extreme Values

If f has a local maximum or minimum value at an interior point ¢ of its domain,
and if f' is defined at ¢, then

f'(c) = 0.

Be careful not to misinterpret theorem 2 because

its converse is false. A differentiable function may
have a critical point at x = ¢ without having a local
extreme value there. E.g. at point x = 0 of function

y = X3,

12
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DEFINITION Critical Point

An interior point of the domain of a function f where f' is zero or undefined is a
critical point of f.

How to find the absolute extrema of a continuous
function f on a finite closed interval

1. Evaluate f at all critical point and endpoints
2. Take the largest and smallest of these values.

14
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Local maximum value

I
I
I
I

|
Secant slopes < 0
(never positive)

[

i
Secant slopes = 0
(never negative)

I
I
I
I
I
I
I
I
I
I
I
I
I
|
I
I
I
I
I
! x
c

|
| |
| |
l |
X X
FIGURE 4.6 A curve with a local
maximum value. The slope at ¢,

simultaneously the limit of nonpositive

numbers and nonnegative numbers, is zero.
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13

| Example 2: Finding absolute extrema

= Find the absolute maximum and minimum of
f(x) = x?2 on [-2,1].
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‘Example 3.

gL @)
Absolute extrema at endpointg, 1
o 1 !

= Find the absolute | y=8i—1*

extrema values of
g(t) =8t-t4on
[-2,1].

-2,-32
23 |

FIGURE 4.7 The extreme values of
g(t) = 8¢ — t* on [-2, 1] (Example 3).

16
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y=x“" 2=x=<3

Absolute maximum;
Local also a local maximum
maximum 2

| I | | |
-2 -1 0 1 2 3
Absolute minimum;
also a local minimum

FIGURE 4.8 The extreme values of
f(x) = x*?on [—2, 3] occur at x = 0 and
x = 3 (Example 4).

18
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\ Example 4: Finding absolute extrema on a
closed interval

= Find the absolute maximum and minimum
values of f (x) = x23 on the interval [-2,3].

2
3Vx

has no zeros but is undefined at the interior point x = 0

o) = 2t -

The point (0,f(0)) is a critical point by definition

17

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

y
y=x
‘l =
0770 " = Not every critical point
or endpoints signals the
T presence of an extreme
(a) value.
y
1+
T =x13 FIGURE 4.9 Critical points without
| A x extreme values. (a) y' = 3x%is 0 at
-1 0 ! x = 0, but y = x> has no extremum there.
/ (b) y" = (1/3)x%? is undefined at x = 0,
- but y = x'/* has no extremum there.
- ()
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4.2

The Mean Value Theorem

20
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fle)=0

[ P

—_
(=5
~

fllep)=0

FIGURE 4.10 Rolle’s Theorem says that
a differentiable curve has at least one
horizontal tangent between any two points
where it crosses a horizontal line. It may

have just one (a), or it may have more (b).

(b
2
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THEOREM 3 Rolle’s Theorem

Suppose that y = f(x) is continuous at every point of the closed interval [a, b]
and differentiable at every point of its interior (a, b). If

fla) = f(b),

then there is at least one number c in (a, b) at which

f'(c) = 0.

21
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y
y=f y = fx) y=fx)
. \
I I X I [ X L1
[ a b [ a xg b | a x3 b

(c) Continuous on [a, b] but not
differentiable at an interior
point

(b) Discontinuous at an
interior point of [a, b]

(a) Discontinuous at an
endpoint of [a, b]

FIGURE 4.11  There may be no horizontal tangent if the hypotheses of Rolle’s Theorem do not hold.
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Example 1

= Horizontal tangents of a

cubic polynomial

3

X
f(xX)=—-3x
(x) 2

v | Example 2 Solution of an equation f(x)=0
(*\/5, 2\/5) y= 3 3x

= Show that the equation

X +3x+1=0

X
-3 0 3 has exactly one real solution.
Solution
1. Apply Intermediate value theorem to show that
(V3,-2V3) there exist at least one root
2. Apply Rolle’s theotem to prove the uniqueness of
FIGURE 4.12  As predicted by Rolle’s the root.

Theorem, this curve has horizontal
tangents between the points where it
crosses the x-axis (Example 1).

f'(x) = 3x* + 3 is never zero
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\ The mean value theorem

THEOREM 4  The Mean Value Theorem
Suppose y = f(x) is continuous on a closed interval [a, b] and differentiable on
the interval’s interior (a, b). Then there is at least one point ¢ in (a, b) at which

1
-1
|
|
|
|
|

(-1,-3)

1) — f@ _

= ). (1)

FIGURE 4.13 The only real zero of the
polynomial y = x> + 3x + 1 is the one
shown here where the curve crosses the
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x-axis between —1 and 0 (Example 2).
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Tangent parallel to chord
y gent pard:

3
>

) — fla)

Sl
ope — ——

A

|
| l
I \
0| <X a c b
y=f®

FIGURE 4.14 Geometrically, the Mean
Value Theorem says that somewhere
between 4 and B the curve has at least
one tangent parallel to chord AB.
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Example 3

The function  f (X) = X

is continuous for 0 < x<2 and differentiable for
O<x<?2.

At some point c in the interval 0 < x < 2 the
derivative f '(x)=2x must have the value (4-
0)/(2-0)=2.

In this case, f’(c)=2c = 2.

That is, at x=c=1, f’(c) = the slope of the
chord-AB-(see Figure-4.18)

30
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y
0
y=VI1-x-1=x=1
1

> X

-1 0 1

FIGURE 4.17 The function f(x) =
\/1 — x? satisfies the hypotheses (and
conclusion) of the Mean Value Theorem
on [—1, 1] even though f is not
differentiable at —1 and 1.
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y
B, 4
WL 2,4
3+
y=x?
2_
O 1,1
| 1 X
A0, 0) 1 2

FIGURE 4.18 As we find in Example 3,
¢ = 1 is where the tangent is parallel to
the chord.
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' Mathematical consequences

COROLLARY 1 Functions with Zero Derivatives Are Constant

If f'(x) = 0 at each point x of an open interval (a, b), then f(x) = C for all
x e (a, b), where C is a constant.

COROLLARY 2 Functions with the Same Derivative Differ by a Constant
If f'(x) = g'(x) at each point x in an open interval (a, b), then there exists a con-
stant C such that f(x) = g(x) + C forall xe (a, b). That is, f — g is a constant
on (a, b).

32
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' Proof of Corollary 2

= At each point xe(a,b) the derivative of the
difference between function h=f-g is

h'(x) = f'(x) —g'(x) = 0 (because f'(x) =g'(x))
= Thus h(x) = C on (a,b) by Corollary 1. That
Is f (X) —g(x) = C on (a,b), so
f(x) = C + g(x).

34
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\ Corollary 1 can be proven using the Mean
Value Theorem

= Say Xy, X,e(a,b) such that x; < x,

= By the MVT on [x,,X,] there exist some point ¢
between x; and x, such that

f(C)=[f (x2) —F (x)I / (X2 - X1)

= Since f'(c) =0 for all c lying in (a,b),
f (x,) = f(X;) =0, hence f (x,) = f (x;) for x,,
X,€(a,b).

= This is equivalent to f(x) = a constant for xe(a,b).

33
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y=2+C c=2

FIGURE 4.20 From a geometric point of
view, Corollary 2 of the Mean Value
Theorem says that the graphs of functions

x with identical derivatives on an interval
can differ only by a vertical shift there.
The graphs of the functions with derivative
2x are the parabolas y = x? + C, shown
here for selected values of C.

35
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| Example 5

= Find the function f(x) whose derivative is sin x 43
and whose graph passes through the point
(0,2).

Solution  Since f(x) has the same derivative as g(x) = —cosx, we know that f(x) =
—cosx + C for some constant C. The value of C can be determined from the condition
that f(0) = 2 (the graph of f passes through (0, 2)): Monotonic Functions and
f0)=—cos(0) + C=2, so C=3. The First Derivative Test
The function is f(x) = —cosx + 3. (]
36 37
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\ Increasing functions and decreasing .

functions Lovee

. 3r .
DEFINITIONS  Increasing, Decreasing Function Function Function
Let f be a function defined on an interval / and let x; and x; be any two points in /. decreasing i increasing
1. If f(x;) < f(x) whenever x; < x, then f is said to be increasing on I. y'<0 y'>0
2. If f(x2) < f(x;) whenever x; < x,, then f is said to be decreasing on /. 1+
A function that is increasing or decreasing on [/ is called monotonic on /.

| I ! 1 x
-2 -1 o, 1 2

FIGURE 4.21 The function f(x) = x2 is

monotonic on the intervals (—oo, 0] and

[0, o0), but it is not monotonic on

(00, 00).

38 39
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COROLLARY 3 First Derivative Test for Monotonic Functions
Suppose that f is continuous on [a, b] and differentiable on (a, b).

If f'(x) > 0 at each point x € (a, b), then f is increasing on [a, b].
If f'(x) < 0 at each point x € (a, b), then f is decreasing on [a, b].

Mean value theorem is used to prove Corollary 3

40
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): y=x-12x -5
20
(=2, 11)
10+
> X
(2,-21)
FIGURE 4.22 The function f(x) =
x* — 12x — 5 is monotonic on three
separate intervals (Example 1).
42
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| Example 1

= Using the first derivative test for monotonic
functions f(x)=x*-12x-5

= Find the critical point of  f(x)=x*-12x-5
and identify the intervals on which f is
increasing and decreasing.

Solution f'(x) =3(x+2)(x—2)

f'"+ for —o<x<-2
f'-12 for —2<x<2

T'"+ forZ2<x<ow

2
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First derivative test for local extrema

Absolute max
f" undefined
Local max
f'=0

No extreme

f'=0

No extreme

f'=0

>0 f'<0

| Local min

Absolute min

|
|
|
|
|
|
|
|
|
|
|
|
|
1
c

I
|
|
I
|
I

5 b

Y

2

FIGURE 4.23 A function’s first derivative tells how the graph rises and falls.
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First Derivative Test for Local Extrema

Suppose that ¢ is a critical point of a continuous function f, and that f is differen-
tiable at every point in some interval containing c except possibly at c itself.
Moving across ¢ from left to right,

1. if f’ changes from negative to positive at ¢, then f has a local minimum at ¢;
2. if f' changes from positive to negative at ¢, then f has a local maximum at ¢;

3. if f’ does not change sign at ¢ (that is, f' is positive on both sides of ¢ or
negative on both sides), then f has no local extremum at c.

44
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' > X

(1, -3

FIGURE 4.24 The function f(x) =
x'(x — 4) decreases when x < 1 and

increases when x > 1 (Example 2).
46
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Example 2: Using the first derivative test

for local extrema

Find the critical point of
f(x)= X1/3(X _4) — x413 _gxlf3
|dentify the intervals on which f is
increasing and decreasing. Find the
function’s local and absolute extreme
values.
. 4(x=1)

e

f'—ve forO<x<1;f'+ve forx>1

f'—ve forx<O0;
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4.4

Concavity and Curve Sketching
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> X

FIGURE 4.25 The graph of f(x) = x*is
concave down on (—00, 0) and concave up
Won (0, 00) (Example la).

8
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The Second Derivative Test for Concavity

Let y = f(x) be twice-differentiable on an interval /.

1. Iff” > 0on [, the graph of f over / is concave up.

2. If f" < 0onl, the graph of f over I is concave down.

50
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DEFINITION Concave Up, Concave Down
The graph of a differentiable function y = f(x) is
(a) concave up on an open interval 7 if f' is increasing on 7

(b) concave down on an open interval /if f’ is decreasing on /.

49
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\ Example 1(a): Applying the concavity test

= Check the concavity of the curve y = x3
= Solution: y" = 6X
m y"<0forx<0;y">0forx>0;

Link to Figure 4.25

51
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Example 1(b): Applying the ‘ y

Example 2 P
. y=3+sinx
concavity test i 4t
= Check the Concavity of = 3 /\/
= %2 - :
the curve y = x A 3k / = Determining concavity ,|
H . "o \\_ \\ /. ’ )
= Solution: y"=2>0 N\ ) = Determine the L
N\ | .
W, 2 concavity of L1 L1 >
\\mc . 0 T 2;\
\%e L y=3+sinxon 1k _
" y'= —sinx
y'=0 [0, 27]. -2F
| AN /A | X
2 - \‘;0 71 2
FIGURE 4.27 Using the graph of y” to
FIGURE 4.26 The graph of f(x) = x%is determine the concavity of y (Example 2).
concave up on every interval (Example
1b). 53
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' Point of inflection | Example 3:y"' = 0 not necessarily
means existence of inflection point

y=1x
2 -
DEFINITION  Point of Inflection = An inflection point
A point where the graph of a function has a tangent line and where the concavity may not exist where 1L
changes is a point of inflection. w_
y — y” — O
= The curve y = x* has ! L .y
no inflection point at -1 0 1

x=0. Even though y" =
12x2 is zero there, it FIGURE 4.28 The graph of y = x* has

does not change sign. no inflection point at the origin, even
though »" = 0 there (Example 3).

54 55
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Example 4: Existence of inflection

does not necessarily needs y* =0
means

y" does not

An inflection point exist. ~_
may occur where y" = 0
0 does not exist

The curve y = x1® has
a point of inflection at
x=0 but y" does not FIGURE 4.29 A point where y" fails
exist there. to exist can be a point of inflection

y" = -(2/9)x5/3 (Example 4).

56
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Example 6: Using f ' and f " to graph f

Sketch a graph of the function
f(x)=x4-4x3+ 10

using the following steps.

Identify where the extrema of f occur

Find the intervals on which f is increasing and
the intervals on which f is decreasing

Find where the graph of f is concave up and
where it is concave down.

Identify the slanted/vertical/horizontal asymtots,
if there is any

Sketch the general shape of the graph for f.
Plot the specific points. Then sketch the graph.
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Second derivative test for local

THEOREM 5 Second Derivative Test for Local Extrema

Suppose f” is continuous on an open interval that contains x = c.

1. Iff'(¢) = 0and f"(c) < 0, then f has a local maximum at x = c.

2. Iff'(¢) = 0and f"(c) > 0, then f has a local minimum at x = c.

3. If f'(¢c) = 0and f"(c) = 0, then the test fails. The function f may have a

local maximum, a local minimum, or neither.

/AN

f=0f"<0 f=0,f">0

57
:> local max :> local min
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20
15~

Inflection
point sk

I | 1 1 x

-1 0

-5+

-10

Inflection
point

3,-17)
Local
minimum

FIGURE 4.30 The graph of f(x) =
x* — 4x3 + 10 (Example 6).

59
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| Example

= Using the graphing strategy
= Sketch the graph of
= F(X)=(x+1)2/(x?>+1).
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y=f) y=f®) y =1
Differentiable = y'> 0 = rises from y' < 0 = falls from
smooth, connected; graph left to right; left to right;
may rise and fall may be wavy may be wavy
/ or \ / o \
y" changes sign
y" > 0 = concave up y" < 0 = concave down Inflection point
throughout; no waves; graph | throughout; no waves;
may rise or fall graph may rise or fall
/‘\ o _ +
+ -
y' changes sign = graph y'=0and y'<0 y'=0and y'>0
has local maximum or local at a point; graph has at a point; graph has
minimum local maximum local minimum
62

y Point of inflection
! (L2 where x = V3
2122/
1 y=1
Horizontal
asymptote
+ L x
-1 1
Point of inflection
where x = —V3
(x + 1)
FIGURE 4.31 The graphofy = ———-
+ x
(Example 7).
61
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Applied Optimization Problems
63
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Example 1 e

An open-top box is to be cutting small i
congruent squares from the corners of a 12- | |
in.-by-12-in. sheet of tin and bending up the e Ee—r—
sides. How large should the squares cut from ©
the corners be to make the box hold as much
. ,) 4
as possible~ A
T 5= FIGURE 4.32 An open box made by
= 12 £ 2x cutting the corners from a square sheet of
A - ’ 12 tin. What size corners maximize the box’s
12*2"\74;;// X / volume (Example 1)?
(b)

64 65
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Maximum

y / Example 2 i 2r |
y = x(12 - 2x)%, —_
E 0=x=6 Designing an efficient
S cylindrical can
Design a 1-liter can h
min min shaped like a right
AN l /,x circular cylinder. What -~~~ ~—~__
0 2 o oSCALE 6 dimensions will use ° i
the least material?
FIGURE 4.33  The volume of the box in FIGURE 4.34 This 1-L can uses the least
Figure 4.32 graphed as a function of x. material when & = 2 (Example 2).

66 67
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>

Tall and
thin can

Tall and thin

Short and wide

FIGURE 4.35 The graph of 4 = 27r? + 2000/r is concave up.

68
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‘ Solution

= Form the function of the area A as a function
of x: A=A(X)=x(4-x?)12; x > 0.

= Seek the maximum of A:

70
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| Example 3

= Inscribing rectangles 22y

= Arectangle is to be (x ; —xZ]
inscribed in a semicircle / ’/
of radius 2. What is the
largest area the 2
rectangle can have, and

what is its dimension? 2 ~* 0 x 2

FIGURE 4.36 The rectangle inscribed in
the semicircle in Example 3.

69
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4.6

Indeterminate Forms and
L’ Hopital’s Rule

71
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‘ Indeterminate forms 070

THEOREM 6  L'Hopital’s Rule (First Form)
Suppose that f(a) = g(a) = 0, that f'(a) and g'(a) exist, and that g'(a) # 0.
Then
W _ 1@
—a g(x)  g'(a)’

2
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THEOREM 7 L'Hépital’'s Rule (Stronger Form)
Suppose that f(a) = g(a) = 0, that f and g are differentiable on an open inter-
val [ containing a, and that g’(x) # O on/ifx # a.Then
fx) ()
lim —— = lim —H—,
x—a g(x) x—a g (x)

assuming that the limit on the right side exists.

4
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| Example 1

= Using L’ Hopital’s Rule
= (a)

. 3x—sinx _3-cosx]|
lim =

=2
x—0 X 1 |x:0
- (b) 1
jim VLl 2] L
x>0 X 1 2
x=0

73
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| Example 2(a)

= Applying the stronger form of L’ Hopital’s rule
= (a)

-1/2
i Y1+ X —21— x/12_ . (A12)1+x) M -1/2

x—0 X x—0 2X
_ 32 _

B ) E

x—0 2 8

7%
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| Example 2(b)

= Applying the stronger form of L’ Hopital’s rule
= (b)

X —Sin X
3

lim

x—0 X

76
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Using L’ Hopital’s Rule
To find
m 7f(X)
x—>a g (x)
by I’Hopital’s Rule, continue to differentiate f and g, so long as we still get the
form 0/0 at x = a. But as soon as one or the other of these derivatives is differ-

ent from zero at x = a we stop differentiating. ’Hopital’s Rule does not apply
when either the numerator or denominator has a finite nonzero limit.

78
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THEOREM 8 Cauchy’s Mean Value Theorem
Suppose functions f and g are continuous on [a, b] and differentiable throughout
(a, b) and also suppose g’(x) # 0 throughout (a, b). Then there exists a number ¢
in (a, b) at which

f(e) _ £b) - f@)

g'(c) gb) —gla)

7
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| Example 3

= Incorrect application of the stronger form of
L’ Hopital’s

. 1-cosx
hm———7¢
x=0 X 4 X

79
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Example 4

Using L’ Hopital’s rule with one-sided limits

sin X — lim COSX
x—>OJr 2X
sin X — lim COSX

x G x—0~ 2)(

80
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Example 5
Working with the indeterminate form
00 / 00
) Sec X
a) im ———
x->7/2] 4+ tan X
i Sec X ) sec xtan x ) )
Iim ————=1|lim ————= lim sinx=1
x—>(z/2) 1+ tan X x—-(=/2)" Sec” X x—(7/2)
Sec X
im ———.=
x—>(z/2)" 14 tan X
82
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Indeterminate forms /o0 00-0,

If f>+~ and g>+~ as x—2>a, then

lim L) _ i ()
=ag(x) ~agi(x)

a may be finite or infinite
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Example 5(b)

(b) lim=—=% 2 _ .
x> 3% + 5X
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o0=- 00

81
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| Example 6 | Example 7

= Working with the indeterminate form «-0 = Working with the indeterminate form « - «

lim xsinl ) 1 1 . [ X=sIinXx
X—>c0 X leirg — = :legg - |=..

sinx X XSin X

84 85
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| Finding antiderivatives

4.8

DEFINITION Antiderivative

A function F'is an antiderivative of f onan interval I if F'(x) = f(x)
forall xin /.

Antiderivatives

86 87
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Example 1

Finding antiderivatives

Find an antiderivative for each of the
following functions

(a) f(x) = 2x
(b) f(x) = cos x
(c) h(x) = 2x + cos x

The most general
antiderivative

If F is an antiderivative of f on an interval 7, then the most general antiderivative
of fon/is

Fx) +C

where C is an arbitrary constant.

88 89
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Example 2 Finding a particular

antiderivative TABLE 4.2 Antiderivative formulas
Function General antiderivative
Find an antiderivative of f (x) = sin x that satisfies
- n+1
F(O) ) 3 ) 1. x" x+ 1 + C, n # —1,nrational
Solution: F(x)=cos x + C is the most general form of n
the antiderivative of f(x). 2. sin kx _Coskx C, kaconstant, k # 0
We require F(x) to fulfill the condition that when x=3 ' k
(in unit of radian), F(x)=0. This will fix the value of C, 3. coskx S“}(’“ + C, kaconstant, k # 0
as per
= 3p_3_ 3+C 3 3 4. sec’ x tanx + C
(3)= 3 =cos = o - COS _ S 5. csc? x —cotx + C
Hence, F(x)= cos x + (3 - cos 3) is the antiderivative 6.  secx tan x secx + C
sought 7.  cscxcotx —cscx + C
90 91
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\ Example 3 Finding antiderivatives using
table 4.2

= Find the general antiderivative of each of the
following functions.

= (@) f(X)=x°

= (b) g (x) = 1/x12

= (c) h (x) = sin 2x

w (d)i(x) = cos (x/2)

92
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DEFINITION Indefinite Integral, Integrand
The set of all antiderivatives of f is the indefinite integral of f with respect to x,

denoted by
/ f(x) dx.

The symbol f is an integral sign. The function f is the integrand of the inte-
gral, and x is the variable of integration.

= In other words, given a function f(x), the most
general form of its antiderivative, previously
represented by the symbol F(x) + C, where C
denotes an arbitrary constant, is now being
represented in the form of an indefinite
integral, namely,

94
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\ Example 4 Using the linearity rules for
antiderivatives

= Find the general antiderivative of
w f(X) = 3/x2 + sin 2x

93
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\ Operationally, the indefinite integral of f(x)
means ...

The indefinite integral of f(x) is the inverse
of the operation of derivative taking of

f(x)

Derivative of F(x)

Antiderivative of f(x) q
/ o () /
F(x) f(x)

\—/ F'(x)=f(x)
= i F(x)=f(x)
X dx

:ju@szuwc

95




| Example of indefinite integral notation

_[2x dx=x*+C
jcosx dx =sinx+C

j(2x+cosx) dx = x> +sinx+C

96
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Integration
1
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\ Example 7 Indefinite integration done
term-by term and rewriting the constant of
integration
= Evaluate

J'(x2 —2x+5)dx :szdx—IZde+I5dx:...

97
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5.1
Estimating with Finite Sums
2
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Riemann Sums
Approximating area bounded by the graph
between [a,b]

y =1

x

FIGURE 5.8 A typical continuous function y = f(x) over a closed interval [a, b].
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y=f®)
Riemann sum for f on [a,b]
R, = f(C)AX, + f(Cy)Axy+
f(cy)Axg+ ... +f(C,)AX,

X

y=fx) . .
FIGURE 5.10 The curve of Figure 5.9 with

rectangles from finer partitions of [a, b].

x Finer partitions create collections of
rectangles with thinner bases that approx-
imate the region between the graph of f and
the x-axis with increasing accuracy.

(b)
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Area is approximately given by
f(c)AX; + f(c,)Axy+ f(cg)Axs+ ... + f(C,)AX,

Y=/ (Car e

kth rectangle

&

(c1, flep)

[

Partition of [a,b] is the set of
P = {Xg, X1, X2, -+ Xp-1, X}

FIGURE 5.9  The rectangles approximate the region between the graph of the function

y = f(x) and the x-axis. a=Xg< X< Xy ...< Xpq < Xn:b

e
(cp, flea))

Cne[xn-l' Xn]
[|P]| = norm of P = the largest

of all subinterval-width
4
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» Figure 5.4

N

Let the true value of the
areais R

Two approximations to R:

C,= X, corresponds to case
(a). This under estimates

’ © ' the true value of the area
R if n is finite.
s C,= X,.; corresponds to
N y=1-2x*

case (b). This over
estimates the true value of
the area S if n is finite.

® go back
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Limits of finite sums Solution

AX,=(1-0)/n=1/n =Ax; k=1,2,..n

Example 5 The limit of finite apprOXimation to Partition on the x-axis: [0,1/n], [1/n, 2/n],..., [(n-1)/n,1].

an area C, = X, = KAX = k/n
Eind the limiti | £l The sum of the stripes is

Ina t e |m_|t|ng value ot lower sum R, = AX, f(Cy) + Ax, f(C,) + A, f(cg) + ...+ AX, f(C,)
approximation to the area of the region R = AX f(1/n) + AX f(2/n) + AX f(3/n) + ...+ AX, f(1)
below the graphs f(x) = 1 - x2 on the interval = 2t AXT(KAX) = AX 2,47 (KIN)

. =(1/n) 21" [1 - (K/nY]
[0,1] based on Figure 5.4(a) =" 1Un- k=1 (5, k)
=1-[(n) (n+1) 2n+1)/6)/ n*=1 -2 n3 + 3 n>+n]/(6n%)

Sea"K2 = (n) (n+1) (2n+1)/6

7 8
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Taking the limit of n — 5 3
. 2n® +3n°+n
limR, =R=|1- : =1-2/6=2/3
n—oo 6n
The same limit is also obtained if c, = X,,_; iS chosen
instead. The Definite Integral
For all choice of ¢, € [x,.1,X,] and partition of P, the
same limit for S is obtained when n >«
9 10
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DEFINITION The Definite Integral as a Limit of Riemann Sums
Let f(x) be a function defined on a closed interval [a, b]. We say that a number /
is the definite integral of f over [a, b] and that [ is the limit of the Riemann
sums >/—1f(cr) Ax; if the following condition is satisfied:

Given any number € > 0 there is a corresponding number & > 0 such that
for every partition P = {xo,x1,...,X,} of [a, b] with |P|| < & and any choice of
Cy in [xz—1, xz], we have

if(ck) Axpy — I| < e.
=5

11
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The limit of the Riemann sums of f on [a,b]
converges to the finite integral |

lim'> f(c,)Ax, = = [ £ (x)dx

IPIl->0 £ a

We say f is integrable over [a,b]
Can also write the definite integral as

1= f(odx=[ f(dt= f (u)du

= " f (what ever) d (what ever)

The Vvariable of integration is what we call a
‘dummy variable’

13

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

The function is the integrand.

Upper limit of integration

R IV

= s
/Cl

Lower limit of integration

x is the variable of integration.

When you find the value
g of the integral, you have
" evaluated the integral.

Integral of f from a to b

““The integral from a to b of f of x with
respect to x”

12
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THEOREM 1 The Existence of Definite Integrals
A continuous function is integrable. That is, if a function f is continuous on an
interval [a, b], then its definite integral over [a, b] exists.

Question: is a non continuous
function integrable?

14

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com




| Integral and nonintegrable functions

= Example 1
= A nonintegrable function on [0,1]

1, ifxisrational

f(x)=

0, ifxisirrational

= Not integrable
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TABLE 5.3 Rules satisfied by definite integrals
a b
1.  Order of Integration: / f(x)dx = 7/ f(x) dx A Definition
b a
a
2. Zero Width Interval: / f(x) dx =0 Also a Definition
a
b b
3. Constant Multiple: / kf(x) dx = k/ f(x) dx Any Number k
a a
b b
/ —f(x)dx=—/ f(x) dx k=-1
b b b
4. Sum and Difference: / (f(x) £ g(x))dx = / f(x)dx £ / g(x) dx
a a a
b c c
5. Additivity: / fx)dx + / flx) dx = / f(x) dx
a b a
6. Max-Min Inequality: If f has maximum value max f and minimum value
min f on [a, b], then
b
minf+(b — a) = / f(x)dx = max f+(b — a).
b b
7. Domination: f(x) = g(x) on [a, b] = / f(x)dx = / g(x) dx
: a a
f(x) = 0onla,b] = / f(x)dx = 0 (Special Case)
a
17

| Properties of definite integrals

THEOREM 2

When f and g are integrable, the definite integral satisfies Rules 1 to 7 in Table 5.3.
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y=2f(x)

y=fx)

(a) Zero Width Interval:

[f(x)dx: 0.

(The area over a point is 0.)

(b) Constant Multiple:

[k/(x)dx:k[f(x)dx,

(Shown for k = 2.)

y=f+ gk
/\/_y = gx)
y=f®

x

ola b
(c) Sum:

b b b
/(f(X) +g(X))dx:/f(x)dx+/g(X)dx

(Areas add)

Yy Yy
max f y=f
/\/\ Y=
min f
=280
* ol a bt ola b "
(d) Additivity for definite integrals: (e) Max-Min Inequality: (f) Domination:

b ¢ c
/ ) ds + /b 1) ds = / 1) de

FIGURE 5.11

minf~(b*a)s/bf(x)dx

=maxf-(b—a)

fx) = g(x)on[a, b]
b b
=/ f(x)dxz/ glx)dx
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\ Example 3 Finding bounds for an integral \ Area under the graphs of a nonnegative
function

= Show that the value of
is less than 3/2 .[o 1+ cos xdx DEFINITION

Area Under a Curve as a Definite Integral

If y = f(x) is nonnegative and integrable over a closed interval [a, b], then the
area under the curve y = f(x) over [a, b] is the integral of f from a to b,

= Solution A=/bf(x)dx.
= Use rule 6 Max-Min Inequality ’

19 20
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‘ g By geometrical consideration:
Example 4 Area under the liney = X olution A=(1/2)xhighxwidth= (1/2)xbxb=
) b?/2
Choose partition of n subinterval with equal width:
= Compute IO XdX  (the y P g
Riemann sum) . / {Ozxo,xl,xz,...xn=b},Axk=xk—xk_1=Ax=b/ny
and find the area A Riemann sum: b‘ /
_ y=x n n —
under y = x over the lim> Axf (¢,) = limAx> £ (x,) ~
interval [0,b], b>0 v £l Mo y=x
b ] n . n
=1limAX)_ x, = limAx)"KAXx
n—o k=1 N—o0 k=1 b
n b 2 q
3 p % =lim(Ax)"Y k= Iim(—) >
n—oo =1 n—owo n 1 0 b X
_iim(RY P(+2) L (b) n(n+1)
FIGURE 5.12 The region in =y 5 ol 2 o
E le 4 is a trianel ) N FIGURE 5.12 The region in
xampie % 1s a triangle. - Iimb— 1+1: _b” Example 4 is a triangle.
21 n>wo 2 L nJ 2 22
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Using the additivity rule

for definite integration: ! /
b a b b_
_[xdx:jxdx+jxdx y=x
0 0 a
b b a b2 a2 b
a!xdx:!xdx—!xdx:;—?,a<b al
Using geometry, the area ‘ g
is the area of a trapezium 0 O aes
A= (1/2)(b-a)(b+a)
=b?/2 - a?/2 FIGURE 5,13 The area of
this trapezoidal region is
Both approaches to i (;’2 s /2g
evaluate the area agree
23
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Average value of a continuous function

revisited

Average value of nonnegative continuous
function f over an interval [a,b] is
fle)+fle)+---f(c) 1y
: = nkZ:;,f(ck)
AX L 1 3
=Ta;f(ck)=méAXf (c)

In the limit of n >, the average =

1b
—— | f(x)dx
b_a£ (%)
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One can prove the following Riemannian sum
of the functions f(x)=c and f(x)= x*

b
/ cdx = ¢(b — a), ¢ any constant (2)
a

b 3 3
2, b _a
[xdx—3 3 a<b 3)

2
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FIGURE 5.14 A sample of values of a
function on an interval [a, b].

26

25
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DEFINITION  The Average or Mean Value of a Function
If f is integrable on [a, b], then its average value on [a, b], also called its mean

1 b
av(f) =3 a/ f(x) dx.

value, is

27
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5.4

The Fundamental Theorem of Calculus
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29

‘ Example 5 Finding average value

y

= Va—2?

= Find the average value
of f(x)=+4-x°
over [-2,2]

r1g

FIGURE 5.15 The average value of
f(x) = V4 — x*on[-2,2]is 7/2

(Example 5).

28
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\ Mean value theorem for definite integrals

The Mean Value Theorem for Definite Integrals

THEOREM 3
If f is continuous on [a, b], then at some point ¢ in [a, b],

b
#0 = 5 [

30
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yy

/E

T

f(e), average
l height

X

|

|

!
0| a c
| b -

b
|
1

a

FIGURE 5.16 The value f(c) in the

Mean Value Theorem is, in a sense, the
average (or mean) height of f on [a, b].
When f = 0, the area of the rectangle
is the area under the graph of f from a

to b,

31
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Example 1 Applying the mean value

theorem for integrals

Find the average value of
f(x)=4-x on [0,3] and where
f actually takes on this value
as some point in the given
domain.

Solution
Average = 5/2
Happens at x=3/2

y=4—-x

o
-
IR SR
[\
w

.

FIGURE 5.18 The area of the rectangle
with base [0, 3] and height 5/2 (the average
value of the function f(x) = 4 — x) is
equal to the area between the graph of f
and the x-axis from 0 to 3 (Example 1)0.3
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y
0 y=f
1 — O ®
1 _____________iAverage value 1/2
2 not assumed
i ! >
0 1 2

FIGURE 5.17 A discontinuous function
need not assume its average value.
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Fundamental theorem Part 1

Define a function F(x): F(¥)=[f®adt
x,a € |, an interval over which f(t) > 0 is
integrable.

The function F(x) is the area under the
graph of f(t) over [a,X], x > a
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%’ area = F(x)
y =1

Y
-

0l a x b

FIGURE 5.19 The function F(x) defined
by Equation (1) gives the area under the
graph of f from a to x when f is
nonnegative and x > a.
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THEOREM 4 The Fundamental Theorem of Calculus Part 1

If f is continuous on [a, b
differentiable on (a, b) and 1ts derivative is f (x)

P =L fwa= f@) 2

________________

a

Note: Convince yourself that
(i) F(X) is an antiderivative of f(x)

(i)f(x) is a derivative of F(x)
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Fundamental theorem Part 1 (cont.)

y
A

>
o
=2

y =f@)

F(x+h)-F(x)= [ f(t)dt

F(x+h F(x kol xaih

:ll—\ X Oy

Trwani

mean value theorem

0l a xx+h b

L'Dg F(x+hg— F(x) CF(0)= f(X)
FIGURE 5.20 In Equation (1), F(x) is
the area to the left of x, Also, F(x + A) is
the area to the left of x + /. The
The above result holds true difference quotient [F(x + &) — F(x)]/h
even if fis not positive is then approximately equal to f(x), the
definite over [ a,b] height of the rectangle shown here. .
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f(x) is a derivative

d/dx of F(x) because
= F'(x)=1(x)

FOo =] f(tat f(x) = F'(x)

J -)dx
F(x) is an antiderivative
of f(x) because F() = [_ f (Bt

38
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The main use of theorem 4 is ...

It tells us that ;—X(J: f(t)dt)= F(x)

In pragmatic terms, if a function is expressed
in terms of an integral of the form

F(x) :jx f (t)dt

then the derivative of F(x) F(x) Is simply

f(X)
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Solution for (d): you have to invoke chain
rule ] y

— F(x), where F(X) = Jcostdt

dx 4

Chain rule says if F(x)= (feu)(X)= f [u(x)],

d d d d d
PO = (Fou) () = O] =~ F (1) ——u(x)

41
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Example 3 Applying the fundamental
theorem

Use the fundamental theorem to find

1
1+t

d X
(a)—- j costdt (b )—

Y ify-= istsintdt )Y iy = jcostdt
dx g dx ]

40
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Solution for (d): you have to invoke chain
rule

XZ

F(x)= Icostdt is a composite function of the form F(x)=f [u(x)]
1 F(X) = f[u(x)], where

f(u)= Jlicostdt, u(x) = x*

so that
diF(x) —f(u) —u(x) @costdt}-;—x(xz)

=1Ucostdtj-2x =COoSU-2X = 2xcos(x2)
u

42
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Example 4 Constructing a function with a
given derivative and value

Find a function y = f(x) on the domain (-7 /2, 7/2) with
derivative dy/dx = tan x that satisfies f(3)=5.

The strategy:
Use the fundamental theorem of calculus.
Think along this line: find a function F(x) of the form

F(x) = [a(t)t

such that ¢ .
&F(x) = g(x), with q(x) = tan x
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Example 4 (Cont. 2)

X
f(x)= J tan tdt + constant

Find the values of aa and constant so that f(3)=5
This can be done by choosing a = 3, constant =5.

Verify this: x=3
f(3) = [ tantdt+5=0+5=5
a=3

So, finally, the function we are seeking is

f(x):_[tantdt+5
3

45
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Example 4 (Cont. 1)

Solution .
Stage 1: If F(x) =Itantdt, theni—';: tan x.

Stage 2: construct the function f(x) using F(x),
and then try to make f(x) so constructed
fulfills the condition of f(3)=5.

The way to construct f(x) from F(x) is

obviously dy
y = f(x) = F(x) + constant (so that FVin tan x)

= j tan tdt + constant
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Fundamental theorem, part 2 (The
evaluation theorem)

THEOREM 4 (Continued)  The Fundamental Theorem of Calculus Part 2
If f is continuous at every point of [a, b] and F is any antiderivative of f on [a, b],
then

b
/ f&x) dx = F(b) — Fla).

46
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\ To calculate the definite integral of f over \ To summarise
[a,b], do the following

= 1. Find an antiderivative F of f, and

= 2. Calculate the number Jf(t)dt _ dF(X)

= T(x)

b

Tf(x)dx:F(b)—F(a) = F(x)t or [F(x)} f(dF(t)jdhjf(t)dt=F(X)—F(a)

a
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| Example 5 Evaluating integrals | Example 7 Canceling areas

x = Compute y

(a) J' cos xdx = (a) the definite integral L y = sinx
of f(x) over [0,27]
9 = (b) the area between Area = 2 i

(b) j sec x tan xdx the graph of f(x) and 0 T ﬁrze|a==2 2w

4 the x-axis over [0,27]

4
3 4
©)[| =v/x == |dx
2
1\ 2 X
FIGURE 5.22 The total area between
y = sinx and the x-axis for 0 = x = 27

is the sum of the absolute values of two
integrals (Example 7).

49 50
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Example 8 Finding area using
antiderivative

Find the area of the region between the x-
axis and the graph of f(x) = x3 - x? - 2x,
-1sx=<2.

Solution

First find the zeros of f.
f(x) = x(x+1) (x-2)

51
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2.9

Indefinite Integrals and the Substitution
Rule

53
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y
Arca:lS—2 y=x3—x2—2x
1 0 /2 7
Area—|—§
13
8
3

FIGURE 5.23 The region between the
curve y = x> — x? — 2x and the x-axis

(Example 8).
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Note

The indefinite integral of f with respect to x,
j f (x)dx

Is a function plus an arbitrary constant

b
A definite integral [ f (x)dx is & number.

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

52

54



‘ Antiderivative and indefinite integral in
terms of variable x

= If F(X) is an antiderivative of f(x),
d

LF()=1(x

X

—

= the indefinite integral of f(x) is

jf(x)dx: F(x)+C

55
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\ Antiderivative and indefinite integral with
chain rule
:—XF (x)= f(x) ,i.e., F(x) antiderivative of f (x),
d
SEF[U]= f (u), where u=u(x).
. . d _
Applying chain rule to ™ F[u]:

d du(x) dF(u) du d du

&F[U]Zd—XT—d—X f (u):d_)(l:[u]:d_x f (U)

In other words, F [u]is an antiderivative of 3—2 f (u), so that we can write
du
—-f(u) |[dx=F[u]+C

'\O'X )

57
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\ A useful mnemonic

d
d—X(*+ constant) =@

_[ ‘ dx =* + constant

d
— (tan x + constant) = sec® X
Example: dx

j sec’ x dx = tan x + constant

56
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'The power rule in integral form

n+l n+l
dfu :u”d—uej(u“d—u]dx: " lic
dx{ n+1 dx dx n+1
I[u“d—u]dx:ju”(d—udx):fu”du

dx dx

differential of u(x),du is du =3—udx
X

If u is any differentiable function, then

s
/u" du = +C (n # —1, nrational). (1)

58
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| Example 1 Using the power rule

The strategy is to convert the integral into

the form s
/u du = P + C

j\/1+ y* -2y dy =?

Letu=1+ y?,du :g—udy=2ydy.
y

I«/1+ yZ -2y dy =I\/U'du =...

59
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\ Substitution: Running the chain rule
backwards

THEOREM 5  The Substitution Rule
If u = g(x) is a differentiable function whose range is an interval 7 and f is con-
tinuous on /, then

/f(g(x))g'(x) dx = /f(u) du.

let u=g(x); [ {g(0]-g'()dx=[ f (u) -z—idx [ f(u)au
Used to find the integration with the integrand in the
form of the product of f[g(x)]-9'(x)

J fl9001 g'(x)dx = | f (u)du

f(u) du
61
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\ Example 2 Adjusting the integrand by a
constant

I\/4t—1 dt =2
Let u =4t—1,du = 4dt,

[Vat-1 dt=judt=%ju4dt=%j\/adu=---

60
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| Example 3 Using substitution

Icos(7x+5) dx =jcosu A _Lgnusc :lsin(7x+5)+c
— Z;, 7T 7 7
7

62
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| Example 4 Using substitution
Ixzsin x> dx =?
u= x> du = 3x°dx

jsin x® x%dx = J'sinu -Edu = —Ecosu +C
- lvdu 3 3
3

:lcosx3 +C
3

63
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| Example 6 Using different
substitutions

227 -1/3 B
Ism dz ZI(ZZZ{) %GCLZ,:IU Y3du =...

u

65
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\ Example 5 Using Identities and
substitution

j 1 dx =Ise022x dx =jse022x dx =
COS“ 2X = Y

{

N

1J'seczudu=ltanu+C _Lianaxsc

d
—tanu
du
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The i ntegrals of sin®x and cos?x
= Example 7
j.sin2 X dx :E.[l— cos2x dx
2
=X —ljcos 2x dx
2 2 o
Edu
=X —ljcosudu =...
2 4
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‘The integrals of sin®x and cos?x

= Example 7(b)

_[cosz X dx =%Ic032x+1 dx =...
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0.6

Substitution and
Area Between Curves
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ﬂExampIe 8 Area beneath the curve
y=sin? x )

= For Figure 5.24, find -
= (a) the definite integral [ yoemE
of y(x) over [0,27].
= (b) the area between |
the graph and the x- 2
axis over [0,27].
| 1
0 T T 2
2

FIGURE 5.24 The area beneath the
curve y = sin® x over [0, 277] equals 7
square units (Example 8).
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\ Substitution formula

THEOREM 6 Substitution in Definite Integrals

If g’ is continuous on the interval [a, b] and f is continuous on the range of g, then

b g(b)
/ fg@)gwds = | " du
X=b x=b du u=g(b)
let u:g(x);j f[g(x)]- g'(x)dx = j Flu]-—dx= j f (u)du
x=a x=a u=g(a)

70
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| Example 1 Substitution | Example 2 Using the substitution formula

= Evaluate :

I 3x%/%° +1 dx x=rl2
21

J' cot xcsc? xdx =?

x=rl4

x=1 u(x=1) 5 q ) d d u2

J‘ [ +1.3x2dx = J‘ G2 du=... J'cotxcsc X x=fcotx-csc X x=—J'u u=-—-+c

(R — —_— u —du
=1 2 du u(x=-1) 2
cot” x
=- +C
2
712 2 |72 o |7l4
j cot xosc? xx = — 2% (7 oot 1 cot’(w/4)—cot?(x/2) 1
wl4 2 |;z/4 2 |7r/2 1 0 2
71 72
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Definite integrals of symmetric
functions
x y
Theorem 7
Let f be continuous on the symmetric interval [—a, a].
a a
/\ 0 (a) If f is even, then/ fx)dx = 2/ Fflx) dx.
—a 0

—-a a x
\/ (b) If f is odd, then / oy dx = 0.

(@) (b)

FIGURE 5.26 (a) feven, [ f(x)dx = 2 ;' f(x)dx (b) f odd, [ f(x)dx =0

73 74
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| Example 3 Integral of an even | Area between curves
function
y

2 Upper curve
Evaluate J‘(x4 —4x* +6)dx ¥y = fx)
Solution: )
f(x)=x"-4x*+6; L >
4 2
f(—x)=(-x) —4(-x) +6=x"—4x*+6=f(X) Lower curve
y =8

even function
FIGURE 5.27 The region between

How about integration of the same the curves y = f(x) and y = g(x)
and the lines x = gand x = b.

function from x=-1 to x=2
76

75
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[ y y
A
y=fx) (s flep)
T
( —
a= x{) X1 xn_l 7J fck) g(c.lk)
F sy ‘ DEFINITION ~ Area Between Curves
ijz{ ‘ { L l-—l-_b =x, S| — x If f and g are continuous with f(x) = g(x) throughout [a, b], then the area of
L = y_' = g(x) ! ’ b the region between the curves y = f(x) and y = g(x) from a to b is the inte-
2 gral of (f — g) from a to b:
(o gley)) .
A 4- / &) — g(x)] d.
FIGURE 5.28 We approximate the  FIGURE 5.20 The area A4, of the kth

rectangle is the product of its height,

region with rectangles perpendicular
fler) — glex), and its width, Ax;.

to the x-axis.

AziAAk :Zn:Axk [( f(c)— g(Ck)]

—IImLAXkI_(T(Ck) g(ck)J J T(X) g(x)de

IPll->0 -
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\ Example 4 Area between intersecting

Curves y
= Find the area of the region (x, f(x))
enclosed by the parabola / y=2-x
y=2-x?andtheliney=-x. 1/ B
1 1 1 x
/ ,{ 1 2
( f (X) 9 (X)) _(x, 8(x))
_!EQZAA( [ aa S
A= [F () - g ()] o
T X FIGURE 5.30 The region in
(%o 2 N Example 4 with a typical
R PG Aty approximating rectangle.
Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com
Integration with Respect to y
If a region’s bounding curves are described by functions of y, the approximating rectangles
are horizontal instead of vertical and the basic formula has y in place of x.
For regions like these A= ZAA“ - ZAYk |:( fe)-ole ):|
d
7 ; A—Hylmoszk [(ffe)-9()]=[ [F(-9m]dy
4 ar x=f»
x =f(y)
AA x=50)
=g\ | ok
0 * 0 *

use the formula

d
4= / [f(») — e»)]dy.

_In this equation f always denotes the right-hand curve and g the left-hand curve, so

f(») — g(y) is nonnegative.
81
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\ Example 5 Changing the integral to
match a boundary change ]
Area = (\/fc—x+2)dx

» Find the area of the y
. 2 - \/_
shaded region 2b area = [Vias \ e S S =
0
B
(x, ) \
Area=A+B 1_x \x y=x=12
A= J'OZ Jxdx: 4 )
* L x
4 of /" y=02 4
B= L IX = (x=2)dx (! gx)

FIGURE 5.31 When the formula for a
bounding curve changes, the area integral
changes to become the sum of integrals to
match, one integral for each of the shaded
regions shown here for Example 5.

80
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\ Example 6 Find the area of the region in
Example 5 by integrating with respect to y

y

h

AA=(T(y)-g(y))-Ay (4.2)

2k _ 2 :
(g(y),y)y
x=y+2

o _ Ay 8/, »
A:I A = y4 f - d
lim > A8 = [, [ (1) -9 (y)dy ) =0~

[y+2)-(y)dy=.. O =0 2 :

FIGURE 5.32 It takes two
integrations to find the area of this
region if we integrate with respect to
x. It takes only one if we integrate
with respect to y (Example 6).
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6.3

Lengths of Plane Curves
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3
>

P, = (f(t), g(8))

|
L 1M=9(t)-9(t.)

P = (f(tk_1)= 8t_1))

0

FIGURE 6.25 The arc P—| Py is
approximated by the straight line segment
shown here, which has length

L = V(Ax)?* + (Ap)*.
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| Length of a parametrically defined
curve i

0

n
FIGURE 6.24 The curve C defined L= lim 2 ,Lk
k

parametrically by the equations x = f(¢) [IPll—0
and y = g(t),a = t = b. The length of

the curve from 4 to B is approximated by

the sum of the lengths of the polygonal

path (straight line segments) starting at

A = Py, then to Py, and so on, ending at
B =P,.
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y is parametried by t viay = g(t);
X is parametried by t viax = f (t).

Ay, =9(t) -9t ) =9'(t)-(t —t_ )= 9'(t)-At;
AX, = f(tk)_ f(tk—l) =f '(t:*) '(tk _tk—l) = f I(t:*) -At
due to mean value theorem

L =(Ay ) + (A% )" =aty(g'€)) + (&)
L=1 L, = li L
' Zk: “ ||PI\|TOZK: X

n— o

B ”IPi”rDOZZZ At\/(g ) + (1))
o rora- | {2 (2]
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DEFINITION  Length of a Parametric Curve

If a curve C is defined parametrically by x = f(z) and y = g(t),a =t = b,
where f" and g’ are continuous and not simultaneously zero on [a, b], and C is
traversed exactly once as ¢ increases from t = a to t = b, then the length of C is
the definite integral

b
L= / VI OF + [ (o)) dt.
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Length of a curve y = f(x)

Assign the parameter x = t,the length of the curve
y = f (x) is then given by

=) (& e
L dt dt
dy _dy dx _dy

Ldx
y=yYXOI= 4= 0 9 ax ( 1j
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Example 1 The circumference of a
circle

Find the length of the circle of radius r
defined parametrically by

x=rcost andy=rsint, 0<t<2rx
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Formula for the Length of y = f(x), a=x<=bh

curve (graph) y = f(x) fromx = atox = bis

b dy 2 b
L=/ 1+ (E) dx=/ V1 + [f' (X)) dx.

If f is continuously differentiable on the closed interval [a, b], the length of the

(@)
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‘ Example 3 Applying the arc length
formula for a graph

= Find the length of the curve
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\ Example 4 Length of a graph which has a
discontinuity in dy/dx
= Find the length of the curve y = (x/2)?3 from x
=0tox=2.
= Solution
= dy/dx = (1/3) (2/x)'3 is not defined at x=0.
= dx/dy = 3y'? is continuous on [0,1].

11
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‘ Dealing with discontinuity in dy/dx

= At a point on a curve where dy/dx fails to
exist and we may be able to find the curve’s
length by expressing x as a function of y and
applying the following

Formula for the Length of x = g(y), c=y=d
If g is continuously differentiable on [c, d], the length of the curve x = g(y)

fromy =ctoy =dis

d 2 d
L=/ A1+ (Z—j) dy=/ V1 + [g () dy. ®3)

10
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0 1 2

FIGURE 6.27 The graph of y = (x/2)%?
from x = 0to x = 2 is also the graph of
x=2y"fromy=0toy =1
(Example 4).

12
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Chapter 7

Transcendental Functions
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DEFINITION  One-to-One Function

A function f(x) is one-to-one on a domain D if f(x;) # f(x,) whenever x; # x;
in D,
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7.1

Inverse Functions and
Their Derivatives
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\ Example 1 Domains of one-to-one
functions
= (a) f(x) = x2 is one-to-one on any domain of
nonnegative numbers

= (b) g(x) = sin xis NOT one-to-one on [0, 7] but
one-to-one on [0,7/2].
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The Horizontal Line Test for One-to-One Functions

zontal line at most once.

A function y = f(x) is one-to-one if and only if its graph intersects each hori-
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DEFINITION Inverse Function

Suppose that f is a one-to-one function on a domain D with range R. The inverse
function f~! is defined by

fYa) = b if f(b) = a.
The domain of ! is R and the range of f ' is D.
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/y:xs y=Vx

/ -

One-to-one: Graph meets each
horizontal line at most once.

Yy oy=2x

Same y-value

y
1 ‘ Same y-value
} | 0.5
| | i i . . .
1 o 1 X - [N X FIGURE 7.1 ngmg the horizontal line test, we
6 6 see that y = x3 and y = Vi are one-to-one on
their domains (—00, o) and [0, 00), but y = x

y =sinx
Not one-to-one: Graph meets one or
more horizontal lines more than once.

and y = sinx are not one-to-one on their
—— domains (—00, 00).
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¥y
[S |

T y=f 2 x=f70)

§ ¥ g y

z g

/ X / x
0 X 0 X
DOMAIN OF f RANGE OF f 1

(a) To find the value of fat x, we start at x, (b) The graph of fis already the graph off”,

20 up to the curve, and then over to the y-axis. but with x and y interchanged. To find the x
that gave y, we start at y and go over to the curve
and down to the x-axis. The domain of £~ is the

range of f. The range of f ™! is the domain of f.

=

y=f"®

(b, a)

T
o~
o
© -
2 T
Z / T
Z
K &
, @
&
s Z
s Z
/ 2
/
ol
7
/
/
/
.
;
/
/
/

DOMAINOF f = DOMAINOF f ™!

(c) To draw the graph of f =" in the
more usual way, we reflect the
system in the line y = x.

(d) Then we interchange the letters x and y.
We now have a normal-looking graph of £ !
as a function of x.

FIGURE 7.2 Determining the graph of y = f~!(x) from the graph of y = f(x).
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Finding inverses

1. Solve the equation y =f(x) for x. This gives
a formula x = f -1(y) where x is expressed as
a function of y.

2. Interchange x and y, obtaining a formula y =
f-1(x) where f -1(x) is expressed in the
conventional format with x as the
independent variable and y as the dependent
variables.
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FIGURE 7.3 Graphing

f(x) = (1/2)x + land f 1(x) = 2x — 2
together shows the graphs” symmetry with
respect to the line y = x. The slopes are
reciprocals of each other (Example 2).

11
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Example 2 Finding an inverse
function

Find the inverse of y = x/2 + 1, expressed as a
function of x.

Solution

1. solve for x interms of y: x =2(y - 1)

2. interchange x and y: y = 2(x - 1)

The inverse function f -1(x) = 2(x — 1)

Check:

fA)] = 2[f(X) — 1] = 2[(x/12 + 1) - 1] =x = f [f 1 (X)]
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Example 3 Finding an inverse

function

Find the inverse of y = x2, x 2 0, expressed
as a function of x.

Solution

1. solve for x in terms of y: x =y
2. interchange x and y: y = Vx
The inverse function f -1(x) = Vx

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

10

12



/6

FIGURE 7.4 The functions y = Vx and
y= x?, x = 0, are inverses of one
another (Example 3).

13
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y ~1l,_»b
y Tmt T m
-1 -
Slope = 57 7y =x
s
d
e
s
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7’
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e
7
7
s
e
.,ffﬁfffff‘fﬁzﬁylb
i Slope = m
//
> X
0

FIGURE 7.5 The slopes of nonvertical
lines reflected through the line y = x are
reciprocals of each other.

15
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Derivatives of inverses of differentiable
functions

From example 2 (a linear function)

f(x) =x/2 + 1; f1(x) = 2(x + 1);

df(x)/dx = 1/2; df -1(x)/dx = 2,

i.e. df(x)/dx = 1/df -1(x)/dx

Such a result is obvious because their graphs are
obtained by reflecting on the y = x line.

Does the reciprocal relationship between the slopes
of f and f -1 holds for other functions as well?

14
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df
slopeatx=a=—
Y d

X\, y
y =%
L, df

b =fla)—-#(a, b) slopeatx=b=f*(a) = i
‘ X=|
|
} b, ax//
| D e ()] S . |
} / :y =f"x
| x | .

0 a 0 !
The slopes are reciprocal: () (b) = f’(la) or (f7)'(b) = m

FIGURE 7.6 The graphs of inverse functions have reciprocal

slopes at corresponding points.
16
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THEOREM 1 The Derivative Rule for Inverses

If f has an interval / as domain and f'(x) exists and is never zero on /, then £~ is
differentiable at every point in its domain. The value of (f~!)" at a point b in the
domain of f~! is the reciprocal of the value of f' at the pointa = f~'(b):

_l ’ — 1
R TT0)
or
df™! 1
dx |-, - ﬁ 1)
dx | — 1)

17
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4 Slope 44 (2,4)

|
|

1
| Slope i
: y=Vx
[

\
%

| I
I |
| ! l
0 1 2 3 4

FIGURE 7.7 The derivative of

f71(x) = Vxat the point (4, 2) is the
reciprocal of the derivative of f(x) = x? at
(2, 4) (Example 4).

19
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Example 4 Applying theorem 1

The function f(x) = x?, x 2 0 and its inverse
f-1(x) = Vx have derivatives f '(x) = 2x, and

(f 1)'(x) = 1/(2x).
Theorem 1 predicts that the derivative of
f-1(x)is
(F-1)'(x) = 1/ ff1(x)] = 1/ f'[NX]
= 1/(2Vx)

18
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Example 5 Finding a value of the inverse

derivative
Let f(x) = x3 — 2. Find the value of df -1/dx at x
= 6 = f(2) without a formula for f -1.
The point for f is (2,6); The corresponding
point for f -1is (6,2).
Solution
df /dx =3x2
df -Y/dx|, - = 1/(df /dx|,-,)
= 1/3x?|,-, = 1/12

20
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1 y=x>-2
6 (2,6)¢ Slope3x?=3(2)>=12

Reciprocal slope: IL

-2

FIGURE 7.8 The derivative of
f(x) = x> — 2atx = 2 tells us the
derivative of f ' at x = 6 (Example 5).

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

21

Definition of natural logarithmic

fuction

Natural Logarithms
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DEFINITION

The Natural Logarithm Function

lnx=/%dt, x>0
1

y . .
If0<x<l,thenlnx=/ Yar= i/%dt
1 X

gives the negative of this area.

X
Ifx> l,thenlnx:/%dt
1

gives this area.

y =Inx

1\ x

1
Ifx= l,lhenlnx=/ Lar=o.
1

FIGURE 7.9 The graph of y = Inx and its
relation to the function y = 1/x, x > 0. The
graph of the logarithm rises above the x-axis as x
moves from 1 to the right, and it falls below the
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axis as x moves from 1 to the left.
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Domain of In x = (0,)

Range of In X = (-e0,)

In X is an increasing function since
dy/dx=1/x>0

25
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DEFINITION  The Number e
The number e is that number in the domain of the natural logarithm satisfying
In(e) =1
27
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"1
lnx=[ de

TABLE 7.1 Typical 2-place
values of ln x
X Inx
0 undefined
0.05 —3.00
0.5 —0.69
1 0
e lies between2 | 2 069 | | In X :
and 3 3 1.10
4 1.39
10 2.30
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By definition, the antiderivative of In x is just 1/x

ilnx =

dx

®[—=

d . _ldu
dxlnu_udx’ u>0

©)

Let u = u (x). By chain rule,
d/dx [In u(x)] = d/du(In u)-du(x)/dx
=(1/u)-du(x)/dx
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\ Example 1 Derivatives of natural
logarithms

d
a)—In2x=
()OIX

(b) u=x2+3;ilnu=——=
dx dxu

29
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\ Example 2 Interpreting the properties of
logarithms

(@)In6=In(2-3)=In2+In3;
(b)In4—In5=In(4/5)=1n0.8
(€)In(1/8) =In1-In2*=-3In2

31
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| Properties of logarithms

THEOREM 2  Properties of Logarithms
For any numbers @ > 0 and x > 0, the natural logarithm satisfies the following
rules:

1. Product Rule: Inax = Ina + Inx

2. Quotient Rule: ln% =Ina — Inx
3. Reciprocal Rule: ln% = —Ilnx Rule 2 witha = 1
4. Power Rule: Inx" = rinx 7 rational

30
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\ Example 3 Applying the properties to
function formulas

(a)In4+Insinx = In(4sinx);
X+1

(0)In 3

=In(x+1)-In(2x-3)
1
(c)In(secx) =In——=—Incosx
COS X

(d)In *Ix+l= In(x+1) "= (1/3)In(x +1)

32
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Proofof Inax =Ina + In x

In ax and In x have the same derivative:

d d(ax) 1 1 1 d
—Inax = —=a—=—"=—1InX
dx dx ax ax x dx

Hence, by the corollary 2 of the mean
value theorem, they differs by a constant C

Inax=Inx+C
We will prove that C = In a by applying the
definition In x at x = 1.

33
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The integral J (1/u) du

d 1du
From —Inu==—
dx u dx
Foru>0
Taking the integration on both sides gives
J.i Inudx = J.Ed—udx.
dx u dx

_ d _dy d _ _
Lety=Inu —>&Inudx7&dxfdy—>jalnudx7'|.dyf_|'dInu

Idlnu:Jdu—uelnu+C'=jleu;

Foru<Q0:

-u>0,

[ L in(-uyax = [L-4C0 g
dx (-u) dx

Id In(-u) :ft—ué In(—u)+C":'[%u

Combining both cases of u > 0,u <0,

d—“:ln|u|+C
u

35
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Estimate the value of In 2

21
y |n2:j—dx
lX

_1
K—;
1 t1
—(2-D)<|=dx<1-(2-1)=1
L y @ D<ot

1<In2<1
2

0=

0 1 2

FIGURE 7.10 The rectangle of height
y = 1/2 fits beneath the graph of y = 1/x
for the interval 1 = x = 2.
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n+l

u .
recall: J'u”du = +C,n rational, # -1

n+1

34

If u is a differentiable function that is never zero,

/%du=ln|u| + C.

©)

From ju’ldu =Inju|+C.

letu = f(X).
df (x)
g pdu_edf () ¢ dx
ju Olu_Iu Jf(x) f(X)
LG
:jf(x)dx_ln|f(x)|+c
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| Example 4 Applying equation (5)

2xdx _¢d(xX*=5) | | .,
(a)jx2_5_j o =X -5+C
" 4cosx
()j
3+2$nx

37
Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)
1 d C0S2X
sin 2x 2 dx
Jtan 2xdx =I dx= _2.dx dx
cos COS 2X
1 rdcos2x
| =——j—=——| lu|+C
COS 2X
1
=—=In|cos2x|+C
2
1
==In|sec2x|+C
2
39
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‘ The integrals of tan x and cot x

/tanudu = —In|cosu| + C=In|secu| + C
/cotudu =In|sinu|] + C= —In|cscx| + C

\ Example 6 Using logarithmic
differentiation
= Find dy/dx if (x2+1)(x+3)”2
y= X>1
x—1
Iny =In(x*+1) +(1/ 2)In(x+3) - In(x 1)
th1y:—94n(x +1y+1114n(x+3)—114n(x—1)
dx dx 2 dx dx
ldy _
ydx
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The inverse of In x and the number ¢

7.3 In X is one-to-one, hence it has an inverse.
' We name the inverse of In X, In"t x as exp (x)

limIin™?x=o0, limIn?x=0

The Exponential Function X0 X
41 42
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, The graph of the inverse of In x The function y = ¢% in terms of the
P exponential function exp
7+ x=Iny u - . .
il S0, e = In"L(1) = exp (1) We can raise the number e to a rational power r, e’
. Qe = 2.718281828459045 ... e’ is positive since e is positive, hence e" has a
il (an irrational number) Ioga_lr_ithm (recall that logarithm is defied only for
aThe approximate value for e is positive number).
22 obtained numerically (later). From the power rule of theorem 2 on the properties
2r of natural logarithm, In x" =r In x, where r is rational,
W . we have
| 1 1 !I 1
2 -1 0] /1 2 e 4 * Iner=r
/ We take the inverse to obtain
In"t (Ine" =In?(r)
FIGURE 7.11 The graphs of y = Inx and e'=Inl(r)=expr, forrrational.
y = In"'x = expx. The number e is 3 “

In'1 = exp (1).
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The number ¢ to a real (possibly irrational)

pOWer X DEFINITION  The Natural Exponential Function
For every real number x, ¢ = In"!x = exp x.

How do we define e*x where X is irrational?

This can be defined by assigning e* as exp x

since In1 (x) is defined (because the inverse

function of In x is defined for all real x). (l]\ll_?fte: plte:s?c_dpt_make a distinction between e* and exp x. They have
ifferent definitions.

e* is the number e raised to the power of real number x.

exp x is defined as the inverse of the logarithmic function, exp x = In"t x

45 46
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Inverse Equations for ¢* and In x
Typical values of & e = x (allx > 0) @)
In(e*) = x (all x) (3)
X e”* (rounded)
-1 0.37 (2) follows from the definition of the
0 1 exponent function:
1 279 From eX=exp X, let x — In x
2 7.39 elnx = exp[In x] = x (by definition).
10 22026 For (3): From e* = exp X, take logarithm
100 2.6881 x 10% both sides, — In eX=In [exp x] = x (by
definition)
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| Example 1 Using inverse equations

(@)lne’=...

(b)Ine™ =...
(c)InVe =Ine"? =...
(d)Ine™™* =...
(f)e"2=...

(x2 +l)

(g)e" =
(h)e3ln2 — eIn23 =
3

(i)ESInZ :e3~|n2 :(eInZ) =

7

49
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‘The general exponential function a*

= Since a = e'" for any positive number a
m aX= (elna)x — exlna

DEFINITION  General Exponential Functions
For any numbers a > 0 and x, the exponential function with base a is

a = exlna.

For the first time we have a precise
meaning for an irrational exponent.
(previously a*is defined for only rational x

(| \
anad a)

51
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| Example 2 Solving for an exponent

» Find k if e2k=10.

50
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\ Example 3 Evaluating exponential
functions

“
(@)2" = (e'”z) P_glinz Ll 339

(b)zﬂ _ (elnz)” _p"n2 L a218 _gg

52

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



Laws of exponents

THEOREM 3 Laws of Exponents for e*
For all numbers x, x;, and x;, the natural exponential e* obeys the following laws:
1. exl . exz — ex1+xz
2. eF= Lx
e
3. i—z AN

4. (exl)xz — exlxz — (exz)xl

Theorem 3 also valid for a*
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| Example 4 Applying the exponent
laws

(a)ex+ln2 —
(b)e—ln X _

©%-
e

@)(e) =

\ Proof of law 1

Y1 :eX1’Y2 =e"

=X =Iny,x, =Iny,
=X+X=Iny,+Iny,=Iny,y,
= exp(x, +x,) =exp(Iny,y,)
pXt%e _ V.Y, = eXX?

54

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

' The derivative and integral of e

f(X)=Inx,y=e*=In"'x=f*(x)
dy d , d 1
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= f(x)= I
dx dx  dx ) df (x)
dX fs10
1 1 )
@/ X)|X:f,1(x) @/ X)|X:y
iex =e" (5)

56
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‘ Example 5 Differentiating an exponential

d .«
&(Se )=

57
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| Example 7 Integrating exponentials
In2
(a) j e¥dx =
0
nl2 ) 7l2 )
(b) _[ e cosx dx = j e™"” cos xdx
—_—
0 0o e du
u(z/2)
= j e"du
u(0)
Y u(xi2) _ Qu(T/2) _ gu(0) _ gsin(r/2) _ gsin0) _ o _q
u(0)
59
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| By the virtue of the chain rule, we
obtain

If u is any differentiable function of x, then

Ay udu
ol T n (6)

f(u)=e";u=u(x);

d ey d g
&(e())—dxf(u)—

df (u) du(x) e d_u
du dx dx

/e“du=e“+C.

Thisis the integral equivalent of (6)

58
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' The number ¢ expressed as a limit

THEOREM 4  The Number e as a Limit
The number e can be calculated as the limit

e = lim (1 + x)'~.
x—0

60
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Proof

If f(x) = In x, then f'(x) = 1/x, so f'(1) = 1.
But by definition of derivative,

f'@) = ngg

x—0 X

f(1+h)—f(1):Iim fl+x)—f(x)
h

_lim In(1+ x) —In(2) _lim In(1+ x)
x—0 X x—0 X
1

1 =
= Iing[ln(1+ x| = In{ling(1+ X)* } =1 (sincef'(})=1)
2 1
lim@+x)*=lim1+=)" =e
x—0 y—o y
61
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Once x" is defined via x" =e""*, we can take its differentiation :

u(x)
d oo A g |_dude” N oo _Non_ o
dx dx dx du x X

d _
= —x"=nx"*?
dx

Note : Can you tell the difference between this formula
and the one we discussed in earlier chapters (Theorem 4, Chapter 3)?

63
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ninx

Define x" for any real x >0 as x" =e""".

Here n need not be rational but can be any real number

as long as x is positive.

Then we can take the logarithm of x" :

Inx" =In(e")=nlnx

Note:c.f the power rule in theorem 2.
Can you tell the difference?

62
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By virtue of chain rule,
u=u(x);

iu” _ du(x) du _ du(x) Ut
dx dx du dx

Power Rule (General Form)
If u is a positive differentiable function of x and 7 is any real number, then »” is a

differentiable function of x and
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Example 9 using the power rule with
irrational powers

d du” du
x?=— ="npu"

a)— =
( )OIX o
d—unu”’l E%\/EX\/E*1 :\/Exx/?—l
dx dx
d : du” du
b)— (2 +sin3x)" =— =—nu"*
d_ununfl EMWH =37 (2+sin3x)" " cos3x

dx dx

65
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The derivative of a*

xlna

a* =e

d d (| o3 d d
—a'=—/e™M xIna e
dx dx{ J dx( )du( )
=e'lna=e"?Ina=a"Ina

By virtue of the chain rule,

iau(x) — d_ui(au ) =a'ln ad_u
dx dx du dx
Ifa > 0and u is a differentiable function of x, then ¢ is a differentiable function
of x and
A u_ up,, U
e =a Ina o (1)
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1.4

a* and log, x
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Example 1: Differentiating general
exponential functions

d.,. d{ o3 d d
a)—3"'=—] e xIn3
()dx dx( j dx( )du( )
=In3-¢"" =3"In3
d d = d d
p)—3* = W= =3
( )dx d(—x) du du
=-3"In3=-3"YIn3=-In3/3*
(@S _ 4 d g0 dEINX) 01 g ginyng.cox
dx dx du dx
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 Other power functions

Example 2 Differentiating a general power
function

Find dy/dx if y = x*, x > 0.
Solution: Write x*as a power of e
XX = exlnx

d( 5| dud ,\ d ’
&(e' j:d_iﬁ(e ):&(xlnx)-(e )=..

69
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\ Example 3 Integrating general exponential
functions

2X
In2

@[2"dx ===+C

(b)jZﬁ?aiE =[2"du=..

71
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Integral of &

From dia“‘x) =a"ln ag—u, devide by Ina:

X X
1 d _,n ..0u
——a =a —
Ina dx dx

d u(x) u du . . )

= d—a =a'ln ad—, integrate both sides wrp to dx:
X X

= I(%a“jdx = _[(a” In aj—i]dx:
= jda" = Inaja”du +C
au

u 1 u
:>Ia du =mjda =m

/a“du = la + C.
na
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| Logarithm with base a

DEFINITION  log, x

For any positive numbera # 1,

log, x is the inverse function of a™.

Inverse Equations for a* and log, x
alos* = x (x > 0)

log,(a*) = x (all x)

®3)
(4)
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FIGURE 7.13 The graph of 2" and its
inverse, log, x.
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Evaluation of log, x

Taking In on both sides of a'*%* = x gives
In(a*%*) = In x

LHS,In(a™*) = log, xIna.

Equating LHS to RHS yields

log, xIna=Inx

73

Example: log,,2=In 2/ In10
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5

Example 4 Applying the inverse equations

(a)log, 2’ =5
(b)2°%° =3
(c)log,, 1007 =7
()10 = 4

74

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

TABLE 7.2 Rules for base a

logarithms Proof of rule 1:
For any numbers x > 0 and |n Xy — |n X + |n y
>0, .. .
i}' Product Rule: divide both sides by Ina
log,xy = loggx + log,y In(xy) _Inx N Iny
2. Quotient Rule: Ina Ina Ina
log, 3 = log,x — log, log, (xy)=log, x+log, y

3. Reciprocal Rule:

IOga% = _IOgay

4. Power Rule:
log,x” = ylog,x

76

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com




Derivatives and integrals involving log, x

i(| au):d_“M

dx dx du

d d(Inu 1 d 11
S L D - AT YT P
du(ogau) du(lna} Inadu(nu) Inau

d du 11 1 (1) du
_(|ogau):_. - | =— .=
dx dx \Inau Inalu/ dx

4 (loguy = L. Ldu
dx \ 08 Ina udx

77
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1.5

Exponential Growth and Decay

e
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Example 5
d — _du d(log,,u)
@) ™ log,, (3x+1) |= —

=i(3x+) 1 d(lnu) 3 1
dx In10  du In10 (3x+1)

(b)jlogzxdx= L jlnx &L e
X In2=~ x In2
d(lr:f)_;du

78
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The law of exponential change

For a quantity y increases or decreases at a
rate proportional to it size at a give time t
follows the law of exponential change, as per

dy dy
L y(t) = =L =ky(t).
dtmy()jdt y(t)

k is the proportional constant.
Very often we have to specify the value of y at
some specified time, for example the initial condition

y(t :0) =Y

80
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Rearrange the equation 3_y ky :

LY 2 Y e [kt
y dt y dt

> [Edy=k[dt=kt > In| y|=kt-+InC
y

— y=+Ce" = Ae", A=+C.
Put in the initial value of y at t=0isy, :
= y(0)=y, = A"’ = A y=y,e"

The Law of Exponential Change

y = yoe*! @)
Growth: k>0 Decay: k<0

The number £ is the rate constant of the equation.
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Example 3 Half-life of a radioactive
element

The effective radioactive lifetime of polonium-
210 is very short (in days). The number of
radioactive atoms remaining after t days in a
sample that starts with y, radioactive atoms is
Y=Y, exp(-5x10-3t). Find the element’s half
life.

83
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Example 1 Reducing the cases of
infectious disease

Suppose that in the course of any given year
the number of cases of a disease is reduced
by 20%. If there are 10,000 cases today, how
many years will it take to reduce the number
to 1000? Assume the law of exponential
change applies.

82
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Solution

Radioactive elements decay according to the
exponential law of change. The half life of a given
radioactive element can be expressed in term of the
rate constant k that is s?ecmc to a given radioactive
species. Here k=-5x10-

At the half-life, t=t,,,

Y(t12)= Yol2 = Yo €xp(-5x10731,,,)
exp(-5x103t,,) =1/2

> In(1/2) = -5x103t,,,
> t,= - In(1/2)/5x103 = In(2)/5x102 = ...

84
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1.7

Inverse Trigonometric Functions
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Function: sinx Demain: [-7/2, m/2]

Domain
restriction that
makes the
trigonometric
functions one-
to-one
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Function: cosx Domain:

[0, =]

85

Range: [-1,1]

Range: [-1, 1]

Range : (-e, =)

| Defining the inverses

= Trigo functions are periodic, hence not one-
to-one in the their domains.

= If we restrict the trigonometric functions to
intervals on which they are one-to-one, then
we can define their inverses.

86

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

‘ Function: cotx Domain: [0, 7] Range : (-, ©)

Domain ;
restriction that e
makes the \
trigonometric " T e e e
functions one- | /
to-one e /

Function: cosecx Domain: [-7/2, 0) U (0, »/2] Range: (-, -1]1J[1, =)
=
af |
\
L
-1.5 -1 -0.5 0.5 1 1.5
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Domain: -1=x=1
Range: O=y=m

Inverses for the restricted trigo
. = The graphs of the
functions inverse trigonometric
functions can be

obtained by reflecting

y =sin~' x = arcsin x

. ez Dmmeziosl the graphs of the
Yy =CO0S ~ X = arccos X ; restricted trigo
9 s functions through the
y=tan“‘x=arctanx A T line y = x.
-1
y =cot " Xx=arccot x
_1 Domain: ;s -1 or;z 1 Domain: —eo < x < eo
y :Sec X — arcsecx Range: -7 =y=T,y#0 Range: O<y<m
FIGURE 7.17  Graphs of the six basic inverse trigonometric
-1 functions.
Yy =CSC “X=arcCcscx
89 90
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y
X =siny
y=sin"x
. Domain: [-1, 1]
y=sinx, - T<x<T 2 Range: [-m/2, m/2]
DEFINITION  Arcsine and Arccosine Functions Y 2 2
Domain: [-7/2, 7/2] | |
= sin~'x is the number in [—/2, /2] for which siny = x. Range: [-1,1] -1 710 1 *
1 ~
= cos~!x is the number in [0, 7] for which cosy = X. AN T
N _TL
o 2 2 ~
1
(a) (b)

FIGURE 7.18 The graphs of (a) y = sinx, —m/2 = x = /2, and (b) its inverse,
y = sin"' x. The graph of sin~! x, obtained by reflection across the line y = x, isa
portion of the curve x = siny.

91 92

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com) Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com




y=cosx,0=x=mw
Domain: [0, 7]

1 Range: [-1,1]

-4

7 0 E\i 7 X
1k 2 i
(a)

y
A
X =COSYy
T~
y= coslx
Domain: [-1, 1]
T~ Range: [0, ]
2
I 1
10| 1 *
(b)

FIGURE 7.19 The graphs of (a) y = cosx, 0 = x = 7, and (b) its
inverse, y = cos™! x. The graph of cos™! x, obtained by reflection across
the line y = x, is a portion of the curve x = cos y.

\ Some specific values of sin"t x and cos x

X sin”' x x cos x
V32 /3 V32 /6
\/5/2 /4 \/5/2 /4

1/2 /6 1/2 /3
=) —7/6 ~1/2 2m/3
-\V2/2 —7/4 —\V2/2 37/4
-V3/2 —7/3 -3/ 57/6
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93

6= cosx;
cos¢ = cos (7 — 6) =— cosf

¢ = cos(— cos@) = cos(—x)
Add up fand ¢

6 +¢ = cosx + cos(-x)

FIGURE 7.20 cos ' x and cos™'(—x) are
supplementary angles (so their sum is 7).

7= COS X + COSI(-X)
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sin"lx= /2 -0

FIGURE 7.21 sin ' xand cos ' xare
complementary angles (so their sum is 77/2).

costx=6:sintx= (% — 0];

NN

cos t x+sin~t x+ :0+(%—0j:

link to slide derivatives of
the other three
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DEFINITION  Arctangent and Arccotangent Functions

y = tan~!x is the number in (—/2, w/2) for which tany = x.

cot ™! x is the number in (0, 7) for which coty = x.

97
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A 1
y=cot x
Domain: (—ee, co)
Range: (0, m)
_______ ?T b e e e ——— -
\E
2
X
0
FIGURE 7.23 The graph of y = cot ! x.
99
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y= tanx

)i Domain: (—oe, o)
_______ x| Range: (-m/2,m/2)
2
0 X
_______ al
2

FIGURE 7.22 The graph of y = tan ' x.

98
Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)
_ -1
y=8€ec x
Domain: |x| =1
Range: [0, w/2) U (r/2, m]
y
h
m-
:Z S
2 /
! >X
-1 0 1
FIGURE 7.24 The graph of y = sec ' x.
100
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Domain: |x| = 1

Range: O=y=mwy# %
y
_______________________ 3
2
B
7k
_é/
- N s
1 2
y = sec x—ﬁ/—_
] f X
-1 0 I
S—— - FIGURE 7.26 There are several logical

2 choices for the left-hand branch of

‘N y = sec” ! x. With choice A,
- sec ' x = cos™! (1/x), a useful identity
- employed by many calculators.

101
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| Some specific values of tan-t x

X tan ' x
&) /3
1 /4

\f3/3 /6
-V/3/3 —7/6
-1 —r/4
-V3 —/3

103
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y= esclx
Domain: |x| =1
Range: [-7/2,0) U (0, 7/2]

7|
2 g
I 1 x
10| 1

__’IT

FIGURE 7.25 The graph of

y = csc ! x.

2
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| Example 4

= Find cos q, tan a, sec «,

sina=2/3
csc aif a = sin't (2/3). -

ya =
V5

FIGURE 7.27 Ifa = sin™' (2/3), then
the values of the other basic trigonometric
functions of & can be read from this
triangle (Example 4).

104
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EXAMPLE 5 Find sec (tan' 3).

Solution Welet = tan™! (x/3) (to give the angle a name) and picture 6 in a right trian-
gle with

tan § = opposite/adjacent = x/3.

The length of the triangle’s hypotenuse is

Vil +32=Vx2+9.

Thus,

sec (tanﬁ1 %) = secf

x>+ 9 hypotenuse
= . sec = .
3 adjacent

105
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N d, . 1
y = sinx —(sin*x)=——=
Domain: -1 =x=<1 dx 1— x?
Range: —m/2 <y < 7/2

)
T

| | x

Note that the graph is not
differentiable at the end
3T points of x=%1 because

\ the tangents at these

N points are vertical.

FIGURE 7.29 The graph of y = sin” ! x.
107
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The derivative of y = sin't x

f(x)=sin" x= f*(x)=sinx;
oy 11 1

dx  df *(x) " cos x|X:f(X) " cos f (X)
dX x=f (x)
Lety=f(x)=sin"'x > x=siny=cosy=+1-x*
111
cos(f(x)) cosy 1-x2
.'.i(sin’lx):
dx 1-x?
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The derivative of y = sint u

If u=u(x) is an diffrentiable function of x,

isin‘lu =7

dx

Use chain rule: Lety =sin"u

9 Ginty :d—ui(sin‘lu) _du 1

dx dx du dx \1-u?
Note that |u |[<1 for the formula to apply

106

1

i(sin_'u)= @,
dx \/1_u2dx

|u] < 1.
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‘ Example 7 Applying the derivative
formula

d . _
—sintx%=...
dx

109
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| Example 8

x(t) = tan* .

dx _9

dt t=16

111
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' The derivative ofy=tantu

cos’y=1/(1-

y=tan'x=x=tany
1

d dy
1=—/((tany) =—-sec
dx (tany) 3 50

dy cos’ y =1/(1-x?) X Y(

X°)

V(1-x3)

By virtue of chain rule, we obtain

a1 __ 1 du
dx(tan u)_1+u2dx'

110
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' The derivative of y = sec! x

y=secX=X=secy

1 d (secy) dy secytany
= — = — T
dx dx _/

tany =+ysec’y—1=#yx?-1 ~~ "
1 I
10

d 1
—sec x=cosycoty=+—
dx X /(X2_1)

FIGURE 7.30
y = sec

L >0 (from Figure 7.30),
dx
andx > 1.

The slope of the curve

! x is positive for both x < —1

112

dy_1 1
dx | x]/(x?-1)
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' The derivative of y =sectu

By virtue of chain rule, we obtain

1

lu| Vu? — 1

%(sec_lu)= %, lul > 1.

113
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\ Derivatives of the other three

= The derivative of cosx, cotlx, cscix can be
easily obtained thanks to the following
identities:

Inverse Function—Inverse Cofunction Identities

1 1

cos  x = m/2 — sin ' x
cot 'x = 7/2 — tan”'x
1 1

csc ' x = ar/2 — sec” x

Link to fig. 7.21 115
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| Example 5 Using the formula

%sec‘1 (5x4) =..

114
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TABLE 7.3 Derivatives of the inverse trigonometric functions
d(sin™' u) du/dx
= , ul <1
dx V1 = 42
d(cos™ ' u) du/dx
2. == , Jul <1
dx V1 = 42
3 d(tan™" u) _ dufdx
' R
4 d(cot™ u) _ dufdx
) dx 1+ u?
d(sec™ u) du/dx
5. P , Jul >1
lu| Vu? — 1
d(csc ™ u) —du/dx
6. y = , Jul >1
X lu| Vu? — 1
116
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Example 10 A tangent line to the
arccotangent curve

Find an equation for the tangent to the graph
ofy=cotlxatx=-1.

1
Use either 97X _ 1
dx df (x)
dx x=f1(x)
Or Al
1 - X
AT e x2

117
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Example 11 Using the integral
formulas

312 dX

@) 5, N

1 dX

b —

( )~01+ X

-2 dx

©f ——=—=

Y23y [y 1

119
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Integration formula

By integrating both sides of the derivative
formulas in Table 7.3, we obtain three
useful integration formulas in Table 7.4.

TABLE 7.4 Integrals evaluated with inverse trigonometric functions

The following formulas hold for any constant a # 0.

1. du = sin”! (%) +C (Valid for u? < a?)
a® — u?
2. / du__ _ lta.n_1 (ﬂ) +C (Valid for all »)
a® + u? a a
3 du = lsec_1|£| + C (Valid for |u| > a > 0)
) Nt —a2 ¢ 4
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Example 13 Completing the square

J~ dx :J~ dx :J' dx
Jax—x2 7 = -4x) 7 JH(x-2)’-4]

_J' dx _I du _

) fasx—2 Y o T
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| Example 15 Using substitution

[ ox
R G ]

1 de” 1 d_u

121
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\ Even and odd parts of the exponential

function

= In general:

m f(X)=%[f(X) +f(-X)]+%][f(X)-f(-X)]

u Y [f (X) + f(-X)] is the even part

m Y [f (X) - f (-X)] is the odd part

= Specifically:

n f(X)=eX=%(eX+eX)+ % (e*-eX)

= The odd part % (e* - eX) = cosh x (hyperbolic cosine
of x)

= The even part % (e* + eX) = sinh x (hyperbolic sine

of x)

Hyperbolic Functions
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TABLE 7.6 Identities for
hyperbolic functions

cosh’x — sinh?’x = 1
sinh 2x = 2 sinh x cosh x
cosh 2x = cosh®x + sinh®x

cosh?x = cosh 22x + 1
sinhy = cosh 22x — 1

tanh’x = 1 — sech®x
coth?x = 1 + csch?x

123
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‘ Proof of
sinh 2x = 2cosh xsinh x

1 (e -1)
E p2x
1= e+ 21
S e* 22
1

=2-—(e"-e™)-
(e —e)

sinh 2x = %(e2X —e )=

(e —e™)(e*+e™)

; (e* +e7*) = 2sinh xcosh x

125
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Hyperbolic secant: sechx =
Hyperbolic cosecant: cschx = — L _ — 2 -
sinhx €' —e
127
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TABLE 7.5 The six basic hyperbolic functions FIGURE 7.31
Hyperbolic sine of x: sinhx = Cal ; e’
Hyperbolic cosine of x:  coshx = el +2 e 3 = posh
N
_e*\2 y_ e
YETT YT T
= /—\I—L'I—P\ = X
-3-2-1 123
()
. : _ sinhx _ e —e* y
Hyperbolic tangent: tanhx = coshy — & T o~ . y = cothx
y=1"[
777777 y = tanhx
212
. 3 :coshx:e"Jre_" L y=-1
Hyperbolic cotangent: cothx sinhx — o — o=~ 3 = coth XZ
126
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TABLE 7.7 Derivatives of TABLE 7.8 Integral formulas for
hyperbolic functions hyperbolic functions
d , . du .
——(sinhu) = coshu—— sinhu du = coshu + C
dx ( ) dx
d . du .
——(coshu) = sinhu~- coshudu = sinhu + C
d (tanhu) = sech®u du sech®udu = tanhu + C
dx dx
d (cothu) = —csch®u du / esch? udu = —cothu + C
dx dx
d - du hutanhu du = —sechu +
—~-(sechu) = —sechutanhu = sech u tanh u du sechu + C
dx dx
d du hucothu du = —cschu + C
——(cschu) = —cschucothu - cschu cothu du cschu
dx dx
128
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d . du d .
—sinhu =——sinh x
dx dx dx

d d1 1
—smhx_—— e =—(e*+e ) =cosh x
dx dx 2 I 2( )

ismh U= d—ucosh X

dx dx

129
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y y = coshx,
Yy y=sinhx y=x x=0 y=x y =x
t e 8 L7 y=sech™ x il
L 7 - U s (x = sechy. 7
C L/ y=sinh™ x 6+ 7 3 y=0) ,
L /7 (x=sinhy) 5F 7 e
2F /s 4~ /// 2 .7
||||||1_|/||||| 3r . //
x - = -1 =
6 -4 27T 2 4 6 2 s y=cosh™ x 1 s y = sechx
77/ 177 (x =coshy,y = 0) x=0
2 | I I I B | x
it B 0l 123456738
, L
L7 L (b)
s =
7
7

FIGURE 7.32 The graphs of the inverse hyperbolic sine, cosine, and secant of x. Notice the symmetries about
the line y = x.

The inverse is useful in integration.

131
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‘ Example 1 Finding derivatives and
integrals

(a)—tanh \/1+t2 d—uitanhu

(b)jcoth&dx:ljcothudu ~Ljcoshudy
57 sinhu

d snh
_1 (' u) -2 ﬂzlm |+C_—In|smh5x|+C
5 smhu \

(c).['sinh2 X dx :%I(cosh 2x-1) dx=...

u
FA-\

(d)j4e sinh x dx 4J~ de —Zju u™du

2

U ¥ b n\ 2 1 2 2
=dk?—ln|U|J+L=(e) —Ine*+C=e*=2x+C

130
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y y y
I I I [
x=ltanhy l x =cothy : : x =cschy
y =itanh~x | y = coth~lx | i y = csch™lx
I I I I
I I I I
I I I I
I I I I
T T * T T *
-1, 0 11 -1, 0 1 0
I I I I
I I I I
I I I I
I I I I
I I I I
I I I I
(a) (®) (©)
FIGURE 7.33 The graphs of the inverse hyperbolic tangent, cotangent, and cosecant of x.
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‘ Useful Identities \ Proof

-1 -1 1
. . sech™x =cosh™ —.
TABLE 7.9 Identities for inverse X
hyperbolic functions Take sech of cosh™ +.
sech™'x = cosh™! % sech (coshllj = ;1 = % =X
X cosh(coshlj =
. 1 X X
csch™'x = sinh™! X 1
sech [cosh‘l—j =X
| X
1. _ —1 .
coth™ x = tanh™" Take sech™ on both sides:

sech™ (sech (cosh‘&D =sech™x= (cosh‘l 1) =sech™x
X X

133
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TABLE 7.10 Derivatives of inverse hyperbolic functions ‘ PrOOf
disinh™'u) 1 gy Integrating these formulas
& N1 will allows us to obtain a list d iy L
d(cosh™ 1) U du of useful integration formula dx N
& ~pojar “7 ' involving hyperbolic let y = sinh-ix
dtanh™ ) 1 < functions _ q d dy
& 1 —gldx’ “ e.g. x=sinhy — —x=—sinhy=—>coshy
1 1 dx  dx dx
d(coth™ u) 1 du ———=—sinh™x
& 1 —ldx e N aﬂ:sechy: ! _ ! :\/ !
cosh inh?2 2
d(sech ™' u) —du/dx —>_[—d1 —dx = disinh’lx dx _ _ y ‘/1+S|nh y 1+x
& AN O<u<1 “Nl+x X = By virtue of chain rule,
1 I
d(csch™ u) —du/dx .[ 2 x=sinh~x+C i inh™ —d_u—l
_ C wz0 Alex sinh™u = -
dx lulV1 + u? dx dX 144
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\ Example 2 Derivative of the inverse
hyperbolic cosine

= Show that
d 1
—cosh™u=——.
dx Ju? -1

Let y=cosh™x...

137
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sinh™(2/+/3) =2
Let q=sinh(2/+/3)

sinhq =2/\/§—>%(e°‘ —e)=

e —ieq -1=0

NE]

4 \/( 4)2 4 [29
=+ =] 4D 4 ==
o1 V3 f N > 9 _2682

sinh™(2/~/3) = q=1In2.682 = 0.9866

2
NE

139
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| Example 3 Using table 7.11

Jl- 2dx
Let y=2x
J- 2dx _I
2 3+ 4%2 \/3+ y
Scale it again to normalise the constant 3 to 1
2143 \/gdz 2143 dz
J.\/m J. \3+327 I V1472

Let z—

=s,inrrlz\o =sinh*(2/~/3) —sinh*(0) =sinh *(2/~/3) -0

=sinh (27/3)
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TABLE 7.11 Integrals leading to inverse hyperbolic functions
du R (u)
1. /7=smh -1+ C, a>0
Va? + u? ¢
2 A _ o (%) 4 ¢ u>a>0
) ViR - 42 “ '
D iann! (%) +C ifu? < a?
du
3. =
az - u2 1 1 U e 2 2
acoth’ alt C, ifu” > a
4 L=—%sech‘1 (%)+C, O<u<a
u a2 - u2
5 o du acsch_'|%’+c, u#0anda >0
uVa® + u?
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Chapter 8 8.1

Techniques of Integration Basic Integration Formulas
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\ \ Example 1 Making a simplifying
1. /du:u+c 13. | cotudu = In |sinu| + C SUbStItUtIOﬂ

—=In|cscu| + C

2. /kdu =hku+ C (any number k)

14.
3./(du+dv)=/du+/dv

untl 15
4./udu=n+l+C (n#—1)

e'du=e"+ C

a'du = m+c (a>0,a#1) U

5. du =Inful +C

sinhudu = coshu + C 2x_9 J‘ d(X 9X)

/

/

/

/ e Wit

/coshudu= sinh u +(c> X2 —Ox+1 Ox+1

18 [~ (4) 4 C

cosudu = sinu + C ? a—u d(u +1) :J‘ﬂ :2V1/2 +C

/

/

/

sinudu = —cosu + C

sec udu = tanu + C

e A ORE -[\/u+1 IJu+1
=2u+D"2+C=2(x2-9x+1) +C

escudu = —cotu + C
secutanudu = secu + C
cscucotudu = —cscu + C

tanudu = —In |cosu| + C

\\\\\\\

- =In|secu| + C
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‘ Example 2 Completing the square \ Example 3 Expanding a power and using a
trigonometric identity

dx dx 3
I\/SX—XZ - ".\/16—(x—4)2 B

d(x—4) du J.(secx+ tan x)®dx
I\/16— (x—4)° :j & -2 = J'(sec2 X + tan® x + 2sec x tan x)dx.
—sintYic=sint X244 c Racall:tan®x = sec® x —1;itan X =sec’ x;isecx = tan Xsecx;
4 4 dx dx
= J.(Zsec2 X —1+ 2sec x tan x)dx
=2tanXx+—-x+2secx+C
5 6
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‘ Example 4 Eliminating a square root \ Example 5 Reducing an improper fraction
nl4 3X2 - 7X
/ — dx
_([ 1+cos4xdx = J 312
cos4x = c0s2(2x) = 2¢os?(2x) -1 :IX_3+3X+2dX
7l4 7l4 7l4
I\/1+cos4xdx: I\/2c0522xdx=\/§I|0052x|x :Ix—3+ dx
0 0 0 X+2/3
rl4 1 2
Z\/EICOSZXdXZ... :§X2_3X+2lnlx+§|+c
0
7 8
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Example 6 Separating a fraction

_[ 3X+2

V1-x?
2
:3_[\/1_)(2 dx+j\/1_x2 dx

_3’[\/1 X2 +2'[\/1 X2

d
:—J.\/_+25|n x+C jﬁ— -2(1-u)"*+C

= E[—Z(l—u)“z] +2sintx+C"

=-3J1=x>)+2sin" x+C"
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TABLE 8.2 The secant and cosecant integrals

1. /secua’uz In|secu + tanu| + C

2. /cscudu = —In |cscu + cotu| + C
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Example 7 Integral of y = sec x

_[secxdx =7

d sec x = sec x tan xdx

d tan x = sec’® xdx = sec xsec xdx
d(sec x + tan x) = sec x(sec x + tan x)dx

d(secx + tan x)
sec xdx =
sec X + tan x
d(secx+tan x
Isecxdx:j ( ):In|secx+tanx|+C
Sec X + tan x

10
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PROCEDURE

substitution

fraction

Procedures for Matching Integrals to Basic Formulas

Making a simplifying

Completing the square

Using a trigonometric

identity = sec’x + 2secxtanx
+ (sec?x — 1)
= 2sec’x + 2secxtanx — 1
Eliminating a square root V1 + cosdx = V2cos?2x = V2 |cos 2x|
. . 3x2 = Tx 6
Reducing an improper wr2 3+ ET)

Separating a fraction

Multiplying by a form of 1 secx = secx*

EXAMPLE
2x — 9 du
— = 7 dx ==
Vx2 — 9 + 1 Vu

Vex —x2= V16 — (x — 4

(secx + tanx)2 = sec’x + 2secxtanx + tan®x

x+2 _ 3x " 2
Vi-x* Vi-x2 Vi-#?
secx + tanx
secx + tanx

_ sec’x + secxtanx
secx + tanx

12
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8.2

Integration by Parts
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Alternative form of Eq. (1)

13

/ Fx)g () d = fx)gl) — / £ (x)gx) d
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Product rule in integral form

L0091 = 9~ [F O+ F (0 {9(]
-0 (00 (16x = 9T 0k -+ [ 3-< [g(xx

f()900=g() f (x)ax+ [ f (g (x)dx

/ g () dx = f(x)elx) — / £ (x)g(x) d W

Integration by parts formula

14
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Alternative form of the integration by

; parts formulg ;
S LF09001=900-TF (1+ £ () [g(X)]
X dx dx

TS0 00910k =] 9~ (I + [ £ Tg (0

f(09(x) = [ g(x)df (x) + [ f (x)dg(x)

Let u = f(x);v=g(x).The above formular is recast into the form
uv = Ivdu + _[udv

Integration by Parts Formula

/udv=uv—/vdu (2)

16
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‘ Example 4 Repeated use of integration
by parts

_[ x2e*dx =?

17
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| Evaluating by parts for definite
Integrals

Integration by Parts Formula for Definite Integrals

b b b
/ fx)g () dr = fglo)]! / F(x)g(x) d @)

or, equivalently

19
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\ Example 5 Solving for the unknown
integral

jexcos xdx =?

18
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Example 6 Finding area
= Find the area of the region in Figure 8.1
y
1+
05 y=2xe™
S 2z 3 4"
-5
-1+
FIGURE 8.1 The region in Example 6.
20
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Solution

4
Ixe*xdx:
0
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8.3

Integration of Rational Functions by
Partial Fractions
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Example 9 Using a reduction formula

Evaluate 5
fcos xdx

Use

u dv
—

f_M
jcos”xdx::fcosmlx-cosxdx

cos"txsinx n
+

_1 ~
jco§’2xdx
n n

22
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General description of the method

A rational function f(x)/g(x) can be written as a sum
of partial fractions. To do so:

(a) The degree of f(x) must be less than the degree
of g(x). That is, the fraction must be proper. If it isn’t,
divide f(x) by g(x) and work with the remainder term.
We must know the factors of g(x). In theory, any
polynomial with real coefficients can be written as a

product of real linear factors and real quadratic
factors.

24
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Reducibility of a polynomial

A polynomial is said to be reducible if it is the product
of two polynomials of lower degree.

A polynomial is irreducible if it is not the product of
two polynomials of lower degree.

THEOREM (Ayers, Schaum’s series, pg. 305)

Consider a polynomial g(x) of order n = 2 (with leading
coefficient 1). Two possibilities:

g(x) = (x-r) hy(x), where h,(x) is a polynomial of degree
n-1, or

g(x) = (x2+px+q) h?z(x), where h,(x) is a polynomial of
]gegree n-2, and (x?+px+q) is the irreducible quadratic
actor.

25
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Quadratic polynomial

A quadratic polynomial (polynomial or order n
= 2) is either reducible or not reducible.

Consider: g(x)= x?+px+q.

If (p?-4q) = 0, g(x) is reducible, i.e. g(x)
= (X+ry)(X+ry).

If (p%-4q) < 0, g(x) is irreducible.

27
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Example

g(x)=x>—4x=(x-2) - x(x+2)
\_ﬂ,_J
linear factor poly. of degree 2
g(x)=x*+4x= (X*+4) - X
H_/
irreducible quadratic factor poly. of degree 1

g(x)=x"-9=  (X*+3) - (x++/3)(x=+3)

irreducible quadratic factor poly. or degree 2
g(x)=x>-3x*—x+3= (x+1) (x—-2)?

—_—
linear factor poly. or degree 2

26
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In general, a polynomial of degree n can
always be expressed as the product of
linear factors and irreducible quadratic
factors:

P(X)=(X-r)"(x=n)%.(x=nr)"x
(X% + P+ 0)™ (X7 + P X +0,) ™ (X + pX+ Gy )™

n=(n+n,+..+n)+2(m+m,+..+m,)

28
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P

Method of Partial Fractions (f(x)/g(x) Proper)
1. Letx — rbe a linear factor of g(x). Suppose that (x — )" is the highest
power of x — r that divides g(x). Then, to this factor, assign the sum of the
m partial fractions:
Ay Ay Ap
+ +o 4 .
A (x—=nr"

Do this for each distinct linear factor of g(x).

2. Letx? + px + g be a quadratic factor of g(x). Suppose that (x> + px + ¢)"
is the highest power of this factor that divides g(x). Then, to this factor,
assign the sum of the n partial fractions:

le + Cl Bzx + C2 B,,x + C,,

(x2+px + g’

Do this for each distinct quadratic factor of g(x) that cannot be factored into

linear factors with real coefficients.

2+px+qg 2+ px+q)?

3. Set the original fraction f(x)/g(x) equal to the sum of all these partial
fractions. Clear the resulting equation of fractions and arrange the terms in
decreasing powers of x.

4. Equate the coefficients of corresponding powers of x and solve the resulting
equations for the undetermined coefficients.

artial fractions

| Example 2 A repeated linear factor
(BT g
(x+2)
6X+7 A B
= +
(x+2)* (x+2) (x+2)°
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| Example 1 Distinct linear factors

I X2 +4x+1
(x=D(x+D(x+3)

X* +4x+1 :A+B+C:
(x-D(x+D(x+3) (x-1) (x+1) (x+3)

\ Example 3 Integrating an improper
fraction
2x° —4x* —x -3
I > dx =...
X —2x-3
2x° —4x* —x—-3 5x —3
2 =2Xt
X°—2x-3 X —2x-3
5-3 __ 53 __A B _
x2—2x-3 (x=3)(x+1) (x-3) (x+1)
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\ Example 4 Integrating with an irreducible
quadratic factor in the denominator

.[ —2X+4 o

(x* +1)(x—1)°
—2X+4 =Ax+B+ C N D _

> +D(x-1)* (x*+1) (x-1) (x-1*

33
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 Other ways to determine the

coefficients
= Example 8 Using ,
differentiation A(x+1) +Bl(>3<+1)+C: X—113
= Find A, B and C in the TSN
equation = A(X+1)° +B(x+1)+C =x~
X=-1->C=-2
2 j—
x-1 A B c = A(X+1)"+B(x+1) =x+1

(x+1)°  (x+1) " (x+1)? " (x+1)° Alx+1)+B=1

d d
&[A(x +1)+ B] :&(1) =0

A=0
B=1

35
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\ Example 5 A repeated irreducible
quadratic factor

1
———dx=?
J.x(xz +1)°

1 A Bx+C Dx+E
I VT e T
Xx(x“+1)° x (x*+1) (x“+1)

34
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\ Example 9 Assigning numerical values to
X

= Find A,Band C in
xX*+1
(x=D(x=2)(x-3)
A B C
= + +
(x=1) (x=2) (x-3)

A(X=2)(x=3)+B(x-1)(x—-3)+C(x-1D(x-2) = f(x)
=x?+1

f)=2A+=1"+1=2= A=1
f(2)=-B=2°+1=5;=>B=-5
f(3)=2C=3*+1=10,=>C=5

36
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8.4

Trigonometric Integrals

37
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Example 1 mis odd

_[sin3xcoszx dx =?

_[sin3xcoszx dx=—jsin2xc032x d(cosx)
:I(cos2 x—1)cos’x d(cosx)

= [(u*-Du’du=..

39
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Products of Powers of Sines and Cosines

We begin with integrals of the form:
/ sin” x cos” x dx,

where m and » are nonnegative integers (positive or zero). We can divide the work into
three cases.

Case 1 If m is odd, we write m as 2k + 1 and use the identity sifx = 1 — cos’x to
obtain

sin”x = sin?*1x = (sinx)¥sinx = (1 — cos?x)¥sin x. 1)

Then we combine the single sin x with dx in the integral and set sin x dx equal to —d (cos x).

Case 2 Ifm iseven and n is odd in f sin” x cos” x dx, we write n as 2k + 1 and use the
identity cos?x = 1 — sin®x to obtain

26+ = (cos?x)fcosx = (1 — sin®x)*cosx.

cos"x = cos
We then combine the single cos x with dx and set cos x dx equal to d(sin x).
Case 3 Ifboth m and n are even in f sin” x cos” x dx, we substitute

sinx = 1 - gost’ cosly = 1+ ;os 2x @

to reduce the integrand to one in lower powers of cos 2x.
38
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Example 2 mis even and n is odd

IcosSX dx =?

fcossx dx = _[cos“xcosx dx = I(coszx)2 d(sinx)=
:.f(l-sinzx)2 dginx

:J'(l-uz)2 du :'[1+u4 —2u’ du=...

40
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Example 3 m and n are both even

_[coszxsin“ X dx="7

jcoszxsin“x dx =

(1-0032x j £1+0052x Jz
J dx
2 2

= % j (1-c032x)(1+c032x)2 dx

- %J'(1+ cos? 2X — C0S 2X — COS® 2x) dx =

4
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Example 7 Products of sines and
cosines
jcosstinSxdx =7

sinmxsinnx = %[cos(m —n)x—cos(m+n)x];
. 1. .
sin mxcos nx :E[sm(m —n)x+sin(m+n)x];

COSMX COSNX = %[cos(m —n)Xx+cos(m+n)x]
Icos5xsin 3xdx

_ % [ sin(-2x) +sin8xJdx

43

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

Example 6 Integrals of powers of tan x

and sec x 3

_ _ J' sec’ xdx ="?
Use integration by parts.

3 _ . 2 .
I sec” xdx = I SECX-3€C de' (tan x + sec x)

u dv I sec xdx = fsec X———2dx
, 5 tan x +sec x
dv =sec xdx—>v:jsec xdx = tan x 2
_J-(secxtan X +5€ec” X) dx
U =secx — du =sec x tan xdx B tan x + Sec x
u dv tanx+secx

:secxtanx—jtanx-secxtanxdx =In{secx+tanx|+C
%f_/

du

=secxtan x —Itan2 xsec xdx
=secxtanx — J (sec? x —1)sec xdx

[sec® xdx =secxtan x— ['sec’ xdx+ [ sec xdx... "
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8.5

Trigonometric Substitutions
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\ Three basic substitutions

pdyde

a a—x

x=atan@ x=asiné x—asecﬂ

Va® +x*=alsecd] Va®—x*= alcos 6| Vx? — a* = altan 6|

FIGURE 8.2 Reference triangles for the three basic substitutions
identifying the sides labeled x and a for each substitution.

Useful for integrals involving va? -x*,Ja? +x* Jx* -a’

in the denominator of the integrand. -
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\ Example 2 Using the substitution x =
asing

J~ x2dx
N

x=3siny — dx=3cosy dy

.[ x2dx Igsinzy-3cosydy:
J9- J9-9sin?y
_9J-sm y-Cosy dy

\1-sin?

:QIsm ydy=...

47
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\ Example 1 Using the substitution x=atand

J- dx —n

Va4 +x?
X =2tan y — dx = 2sec® ydy = 2(tan® y +1)dy

.[ _J- 2(tan’ y +1) dy
\/4+4tan y \/4+4tan y

jf}i‘zt%l)dy:j\/secz ydy = [|secy|dy

=In|secy+tany|+C

46
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\ Example 3 Using the substitution x =
asecd

jd—xzo
V25x% -4
X =§secy — dx :ésecytan y dy

j J»secytanydy 1J-secytanydy
\/25x 5 Jasec?y—4 57 Jsec?y-1

secytanydy 1
== .[ oo v 1 ! J'secydy

=%In|secy+tany|+C=...

)
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solid of revolution
X vV =167Z'J.

xt+4

FIGURE 8.7 The region (a) and solid (b) in Example 4.

Example 4 Finding the volume of a

(b)
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8.6
Integral Tables
51

‘ Solution

V= 167zj(x +4) =?

Let x = 2tan y — dx = 2sec’ ydy

nl4 nl4

V=1 2sec’ ydy B IZSec ydy
o (tan? y+1 0 (sec? y

7l4

=2r j cos’ ydy =...
0
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50

\ Integral tables is provided at the back of

Thomas’
= T-4 A brief tables of integrals

= Integration can be evaluated using the tables

of integral.
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EXAMPLE 1  Find

fx(2x + 5) M ax.
Solution We use Formula 8 (not 7, which requires n # —1):
—1 _ X b
/x(ax—l—b) dx =7 — —In|ax + b| + C.
a

Witha = 2and b = 5, we have

/x(2x+ 5)*1dx=§—%1n|2x+ 5| + C.

53
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EXAMPLE 3  Find

dx
/ xVax — 4
Solution We use Formula 13(a):

/—dx =L‘[an_1 ax—b+c
NVax—-b Vb b

Witha = 2 and b = 4, we have

dx 2 . [ax—4 L k=2
—————— = ——=tan -+ C= tan =+ C
fx\/Zx—4 V4 4 2

55
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EXAMPLE 2 Find

dx
/x\/2x+4'

Solution We use Formula 13(b):

/ dx ZLIH‘\/ax+b—\/I;
Vax+b Vb IVax+b+ Vb

+ C, ifb > 0.
Witha = 2 and b = 4, we have
Y S U ‘\/2+4—\/Z e
AV +4 Va4 IV +4+ V4
_1 ‘4\/2x+4—2 e
2 V2x +4 +2 '
54
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EXAMPLE 4  Find
/ dx
V2 — 4
Solution ~ We begin with Formula 15:
/ dx __Vax+b a dx +C
x>Vax + b bx 2b) xNVax + b
Witha = 2 and b = —4, we have
/ dx __\/2x—4+i/ dx +C
Va—4 % 2 g
We then use Formula 13(a) to evaluate the integral on the right (Example 3) to obtain
/ Vo4 Ll Fo2hc
'\ 2% — 4 4x 4 2
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‘ EXAMPLE 5  Find

/ xsin'x dx.
Solution We use Formula 99:

ntl ntl
- x - a x"" dx
x"sin"!ax dx = sinlax — 3 n#—1.
n+1 n+1 1 — a2

Withn = 1anda = 1, we have

2 2
. x° . 1 x“dx
/xsm'xdx:—smlx—— —=

2 2] 1 =52

The integral on the right is found in the table as Formula 33:
2 2
X @ (X1 3
/ *az—xzdx 5 sin <a> 2 x¥Va x*+ C.
Witha =1,
Xdx 1. 4 1 3
m—zsm x—2xV1—x + C.

The combined result is
2
xsinlxdr = X sinlx — L lsin_l)c - lx\/l -xX+C
2 2\2 2
= %2— %)sin‘lx + %x\/l -+ C.

57
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y
y
In x
- y=—"
0.2 2
0.1F 1L
1 1 | | | > x x
0 1 2 3 4 5 6 0
(a) (b)
FIGURE 8.17 Are the areas under these infinite curves finite?
59
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8.8

Improper Integrals
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‘ y

Infinite limits of integratiql

—

Area =2

A(2) = lim A(b) = lim2 - 2% =2

(2)

<

N

Area = —2¢772 4 2

b
A(b) = j e2dx =...=2—2e7°?
0

(b)

FIGURE 8.18 (a) The area in the first

quadrant under the curve y = e s

(b) an improper integral of the first type.
60
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DEFINITION Type I Improper Integrals ‘ Example 1 Evaluatlng an Improper

Integrals with infinite limits of integration are improper integrals of Type L. | nteg r al on [1 : oo]

1. If f(x) is continuous on [a, 0), then
/oof(x)dx = lim /bf(x)dx. = Is the area under the curve y=(In x)/x2 from

' ’ 1 to « finite? If so, what is it?

2. If f(x) is continuous on (— 00, b], then

b b Y
/ f)dx = lim / £(x) dx. ®1n x
00 a—>— [, _ In -
o2 y=lx lim [ 2 X dx = 2
3. If f(x) is continuous on (—00, 00), then b—w X2
1
[e ] c oo 01 —
[Oof(X)dx = [wf(X)dx +/ fx) dx,
where c is any real number. 0 1 b —y > X

In each case, if the limit is finite we say that the improper integral converges and
that the limit is the value of the improper integral. If the limit fails to exist, the
R improper integral diverges.

- _ FIGURE 8.19 The area under this curve

o is an improper integral (Example 1). 62
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‘ Solution \Example 2 Evaluating an integral on

b Inb [-OO’OO]
In x dx In x u ©
——_I—d(lnx)_'[—udu ‘u=Inx,x=¢" dx _ 5
1 i1 € T
Inb
Inb Inb
J.ue*“du =u(-e") - I (-e™)du
0 dw M 0
0 w
Inb Inb
—ue™| + je‘“du —ue| e Aea=m
n
0
~In gD 1 *
:—lnb-e ( 1)——E|nb—6+l 0
b In X 1 1 NOT TO SCALE
lim —ZdX = |im{——|nb——+1—l =1 FIGURE 8.20 The area under this ¢
b—w \% b—w h h : urve
T C—w o |

is finite (Example 2).
63 64
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‘ Solution

Using the integral table (Eqg. 16)

j%zltan‘lﬁJrC
a?+x* a a
8 dx 2P -1 -1 -1
£1+X2=[tan x]oztan (b)—tan 0=tan (b)
* b
j dX2=2Iimtan*1b:2-£=7r y
1+ X b
M | :

y=tan'b=b=tany

. _ T
limtantb==
b—w 2 65
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y Example 3 Integrands with
_ 1 Vertical asymptotes
¥ FIGURE 8.21 The area under this curve
Area=2-2Va aliﬁn&ll(%)dx:z,
an improper integral of the second kind.

1 -
0 a 1 >

ol

67
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DEFINITION  Type II Improper Integrals

Integrals of functions that become infinite at a point within the interval of inte-
gration are improper integrals of Type II.

1. If f(x) is continuous on (a, b] and is discontinuous at a then

b b
/ f(x)dx = ll)m+/ f(x)dx.

2. If f(x) is continuous on [a, b) and is discontinuous at b, then

/bf(x) dx = l_i)nbl_/cf(x) dx.

3. If f(x) is discontinuous at ¢, where a < ¢ < b, and continuous on
[a, ¢) U (c, b], then

b c b
/f(x)dx=/ f(x)dx+/ f(x)dx.

In each case, if the limit is finite we say the improper integral converges and that
the limit is the value of the improper integral. If the limit does not exist, the inte-
gral diverges.

66
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| Example 4 A divergent improper
Integral
b I 1

//yzl—x

= Investigate the
convergence of

¢ dx
0l—x

FIGURE 8.22 The limit does not exist:

1 b
1 f(l)dx:nmf L =0
o \1 —x bl fo 1 —x

The area beneath the curve and above the
x-axis for [0, 1) is not a real number
(Example 4).

68

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com




‘ Solution

b
% jim X fim[in|x-1[
1 X b—>1'01—X b—1"

=—I|m[ln|b—1|—ln|0—1|]

b—1"
__. _ _ _ _ - _ 71
= k!Lnlq[lmb 1|-In|0 1|]_!Lr¥[ln|b 1]

) 1
= Ilm[ln—} =00
£—0 e

Example 5 Vertical asymptote at an
y Interior point

69
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Example 5 Vertical asymptote at an
y interior point

(X 1)2/3 '(‘;(X 1)2/3 ':!.(X 1)2/3

o
;
yzm J‘(x NG Jim Iw—hm[ax 1)1/3]
lim[ 3(b ~1)"* ~3(-1)**] = lim[0+3] = 3;
i —1)?? Hj ﬁﬂﬂpﬁ(x—nmﬁ
lim[ 331" - 3(c -1 | =3 2%

1
I(X 1)2,3—3(1+22'3)

0 bl ¢ 3 x

- | <

71
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3
Jo D=
| o (X—= 1)
y= (X _ 1)2/3
FIGURE 8.23 Example 5 shows the
convergence of
P
| / ————dx =3+ 3V2,
o (x — 1)
so the area under the curve exists (so it is a
X real number).
0 b c 3

—p | <
70
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\ Example 7 Finding the volume of an
Infinite solid

= The cross section of
the solid in Figure
8.24 perpendicular to
the x-axis are circular
disks with diameters
reaching from the x-
axis to the curve y =
eX, -0 <x<In 2. Find

the volume of the
horn. FIGURE 8.24 The calculation in

Example 7 shows that this infinite horn
has a finite volume.

72
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‘ Example 7 Finding the volume of an
infinite solid

I f a slice of disk of thickness dx,diamet
volume of a slice of disk of thickness dx |ameyery Chapter 1]_

In2 _ 2
V= Idv_lllm I;zy(x) dx v =r(y/2) dx

In2
==lim | ze*dx
4b—>700
_Llim ezx Infinite Sequences and Series
8bo—o

== Iim 4 — e®

8 b
:lﬂ lim (4— &) _r FIGURE 8.24 The calculation in
8 b 2 Example 7 shows that this infinite horn

has a finite volume.
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‘What is a sequence

A sequence is a list of numbers
a,,8,,8,, -, a

in a given order.

Each a is a term of the sequence.

Example of a sequence:

2,4,6,8,10,12,...,2n,

nis called the index of a,

111

Sequences
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Other example of sequences

DEFINITION Infinite Sequence

An infinite sequence of numbers is a function whose domain is the set of positive
integers.

(8,1 = (VL2 BNENG, - 1.}, =

= In the previous example, a general term a,

of index nin the sequence is described by =2 2L ot g, — (oL
the formula 23 4 n n
a,= 2n. (c1={01234. 071 3.-7L
. . 2345 n n
= We denote the sequence in the previous T -
example by {an} ={2,4,6,8,...} {dn} ={1,—1,1,—1,1,...,(—1 - hd :(—1) X

= In a sequence the order is important:
= 2,4,6,8,... and ...,8,6,4,2 are not the same
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Diverges
3 -
a, a, asagas 2L &
—— °
0 1 2 -
a,=Va L1, DEFINITIONS Converges, Diverges, Limit
142343 The sequence {a,} converges to the number L if to every positive number € there
- corresponds an integer N such that for all »,
i ” n Converges to 0
(I} 342 ?1 1. n>N = la, — L| < e.
] L1 * e " If no such number L exists, we say that {a,} diverges.
4 =n o 1 2 3 4 5 If {a,} converges to L, we write lim,—cc @, = L, or simply a, — L, and call
P L the limit of the sequence (Figure 11.2).
Y Converges to 0
ay day das dy ay 1 e
0 1 TR, o
1 L]
au:{fl)"*—lﬁ 0

FIGURE 11.1 Sequences can be represented as points on the real line or as
points in the plane where the horizontal axis # is the index number of the

term and the vertical axis a, is its value.
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aﬂ
L+e
Lp-——-——————-- (n,a)-2-g——-
L ]
e L—e¢
° a (N, ay)
[ ]
®
[ L1 1 57
0 1 2 3 N n

FIGURE 11.2 ga,—Lify=Lisa
horizontal asymptote of the sequence of
points {(n, a,) } . In this figure, all the a,’s
after ay lie within € of L.

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

THEOREM 1

Let {a,} and {5,} be sequences of real numbers and let 4 and B be real numbers.
The following rules hold if lim,—w a, = 4 and lim, .« b, = B.

1. Sum Rule: lim, oo (a, + b,) =4 + B

2. Difference Rule: lim,—~oo(a, — b,) =4 — B

3. Product Rule: lim,—soolan-by) = A-B

4. Constant Multiple Rule: lim,—co(k*b,) = k+B (Any number k)

8 fualenifiyle: limco 32 =% ifB#0

n

10
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DEFINITION  Diverges to Infinity
The sequence {a,} diverges to infinity if for every number M there is an integer
N such that for all n larger than N, a, > M. If this condition holds we write
lim g, = ©© or a, —> 00,
n—00
Similarly if for every number m there is an integer N such that for all n > N we
have a, < m, then we say {a,} diverges to negative infinity and write

lim g, = —00 or a, —> —00,
n—00

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

EXAMPLE 3 Applying Theorem 1
By combining Theorem 1 with the limits of Example 1, we have:

(@ lim (—%) = -1+ fim_

=—1-0=0 Constant Multiple Rule and Example 1a

EI»—'

i L = - =)= — l o Difference Rule
(b) nlipmoo ( n ) nlisngo ( ) nll?gol l oo 1 1 0 ! and Example la
35 |
(c) llm ; =5 li}mmﬁ' I’Igoﬁ =5+0-0=0 Product Rule
— 7 6y — _
(d) lim 4 n = lim (4/n ) s = 0 1 = —7. Sum and Quotient Rules

n—oo n® + 3 n—o0 | + (3/1’16) 1+0

11
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THEOREM 2 The Sandwich Theorem for Sequences

Let {a,}, {bs}, and {c,} be sequences of real numbers. If a, = b, = ¢, holds
for all » beyond some index N, and if lim,—0 @, = lim,—c ¢, = L, then
lim,—w b, = L also.

12
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THEOREM 3 The Continuous Function Theorem for Sequences

Let {a,} be a sequence of real numbers. If @, — L and if f is a function that is
continuous at L and defined at all a,, then f(a,) — f(L).

Example 6: Applying theorem 3 to show that the
sequence {2} converges to 0.

= Taking a,= 1/n, =lim5.a,=0=L

Define f(x)=2*. Note that f(x) is continuous on x=L, and
is defined for all x=a,= 1/n

According to Theorem 3,

lim, .. f(a,) = f(L)

LHS: lim .. f(a,) = lim 5. f(1/n) = lim_ ., 21"
RHS=f(L)=2L=20=1

Equating LHS = RHS, we have lim ., 2" =1
= the sequence {2} converges to 1

14
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EXAMPLE 4  Applying the Sandwich Theorem

Since 1/n — 0, we know that

(@) CO,,? 10 because —% = co: B < %;
(b) o= ecause =5 = 7
(c) (—1)"%—>0 because —%s —1)"%5%.

13
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Pt b &>
1

o L3
3 2

FIGURE 11.3 Asn— 0, 1/n—0and

2!/" — 20 (Example 6).
15
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THEOREM 4
Suppose that f(x) is a function defined for all x = nj and that {a,} is a sequence
of real numbers such that @, = f(n) for n = ny. Then

lim f(x) =L = lim a, = L.
x—00 n—0oo

16
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Example 9 Applying I’Hopital rule to
determine convergence

. n+1)"
Does the sequence whose nth termis a, = (—J converge?

If so, find lima,.

n—oo

18
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Example 7: Applying I’Hopital rule

Inn

Show that lim="=

Solution: The functlon f(X)—TX is defined
for x = 1 and agrees with the sequence
{a,= (In n)/n} for n =2 1.
Applying I’Hopital rule on f(x):

“mln_x_ |Im1/—x—|lm£:O

X—w Y x—oo ] x>0 X

By virtue of Theorem 4,

. Inx :
lim—=0=1lima, =0

X=>00 X nN—wo
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Solution: Use I’Hopital rule
Let f(x):@(—fj so that f(n)=a, forn>1.

X+1
—In f(x)= xIn( 1)

|n(x+1j
limIn f (x) = |imxln(x—+ﬂ= lim—X=1/

X—00 X—0

By virtue of Theorem 4, limIn f (x) =2=

lim f (x) =exp(2) = lima, =exp(2)
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THEOREM 5
The following six sequences converge to the limits listed below:
. Inn
1. nli)ngoT =0
2. lim Vn=1 .
n—>00 All of the results in Theorem 5
3. lim x'/" =1 (x > 0) can t_Je proven using Theorem 4.
n—>00 See if you can show some of
4. lim x"=0 (x| < 1) them yourself.
n—oo

n—0oo

n
5. lim (l + %) =¢eF (any x)

6. lim > =0 (any x)

n—00 n!

In Formulas (3) through (6), x remains fixed as n — 00.

20
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DEFINITION Nondecreasing Sequence

A sequence {a,} with the property that a, = a,+, for all n is called a
nondecreasing sequence.

Example 12 Nondecreasing sequence
(@ 1,2,3,4,...,n,...

(b) Y2, 213, %, 415, ...,n/(n+1),...
(nondecreasing because a,,;-a,2= 0)
() {3} ={3,3,3,...}

Two kinds of nondecreasing sequences: bounded
and non-bounded.

22
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Example 10

@ (@nndn=2(nn)/n->20=0
(0) " o7 =z :(n””)2 > (1)

(©) "an="y3."Yn=3""nt_51.1=1
(d) (_%juo

©) (n_;zj” = [1+ %}n—) e
0 w00

0

21
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DEFINITIONS  Bounded, Upper Bound, Least Upper Bound

A sequence {a,} is bounded from above if there exists a number M such that
a, = M for all n. The number M is an upper bound for {a,}. If M is an upper
bound for {a,} but no number less than M is an upper bound for {a,}, then M is
the least upper bound for {a,}.

Example 13 Applying the definition for
boundedness

(a) 1,2,3,...,n,...has no upper bound

(b) ¥, 2/3, %, 415, ...,n/(n+1),...is bounded
from above by M = 1.

Since no number less than 1 is an upper
bound for the sequence, so 1 is the least
upper bound.

23
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FIGURE 11.4 If the terms of a

nondecreasing sequence have an upper

bound M, they have a limit L =
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11.2

Infinite Series
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THEOREM 6 The Nondecreasing Sequence Theorem

A nondecreasing sequence of real numbers converges if and only if it is bounded
from above. If a nondecreasing sequence converges, it converges to its least
upper bound.

If a non-decreasing sequence converges it is
bounded from above.

If a non-decreasing sequence is bounded
from above it converges.

In Example 13 (b) {¥, 2/3, %, 4/5 ,
...,n/(n+1),...} is bounded by the least upper
bound M = 1. Hence according to Theorem 6,
the sequence converges, and the limit of

convergence is the least upper bound 1.

25
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DEFINITIONS Infinite Series, nth Term, Partial Sum, Converges, Sum
Given a sequence of numbers {a,}, an expression of the form

@i Fodpriay Feossds gt

is an infinite series. The number a,, is the nth term of the series. The sequence
{s,} defined by

S =aq

s2=a + a2

n
Sp=aytazt+---ta= ZGk
k=1

is the sequence of partial sums of the series, the number s, being the nth partial
sum. If the sequence of partial sums converges to a limit L, we say that the series
converges and that its sum is L. In this case, we also write

0o
ata+--ta+-= Ean=f_.
n=1

If the sequence of partial sums of the series does not converge, we say that the

— series diverges. —

27
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\ Example of a partial sum formed by a
sequence {a,=1/2"'}

Suggestive 1 14
expression for ; ’ —
Partial sum partial sum Value & l—v—l " T B 2
First: s1 =1 2-1 1
1 1 3 FIGURE 11.5 As the lengths 1, '5, Y4, s, ... are added one by one, the sum
Second: s =1+ = —r =
2 2 2 approaches 2.
- o 1,1 _1 &
Third: 53—1+2+4 2 3 2
_ 1,1 1 1 2= ]
nth: S,,—I+E+Z+"-+2ﬂ_1 272n—] i1
28 29
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\ Short hand notation for infinite series \ Geometric series

= Geometric series are the series of the form

o0 o0
2 3 n-1 — e
da,>a orya, a+ar+ar+ar+ tarie = Sar
n k=t = aandr = a,,,/a, are fixed numbers and a=0. r
= The infinite series is either converge or is called the ratio.
diverge = Three cases can be classified: r<1,r>1,r =1.
If |r| < 1, the geometric series @ + ar + ar® + -+ + ar" ! + --- converges
toa/(1 — r):
e =y <

If|r| = 1, the series diverges.

30 31

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com) Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com




Proof of Yam-r%  for |r|<1

Assume r 1.

k=n
s, = ar‘
k=1

rs, = r(a+ar +ar? +...+ar”’1) =ar+ar’+ar’+..+ar" +ar"

—a+ar +ar’+..+ar"*

s,—rs,=a—ar’=a(1-r")
s,=a(l-r")/(1-r)

a(l-r"
If Ir|<L: lims, :Iimgzi

(By theorem 5.4, limr"=1 for |r|<1)
n—w nso  1—r 1-r n—w

32
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EXAMPLE 1  Index Starts withn = 1

The geometric series witha = 1/9 andr = 1/3 is

1,1 emdfiytt e
tEtet “,,219(3) T1-0p3) 6

O -

34
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For cases |r|=1

a(l-r"
If |r|>1: lims, = Iimg = oo (Because | r" |- oo if [r]>1

n—ow n—w 1 -r

Ifr=21:s, =a+ar +ar’+..+ar"* =na
lims, =limna=alimn=owo

nN—o0 n—oo nN—o0

33
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Example 2 Index starts with n=0

1)’'s 5 5 5 5
¥R A E e

The series i(_
n=0

IS a geometric series with a=5, r=-(1/4).
It converges to s..= a/(1-r) =5/(1+1/4) = 4

Note: Be reminded that no matter how complicated
the expression of a geometric series is, the series is
simply completely specified by r and a. In other
words, if you know r and a of a geometric series,
you know almost everything about the series.

35
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Example 4

5.232323... = 5.23=5.23
Express the above decimal as a ratio of

two integers.

5.23=5+[..]]
[...] =0.23+0.0023+0.000023+...
23
=0.23 :
() =155 ()

a 1 1 1 100
...)=1+0.01+0.0001+...= ——= = = ==
(1) =1+001+ T T 1001 199 99

100 100
£ 53 23100 23
100 99 99

36
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Divergent series

Example 6
> n=1+2+4+16+..n* +...

diverges because the partial sums s, grows beyond every number L

n+l 2 3 4 n+1
D=ttt —+
n 1 2 3 n

diverges because each term is greater than 1,

2 3 4 n+1
—F ==t ... > 1—>oo

1 2 3 n -

38
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Example 5 Telescopic series

1
Find the sum of the series 2.
Solution
111

n(n+d) n (n +1)

Kk

S :zn(n+1) _;H_(nu)

n=1

e A

B 1

k+1
> ! =lims, =1
mn(n+1) ko

37
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Note

In general, when we deal with a series, there are
two questions we would like to answer:

(1) the existence of the limit of the series 5- —Zak

(2) In the case where the limit of the series eX|sts,
what is the value of this limit?

The tests that will be discussed in the following
only provide the answer to question (1) but not
necessarily question (2).

39
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' Theorem 7 (not very useful to test the
convergence of a series)

THEOREM 7

(o.¢]

If 2 ay, converges, thena, — 0.
n=1

= Let S be the convergent limit of the series, i.e.
lim 5. S,=>.a=S

= Whennis Iglrge, s,ands,, arecloseto S

= Thismeansa,=s,-S,; 2a,=S-S=0as
n—>

40
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| Example 7 Applying the nth-term test

(a))_n? diverges because limn® =oo, i.e. lima, fail to exist.
n—o0

=1 n—o0
b n_+1 diverges because Iimn—+l=1¢ 0.
( g

n=1 n—oo n

(c)i(—l)n+1 diverges because lim(-1)"" fail to exist.
1 n—o0

(d)z_—n5 diverges because lim :_?1 # 0 (I'Hopital rule)

o 2n+5

n=1

42
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The nth-Term Test for Divergence

o0
z ay diverges if lim a, fails to exist or is different from zero.
n=1 n—0o

Comment: useful to spot almost instantly
if a series is divergent.
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2

A question

= Will the series converge if a,20 as N> «?
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Example 8 a,—0 but the series
diverges

1 1 11 11 1 1 1 1
I o o S o S ——+ — .. —

2 2 4 4 4 4 2" 2" 2" 2"

[ —

2 terms 4 terms 2" terms

The terms are grouped into clusters that
add up to 1, so the partial sum increases
without bound —>the series diverges

Yeta,=2"-> 0

44
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Question:
If a, and Zb,, both diverges, must X(a,tb,)
diverge?
46
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THEOREM 8

If Xa, = Aand 2b, = B are convergent series, then

1. Sum Rule: E(an + bn) = Ean + Ebn =A+8B

2. Difference Rule: 2(a, — by) = Za, — b, =A— B

3. Constant Multiple Rule: Yka, = kXa, = kA (Any number k).

Corollary:

Every nonzero constant multiple of a divergent
series diverges

If Xa, converges and Xb,, diverges, then
Y(a,+b,) and X(a,- b,) both diverges.

45
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EXAMPLE 9  Find the sums of the following series.

(a)§3"‘171=§(1 _ 1)

s | 6n-l fores | 2}?—1 6!1—[
0o oo
1 1 o
= —_ Difference Rule
,; 2n—1 ,;l 6n—l
= = 1(1/2) - = !(1/6) Geometric series withe = land r = 1/2, 1/6
P
= 4
5
0 00
— = — Constant Multiple Rule
(b) =43
n=0 2 n=0 2

Il
N
N
-

) Geometric series witha = 1,r = 1/2

1= (02
47
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11.3

The Integral Test
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8

Corollary of Theorem 6

are bounded from above.

A series E —1 a, of nonnegative terms converges if and only if its partial sums

Comment: To test whether a non-decreasing

sequence converges, check whether its partial sum in
bounded from above. If it is, the sequence converges.

This is particular useful for sequence with
a, >0asn— o

for which neither the n-term test nor theorem 7 can be

used to conclude the divergence / convergence.
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Nondecreasing partial sums

Suppose {a,} is a sequence with a, > 0 for all n
Then, the partial sum s, =s,+ta, 2 s,
= The partial sum form a nondecreasing sequence

n
Sy =2 a3 ={5,5,55y -}
k=1

Theorem 6, the Nondecreasing Sequence Theorem
tells us that the series Z;an converges if and only if
the partial sums are bounded from above.

49
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Example 1 The harmonic series
1 1
172

The series i [1 1j (1 11 1) (1 1 1)
—+— +—+=+ +—+. = [+...
~ 3 4)\5 6 7 8) 9 10 16
—

4
8

1,
1

diverges.

L _
2

>

1 1
2 2

ENEN)

8

16"
Consider the sequence of partial sum {S,,S,,S,;, S, 1Sy -}
s, =1

s,=5,+1/2>1-(1/2)
S,=S,+1/3+1/4)>2-(1/2)
Sg=S,+(1/5+1/6+1/7+1/8) >3-(1/2)

s, >k (1/2)

The partial sum of the first 2 term in the series, s, > k/2, where
k=0,1,2,3...

This means the partial sum, s,, is not bounded from above.
Hence, by the virtue of Corollary 6, the harmonic series diverges

51
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THEOREM 9  The Integral Test

Let {a,} be a sequence of positive terms. Suppose that a, = f(n), where f is a
continuous, positive, decreasing function of x for all x = N (N a positive inte-
ger). Then the series 3, v a, and the integral f ',30 f(x) dx both converge or both
diverge.

52
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If p > 1, then f(x) = 1/x” is a positive decreasing function of x. Since

P e
s | aes fim |25 |

L fim (-1
1 = ppooo \pP~!

1
1_}9(0_1):]7_1’ because p — 1 > 0.

the series converges by the Integral Test.

54

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

1 bP!— 00 as h— 0

EXAMPLE 3  The p-Series
Show that the p-series
o0
1 _+r .1, .,
,;np_lp+2p+3p+ + 5+

(p a real constant) converges if p > 1, and divergesif p = 1.

53
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Ifp<l1,thenl — p > 0and

The series diverges by the Integral Test.

55
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Example 4 A convergent series

If p = 1, we have the (divergent) harmonic series

SIS S ST
Lty tyt oty to

- 1 . .
Y a, =Y —— is convergent by the integral test:
The p-series with p = 1 is the harmonic series n=1 an”+1

1
Let f (x) = ,
() x2+1

sothatf(n)=a, =

. T (x) is continuos,

n®+1
positive, decreasing for all x >1.
o —limtanix = F T T
We have convergence for p > 1 but divergence for every other value of p .[1 dx=...= IIJI—EDJ tan Xl T2 4 4
S 1 .
1 1 1 1 Hence, Z >— converges by the integral test.
E_= N I mni+l
=~ nP 2 3 n?
56
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Caution
The integral test only tells us whether a given 114

series converges or otherwise

The test DOES NOT tell us what the

convergent limit of the series is (in the case

where the series converges), as the series

and the integral need not have the same Comparison Tests
value in the convergent case.

58
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THEOREM 10 The Comparison Test

Let X a, be a series with no negative terms.

(a) Xa, converges if there is a convergent series ¢,

with a, < ¢, for all » > N, for some integer N.

-

(b) Xa, diverges if there is a divergent series of

nonnegative terms X,d, with
a, = d, for all n > N, for some integer N.

60
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’* EXAMPLE 1  Applying the Comparison Test —
(b) The series

- 1 _ 1.1 1
%m—1+“+2!+3!+---

converges because its terms are all positive and less than
or equal to the correspon-ding terms of

- 1 11
1+ —=14+14+ 4+ =+ ---.
,E) 2" 22
The geometric series on the left converges and we have

- 1 1
1+> =1+ =3,
,Zg,z 1 —(1)2)

62
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f EXAMPLE 1 Applying the Comparison Test —

(a) The series

2 5_
“i5n— 1
diverges because its nth term

51
sn—1_ 1~
"5

is greater than the nth term of the divergent harmonic series.

S|
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‘ Caution

= The comparison test only tell us whether a
given series converges or otherwise

= The test DOES NOT tell us what the
convergent limit of the series is (in the case
where the series converges), as the two
series need not have the same value in the
convergent case

63
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THEOREM 11 Limit Comparison Test
Suppose that a, > 0 and b, > 0 foralln = N (N an integer).

n—00

1. If lim % = ¢ > 0, then Xa, and X b, both converge or both diverge.

2, If lingo % = 0 and X b, converges, then >a, converges.
n—> n

3. If lim % = o0 and X b, diverges, then > a, diverges.

nh—>0C

64
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éﬁxample 2 continued

(b) Let a, = 1/(2" — 1). For large n, we expect a, to behave like 1/2%, so we let
b, = 1/2". Since

o0 o0 1
2,bu = X, 57 converges
a=1 n=1
and
lim 2 = lim ==
noo by wte 2" — 1
= lim —L—
n—co 1 — (1/2")
= l,

Za, converges by Part 1 of the Limit Comparison Test.

66
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EXAMPLE 2  Using the Limit Comparison Test

Which of the following series converge, and which diverge?

3.5,7 .9 S 2n+1 _ w2+l
I R TAT; ;(HH)Z nz:,n2+2n+1
1,1.,1,1 -
@) p+3+gtgs o= Dy
Solution

(a) Let a, = (2n + 1)/(n* + 2n + 1). For large n, we expect a, to behave like
2n/n* = 2/n since the leading terms dominate for large n, so we let b, = 1/n. Since

% diverges

MMz
k3

by =

=
and

. ap 3 % 4+ n
lim — = lim

n—ooby  pocop? 4241

Ya, diverges by Part 1 of the Limit Comparison Test. We could just as well have
taken b, = 2/n, but 1/n is simpler.
65
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‘ Caution

= The limit comparison test only tell us whether
a given series converges or otherwise
= The test DOES NOT tell us what the

convergent limit of the series is (in the case
where the series converges)

67
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11.5

The Ratio and Root Tests

68
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EXAMPLE 1 Applying the Ratio Test

Investigate the convergence of the following series.

— 2" + 5
(@ 2 "5
n=0

70
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THEOREM 12 The Ratio Test

Let X a, be a series with positive terms and suppose that

Ap+1
a, ~ P-

lim
n—>00

Then

(a) the series converges if p < 1,
(b) the series diverges if p > 1 or p is infinite,

(¢) the test is inconclusive if p = 1.

69
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Solution

(a)
For the series >, —o (2" + 5)/3",
1 2" +5

s _ (2n+1 4 5)/3n+1 1
an (2" + 5)/3" 3 2"+ 5

:l. 2+5.2_n _)l.gzg
3 \1+5-27" 3 1 3°

The series converges because p = 2/3 is less than 1,

71
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Solution
(b)

(2n + 2)!
(n+ D!(n+ 1)!
ap+1  n'n!(2n + 2)(2n + 1)(2n)!

A (n+ D(n + 1DI(2n)!

_(2n—|—2)(2n+1)_4n+2_)
 n+Dn+1)  n+l

_ (2n)!
 nln!?

then a,+1 =

4.

The series diverges because p = 4 is greater than 1.

2
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THEOREM 13  The Root Test
Let X a, be a series with @, = 0 forn = N, and suppose that

lim Va, = p.

n—00
Then
(a) the series converges ifp < 1,
(b) the series diverges if p > 1 or p is infinite,

(c) the test is inconclusive if p = 1.

4
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‘ Caution

= The ratio test only tell us whether a given
series converges or otherwise

» The test DOES NOT tell us what the
convergent limit of the series is (in the case
where the series converges)

73
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EXAMPLE 3  Applying the Root Test

Which of the following series converges, and which diverges?

@S2 2 (c)i( . )
n=1 2" n=1 nZ n=1 1 t+n

Solution
< T (\"/J;)z I
(a) ,; o converges because y /7 = — =~ 2 =g = 1

2" 2 2 2
b == diverges because , [= = — = > 1,
®) ,; a2 B A (\%;)2 1

7%
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| Alternating series

11.6 = A series in which the terms are alternately
positive and negative

_1 n+1
1_£ 1_14_1 _|_( ) +--
2 3 45 n
AItern_qtmg Series, Absolute and 1 1 1 (-1)"4
Conditional Convergence Al gttt

1-243-445-6+-(-1)"n+--

76 7
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THEOREM 14  The Alternating Series Test (Leibniz’s Theorem)
The series

THEOREM 15 The Alternating Series Estimation Theorem

If the alternating series Er;l(—l)’”"u,, satisfies the three conditions of
Theorem 14, then forn = N,

o0
E(_l)n-ﬂun =u —trtuy— Uyt
n=1

converges if all three of the following conditions are satisfied:

. Sa=tp — o+ (=1,
1. The u,’s are all positive.

approximates the sum L of the series with an error whose absolute value is less
than u,+1, the numerical value of the first unused term. Furthermore, the remain-
der, L — s,, has the same sign as the first unused term.

2. Uy = uy4 foralln = N, for some integer V.
3. up—>0.

- - . - (_1)n+1
The alternating harmonic series 2, —

converges because it satisfies the three

requirements of Leibniz’s theorem.

78 79
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EXAMPLE 2  We try Theorem 15 on a series whose sum we know:

Sl ey dpl le L L. I 5 g L
2 =l- 344" 5Y 6 32 6 128 | " 256

The theorem says that if we truncate the series after the eighth term, we throw away a total
that is positive and less than 1/256. The sum of the first eight terms is 0.6640625. The sum
of the series is

1 _ 1 _2
1-(-1/2) 3/2 3"

The difference, (2/3) — 0.6640625 = 0.0026041666..., is positive and less than
(1/256) = 0.00390625.

80
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DEFINITION Conditionally Convergent
A series that converges but does not converge absolutely converges conditionally.

Example:
The alternative harmonic series

2 (-)™ 101 1 . o
Z——l-— +=—=+--- converges (by virture of Leibniz Theorem)
= n 2 3 4

But the correspoinding absolute series

» _1 n+l »
> (G =Zl TSI diverges (a harmonic series)
~1 n = n 2 4 8

(y”

Hence, by definition, the alternating harmonic series Z
n=1

converges conditionally.
82
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DEFINITION Absolutely Convergent
A series X.a, converges absolutely (is absolutely convergent) if the correspon-
ding series of absolute values, X|a,|, converges.

Example:
The geometric series

o n-1
Zl(—lj =1-l + L —%+ --- converges absolutely since
the correspoinding absolute series

- 1\ 1 1 1
Zl _= = [ T R R converges
2 2 4 8

n=1

81
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THEOREM 16 The Absolute Convergence Test

o0 o0
If EIa,,lconverges, then Ea,, converges.

n=1 n=1

In other words, if a series converges
absolutely, it converges.

o n-1
In the previous example, we shown that the geometric series Zl[—aj

n=1

converges absolutely. Hence, by virtue of the absolute convergent test, the series

- 1\
21(——J converges.
o\ 2

83
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‘ Caution

= All series that are absolutely convergent
converges.

= But the converse is not true, namely, not all
convergent series are absolutely convergent.

= Think of series that is conditionally
convergent. These are convergent series that
are not absolutely convergent.

84
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FEXAMPLE 3 Applying the Absolute Convergence Test
(b)

+ + + -

- sinn sin 1 sin 2 sin 3
FOI‘ = 5
25 =ttt

the corresponding series of absolute values is

>

n=1

_|sin1|  [sin2]
= i + 1 + e

sin n
n?

which converges by comparison with 3~ (1/n?)

because [sinn| = 1 for every n.

The original series converges absolutely; therefore it converges.

86
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FEXAMPLE 3 Applying the Absolute Convergence Test

(@)

< _ n-I-lL_ _l l_i 1 i
For ’;( 1) i 1 1 + 9" 16 + - -+, the corresponding series of absolute
values is the convergent series
SIS UV B B
;n2_1+4+9+16+ :

The original series converges because it converges absolutely.
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THEOREM 17 The Rearrangement Theorem for Absolutely
Convergent Series

If 2;“;1 a, converges absolutely, and by, b5, . .., by, ... 1s any arrangement of the
sequence {a,}, then > b, converges absolutely and

%] )
2bn = Xan.
n=1 n=1

87
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1. The nth-Term Test: Unless a, — 0, the series diverges.

2. Geometric series: 2ar” converges if |r| < 1; otherwise it diverges.

3. p-series: > 1/n” converges if p > 1; otherwise it diverges.

4. Series with nonnegative terms: Try the Integral Test, Ratio Test, or Root

Test. Try comparing to a known series with the Comparison Test.

5. Series with some negative terms: Does 2 |a,| converge? If yes, so does
>a,, since absolute convergence implies convergence.

6. Alternating series: > a, converges if the series satisfies the conditions of
the Alternating Series Test.

88
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DEFINITIONS Power Series, Center, Coefficients

A power series about x = 0 is a series of the form

o0

Sex"=co+oix+ext+o+ o + oo (1)
n=0

A power series about x = a is a series of the form
o0

ZCn(x —a'=cpteolx—a)teal—al+ o tex—a)y+o (2
n=0

in which the center a and the coefficients cg, ¢, ¢3, .. ., ¢y, .. . are constants.
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11.7

Power Series

89

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

EXAMPLE 1 A Geometric Series

Taking all the coefficients to be 1 in Equation (1) gives the geometric power series

o0
St =l +x+x24+ x4
n=0
This is the geometric series with first term 1 and ratio x. It converges to 1/(1 — x) for
[x| < 1.We express this fact by writing
1

Tag = b Eraidea § @ bewy 1401, 3)

Mathematica simulation
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B4
a . |
91 y—l

— X

3 |- EXAMPLE 3  Testing for Convergence Using the Ratio Test

T For what values of x do the following power series converge?
ys=1+x+x2+x3 +x*+x° + 20+ 27 + 28 b 3

n— lx — _ X X _

il (a) 2( 1) =x—5+3

4l L xl .

g s yy=1+x+x? (b) Z( 1) ln—l x—?—l-?—---

_ 2 3
2r b= 1 © —1+x+j+§—'+

yo=1
Tl 0 e o

x"=1+x+ 2%+ 3%+

||M8 ||M8 i

— FIGURE 11.10 The graphs of f(x) = 1/(1 — x) and four of —

its polynomial approximations (Example 1). 2 %
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Solution  Apply the Ratio Test to the series | u, |, where u, is the nth term of the series bet| W-1 1
. . n 2
1n question. BT =X
| w1
@ 5| ==k - YL z
| " p+l ' The series converges absolutely for x” < 1. It diverges for x“ > 1 because the nth
The series converges absolutely for |x| < 1. It diverges if |x| > 1 because the nth ferm does not converge to zero. At x =1 the series becomes | —1/3 +
term does not converge to zero. At x = 1, we get the alternating harmonic series 1/5=1/7+ -+ which converges by the Alternating Series Theorem. It also con-
L =1f2+1/3 =1/ + -, which conyerges. At ¥ = —1 we get —1 — 1/2 - verges at x = — 1 because it is again an alternating series that satisfies the conditions
1/3 = 1/4 = -+, the negative of the harmonic series; it diverges. Series (a) con- ; The val - listh e ofthe val ~ 1 Series (b
verges for —1 < x < 1 and diverges elsewhere. or convergence. 1he value at x - is the negative of the value at x = 1. Series (b)
s l . converges for —1 < x < 1 and diverges elsewhere.
-1 0 1

4 |

-1 0

1
|
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(¢)

Un+1 _ X .n_! _ |X|
Up (n+ 1! x" n+l

The series converges absolutely for all x.

— () for every x.

| N
< > X

\ The radius of convergence of a power
series

h 0
(d) "
; n+ 1)kx"
uu? - | n|x)n = (n + 1)|x|— 00 unless x = 0.

The series diverges for all values of x except x = 0.

¢ > X
0
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THEOREM 18  The Convergence Theorem for Power Series

[e =]

If the power series Ea"x" =ag+ ax + apx? + -+ converges for

n=0
x = ¢ # 0, then it converges absolutely for all x with|x| < |¢|. If the series
diverges for x = d, then it diverges for all x with |x| > |d]|.

97
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COROLLARY TO THEOREM 18
The convergence of the series Xc,(x — a)" is described by one of the following
three possibilities:

1. There is a positive number R such that the series diverges for x with
|x = a| > R but converges absolutely for x with |x — a| < R. The series
may or may not converge at either of the endpoints x = a — R and
x=a+R

The series converges absolutely for every x (R = 00),

The series converges at x = a and diverges elsewhere (R = 0).

— R—— R
| | | X
a-R a a+R
\ _/
|x<a|<R

98
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R is called the radius of convergence of the

power series

= The interval of radius R centered at x = a s
called the interval of convergence

= The interval of convergence may be open, closed,
or half-open: [a-R, a+R], (a-R, a+R), [a-R, a+R)
or (a-R, atR]

= A power series converges for all x that lies within

the interval of convergence.
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How to Test a Power Series for Convergence

1. Use the Ratio Test (or nth-Root Test) to find the interval where the series
converges absolutely. Ordinarily, this is an open interval

|#=a] <R o @=R<x<a+R,

2. Ifthe interval of absolute convergence is finite, test for convergence or diver-
gence at each endpoint, as in Examples 3a and b. Use a Comparison Test, the
Integral Test, or the Alternating Series Test.

3. If the interval of absolute convergence is a — R < x < a + R, the series
diverges for |x — a| > R (it does not even converge conditionally), because
the nth term does not approach zero for those values of x.

See example 3 (previous slides, where we

_determined their interval of convergence)

100
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EXAMPLE 4  Applying Term-by-Term Differentiation
Find series for f'(x) and f"(x) if

f(x)=]_x=1+x+x2+x3+x4+...+xn+_u
(o0]
:Ex", -1<x<1
n=0
Solution
f’(x)= (1 _IX)Q =1 +2x+3x2-}-4x3+...+nxrr—l 4o
o0
= 2?!1"71, Q<x<l
n=1
f"(x)z(1Ex)3=2+6x+12Iz+"'+n(n—1)x"_2+---

o0
= dnan-1x"2 -l<x<l
n=2

102
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THEOREM 19 The Term-by-Term Differentiation Theorem
If Zcy(x — a)" converges fora — R < x < a + R for some R > 0, it defines
a function f:

f@) = Denlx—a)’, a-R<x<a+R
n=0

Such a function f has derivatives of all orders inside the interval of convergence.
We can obtain the derivatives by differentiating the original series term by term:

f'&) = incn(x —a)!
n=1

f'x) = in(n = e —a)t =,
n=2

and so on. Each of these derived series converges at every interior point of the in-
terval of convergence of the original series.
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‘ Caution

= Power series is term-by-term differentiable

= However, in general, not all series is term-by-
term differentiable, e.g. the trigonometric
series zw is not (it’s not a power series)

103
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\ A power series can be integrated term by
term throughout its interval of

convergence

THEOREM 20
Suppose that

The Term-by-Term Integration Theorem

flx) = zocn(x - a)

converges fora — R < x <a+ R (R > 0).Then
(%] (x _ a)n+1

ZOC" n+1

converges fora — R < x < a + Rand

ff(X)dx icn(xn f)lm 0

fora —R<x<a+R.
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EXAMPLE6 ASeriesforln(1+x), -1 <x=1
The series
L - 2_ P4
1+t_1 t+t 2

converges on the open interval —1 < ¢ < 1. Therefore,

o t t
ln(l+x)=/ dt=t—5+5——5+-
o 1+1 273 4 .

Theorem 20

3 4
— XXX o
=x 2+3 4+ 2 1 <x<I.

It can also be shown that the series converges at x = 1 to the number In 2, but that was not
guaranteed by the theorem.

106
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EXAMPLES5 ASeriesfortan'x, —1=x=1

Identify the function

3
f)=x-%L+% -, -—1=xs=1
3 5 ?

We differentiate the original series term by term and get
fR=1-22+x*—x5+--, -l=xx<l.
This is a geometric series with first term 1 and ratio —x2, 50
D R |
( %) 1w

We can now integrate f'(x) = 1/(1 + x?) to get

, _ dx
ff(x)dx_fl+x2

The series for f(x) is zero when x = 0, so C = 0. Hence

Solution

f'lx) =

=tan'x + C.

e B o B
flx) =x tToFtee=

¥ “1<x<l. 0

tan”! x,

— In Section 11.10, we will see that the series also converges totan ' x at x = +1. —_
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105

n
¢y = apb, + a1by— + ayby—3 + -+ + ay-1by + ayby = Eakbn—h
=0

then E —o Cpx" converges absolutely to A(x)B(x) for |x| < R:

THEOREM 21 The Series Multiplication Theorem for Power Series
If A(x) = Soegayx” and B(x) = 3aeq byx" converge absolutely for |x| < R,
and
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EXAMPLE 7 Multiply the geometric series

0
Ex“=l+.r+x2+"'+-‘"+"""#' for|x| < 1,
= 1-x

by itself to get a power series for 1/(1 — x)?, for|x| < 1.

Solution Let 1 1 8
=] n

Alx) = Dax" =1 +x+ x>+ +x"+ - = 1/(1 —x)
=
0

B(x) = 2[),,.(“2 l+x+x2+-+x" 4= 1/(1 = x)
=

and

Bl Taylor and Maclaurin Series

Then, by the Series Multiplication Theorem,
o %
A(x)+Blx) = Xenx" = Xln+ 1x"
n=0 n=0

=1+ 22 +3+ P+ (4 Ix"+ e

is the series for 1/(1 — x)?. The series all converge absolutely for|x| < 1.
Notice that Example 4 gives the same answer because

dfod N 1
de \1 — x (1 —x)*"

108 109
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Series Representation Finding the Taylor series
representation
In the previous topic we see that an infinite series In short, given an infinitely differentiable function f(x),
represents a function. The converse is also true, namely: we would like to find out what is the Taylor series
A function that is infinitely differentiable f(x) can be [)er;;eiebn(txatgp of f(x), i.e. what is the coefficients of
o0 n n -

expressed as a power series >'b, (x-a)" =
In addition, we would also need to work out the

interval of x in which the Taylor series

We say: The function f(x) generates the power series 2.b.(x-a)" representation of f(x) converges.

The power series generated by the infinitely differentiable In generating the Taylor series representation of a

function is called Taylor series. generating function, we need to specify the point

The Taylor series provide useful polynomial x=a at which the Taylor series is to be generated.
approximations of the generating functions

110 111
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DEFINITIONS Taylor Series, Maclaurin Series

Let f be a function with derivatives of all orders throughout some interval con-
taining @ as an interior point. Then the Taylor series generated by f atx = a is

(k) "
S0t = @+ - @+ TP -
(n)
+- 4+ ! nEa)(x_ a)' +
The Maclaurin series generated by f is
(k] " (n)
> O g0y + prow+ L2 g e L0y

k=0

the Taylor series generated by fatx = 0.

Note: Maclaurin series is effectively a special case of Taylor
series witha=0.

112
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f(2) K /o (ked
Z (x=2)" =1/ 2 (x=2)/ 4+ (x=2)*/8+...(-1)" (x=2)" 12V ...

k1
k=0

This is a geometric series with r =—(x—-2)/2,

Hence, the Taylor series converges for |r |=| (x —2)/2|<1,
or equivalently,0 < x < 4.

& ‘“(2) a 1/2 1
; (x= 1—r_1—(—(x—2)/2)_x

= the Taylor series 1/2—(x—2)/4+(x—2)2/8+...(—1)k (x=2)</20 4 .

1
converges to — for 0<x<4.
X L .
*Mathematica simulation
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Example 1 Finding a Taylor series

Find the Taylor series generated by
f(x)=1/x at a= 2. Where, if anywhere, does
the series converge to 1/x?
f(x) = x1; f'(x) = -x2; f M(x) = (-1)"n! x"*+D)
The Taylor series is

> @y Dy L l;!.x_(km (x-2)=

k=0 ! k=0

(_1)0271()(_2)0+(—1)12’2(X—2)1+( ) 23(x-2)%+ ( ) 20D (x )y
L2 =(x =2+ (x =2 18 +(=1) (x=2) 20D
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Taylor polynomials

Given an infinitely differentiable function f, we can approximate f(x)
at values of x near a by the Taylor polynomial of f, i.e. f(x) can be
approximated by f(x) = P,(x), where

k=n £ (k)
. Zf (a)( )

f f f’ ® s f " "
18, T8 ) D xmay + B ey E B xg
P.(X) = Taylor polynomial of degree n of f generated at x=a.
P.(x) is simply the first n terms in the Taylor series of f.
The remainder, |R(x)| = | f(x) - P,(x)| becomes smaller if higher
order approximation is used
In other words, the higher the order n, the better is the
approximation of f(x) by P,(X)
In addition, the Taylor polynomial gives a close fit to f near the point
X = a, but the error in the approximation can be large at points that
are far away.
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DEFINITION  Taylor Polynomial of Order n
Let f be a function with derivatives of order & for k = 1, 2,..., N in some inter-

val containing @ as an interior point. Then for any integer » from 0 through N, the
Taylor polynomial of order n generated by f at x = a is the polynomial

P = f(@) + F@0 — a) + L3 x = ot + -
(k) n)
+f k@( R i @) — ay.

116
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y = e¥//y = P3®)

¥ = Pyx)

=P(x)

FIGURE 11.12 The graph of f(x) = e*
and its Taylor polynomials
Px)=1+x

Py(x) =1+ x + (x¥/2!)

05 Py(x) =1 + x + (x3/21) + (x*/31).
Notice the very close agreement near the
center x = 0 (Example 2).

*Mathematica simulation
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Example 2 Finding Taylor polynomial
forexatx =0

f(x)=¢* > fO(x)=¢"

) 0 0 0 0 0
P (x)= zf C3] Y A WA AR I
0! 1 2! 3! n!
x> X xn . . .
=1+X +?+§+ Ty This is the Taylor polynomial of order n for e
If the limit n — oo is taken, P, (x) — Taylor series.
2 3 n £ n
The Taylor series for e* is 1+ x+X—+X—+ X —+..= X—,
2 3 n! = n!

In this special case, the Taylor series for e* converges to e* for all x.
(To be proven later)

117
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EXAMPLE 3  Finding Taylor Polynomials for cos x
Find the Taylor series and Taylor polynomials generated by f(x) = cosxatx = 0.
Solution The cosine and its derivatives are
flx) = cos X, fix) = —sinx,
[rx) = —cos X, ) = sin x,
A7) = (=1 cosx,  f2N0) = (1" ginx,
Atx = 0, the cosines are | and the sines are 0, so
20 = (=1, o) = 0.
The Taylor series generated by f at 0 is
"0 "0 n) 0
0+ pow s L0 L@ SO0
=l+0x—§+0x +I|-+ +(1)_(2_)!+
T Yo 2k
&2
This is also the Maclaurin series for cos x. In Section 11.9, we will see that the series con-
verges to cos x at every x.
Because 1" 1(0) = 0, the Taylor polynomials of orders 2n and 2n + 1 are identical:
2 4 2n
> Sl .
Poyfx) = Paarlx) = 1 = 57 + 55 — -+ (=) e
Figure 11.13 shows how well these polynomials approximate f(x) = cosx near x = 0.
Only the right-hand portions of the graphs are given because the graphs are symmetric
about the y-axis. 119
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Po

—

| V\ \

FIGURE 11.13 The polynomials

[=]

—

n (_ ] )kx?.k
P = —
2n(x) ;} (Zk)!
converge to cos x as # — 00, We can deduce the behavior of cos x

arbitrarily far away solely from knowing the values of the cosine
and its derivatives at x = 0 (Example 3)
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*Mathematica simulation

= When does a Taylor series converge to its
generating function?

= ANS:

The Taylor series converge to its generating
function if the [remainder| =

IR,(X)| = [{(x)-Pn(x)] > 0 as n><

122
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11.9

Convergence of Taylor Series;
Error Estimates

121
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Taylor's Formula

If f has derivatives of all orders in an open interval / containing a, then for each
positive integer # and for each x in [,

F6)= fa) + Pl —a) % L2

5 lx = @) + -

(n)
D oyt R, o)
where
f[n+ ”((,‘
Ry(x) = . (x — a)"*! for some ¢ between a and x. (2)
(n + 1)1 R,(x) is called the remainder of order n
y
f(a) ....... P
£(x) .
f 1 t X
0 a c X
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Example 1 The Taylor series for e*
revisited

f(x) = Py(x) + R,(x) for each x in 1. Show that the Taylor series generated by

If R, (x) >0 as n oo, P,(x) converges to f(x), f(x)=eX at x=0 converges to f(x) for every
then we can write value of x.
_ o £ 0(g) k Note: This can be proven by showing that
f(X)ZLT;Pn(X)ZkZ) - (x-a) IR,|> 0 when n >

124 125

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

Combining the result of both x >0 and x <0,

2 3 n n+l

X* X X X
e =1+ X+—+—+..—+R (X) IR (X)|<e” when x>0,
n n
217 3 (n+1)!
f(n+1) c
R,(X)= (©) v for some ¢ between 0 and x nt
(n+1)! IR, (X) |<=——= when x <0
¢ (n+1)!
IR (X) = |l——— x| . . . . . _
n (N+1)! Hence, irrespective of the sign of x,lim | R, (x) |= 0 and the series
n—ow
Ifx>0,0<c<x } } } E
et ¢ - c X ' = converge to e*for every x.
:>1:e°<ec<ex—>‘ ‘<‘ € || 2X HEOREM 5 N0 nt
1 ! ! 5
‘ (n + 1) ‘ ‘ (n + 1) ) ‘ (n + 1) ‘ The following six sequences converge to the limits listed below:
Xn+1 .l
—|R,(x)|<¢* - forx>0. ed 1 lim S =0 THEOREM 1
(n + 1) . 2. lim Vn =1 Let {a,} and {b,} be sequences of real numbers and let 4 and B be real numbers.
If X < 0, X<C< o y:ex e —c The following rules hold if lim,—c @, = 4 and lim,—c b, = B.
‘ ot ‘ ‘ . ‘ 3. limx"=1 (x>0 1. Sum Rule: limy—oo(ay, + b,) = 4 + B
c n+ n+ e .
X c 0 n+l e'x X 1 . n_ 2. Difference Rule: lim,—c(a, — b,) = A — B
DA _>‘(n+1)'x + <\(n+1)|\:‘(n+1)|\:(n+1 T b =D 3. Product Rule: ity by) = A+ B
: : ) )2 : x\ _ 4.  Constant Multiple Rule: lim,—oo(k*b,) = kB (Any number k)
- e 5. nan;o 1+3) =e (any x) A p
i 5. Quotient Rule: lim, o0 17" =3 if B # 0
—>‘Rn(X)‘< (n+1)'f0rx<0 | . . 6. lingo):l—': 0 (any x) "
X C 0 In Formulas (3) through (6), x remains fixed as n — 00.
126 127
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THEOREM 23 The Remainder Estimation Theorem

If there is a positive constant M such that | f"*V(z)| = M for all # between x and
a, inclusive, then the remainder term R,(x) in Taylor’s Theorem satisfies the in-
equality

|x—a["+1

|Ru(x)| = MW

If this condition holds for every n and the other conditions of Taylor’s Theorem
are satisfied by f, then the series converges to f(x).
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EXAMPLE 6  Calculate e with an error of less than 1079,

Solution ~ We can use the result of Example 1 with x = 1 to write

1 1
e=1 % L grdondor+Rill),

with

_ 1
(n + 1)

for some ¢ between 0 and 1.

R,(1) = ¢

For the purposes of this example, we assume that we know that e < 3. Hence, we are
certain that

.
(n+ 1)

3
< e
RO < Gy
because | < e <3for0 <c < 1.
By experiment we find that 1/9! > 107, while 3/10! < 107, Thus we should take
(n + 1) to be at least 10, or » to be at least 9. With an error of less than 107,
1 1 1

e=1+1+5+r+-+

CIREY] o = 2.718282. [
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EXAMPLE 3 The Taylor Series for cos x at x = 0 Revisited

Show that the Taylor series for cos x at x = 0 converges to cos x for every value of x.

Solution  We add the remainder term to the Taylor polynomial for cos x (Section 11.8,
Example 3) to obtain Taylor’s formula for cos x with n = 2k:
- I— 2%

= e B e 1y
cosx = 1 o + a + (=1) (20! + Ralx).

Because the derivatives of the cosine have absolute value less than or equal to 1, the Re-
mainder Estimation Theorem with M = 1 gives
| x|2k+l

[Ru)| = 1y

For every value of x, Ry, — 0 as k — 00, Therefore, the series converges to cos x for every
value of x. Thus,

o k 2k
(—1)% X2 xt x®
T TR T ©
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EXAMPLE 7  For what values of x can we replace sin x by x — (x3/3!) with an error of
magnitude no greater than 3 X 1072

Solution ~ Here we can take advantage of the fact that the Taylor series for sin x is an al-
ternating series for every nonzero value of x. According to the Alternating Series Estima-
tion Theorem (Section 11.6), the error in truncating

3 5

sinx=x—%i+§—!—
after (x*/3!) is no greater than
sl b
5! 120~

Therefore the error will be less than or equal to 3 X 1074if

|x : cd _\5/7_4 Rounded down,
T35 <310 or x| < V360 X 107 =~ 0.514, e

The Alternating Series Estimation Theorem tells us something that the Remainder
Estimation Theorem does not: namely, that the estimate x — (x*/3!) for sin x is an under-
estimate when x is positive because then xs/ 120 is positive.

Figure 11.15 shows the graph of sin x, along with the graphs of a number of its ap-

_ proximating Taylor polynomials. The graph of P3(x) = x — (x3/3!) is almost indistin-
guishable from the sine curve when —1 = x = 1.
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Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)




11.10

Applications of Power Series

132

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com

The binomial series for powers and
roots

f(x)=@+x)"

=1+mx+mm-1)x> +m(m-1)(m-2)x*+...+ o

This series is called the binomial series,
converges absolutely for [x| < 1. (The
convergence can be determined by using
Ratio test, |t :‘%x NN

In short, the binomial series is the Taylor series
for f(x) = (1+x)™, where ma constant
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The binomial series for powers and

roots
Consider the Taylor series generated by
f(x) = (1+x)™M, where m is a constant:

f(xX)=@+x)"
f/(x) =m@L+x)™, £7(x) = m(m -1)(L+ x)™?,
£7(x) = m(m—1)(m - 2)(L+ )™,

fOx) =mm-1)(Mm-2)...(m—k +D)L+x)";
= §®(0) N :i m(m-1)(m-2)....(m-k +1) L

m(m-)(m-2)...(m—-k +1) < 4

o k! Py k!
m(m-Y(m-2)...(m—-k+1
=tFrmxFmm=Dx* Fm(m=1(m=2)x*+ .+ (m—1)( kl) ( )xk o
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The Binomial Series
For—1<x<1,
oC
m
Q+x)"=1+ 2( )x"
=1 \k
where we define
my m\ m(m — 1)
)™ 2) 2
and
fork = 3.

(m) _om(m = 1)(m —2)---(m—k+1)
- k!

k
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EXAMPLE 2  Using the Binomial Series

We know from Section 3.8, Example 1, that V1 + x =~ 1 + (x/2) for |x| small. With
m = 1/2, the binomial series gives quadratic and higher-order approximations as well,
along with error estimates that come from the Alternating Series Estimation Theorem:

B0, B0,

(1+x)1/2=1+5+ 31 x 3
1 1 3\(_5
L2\
41 W
IR T A N
=1+ =%+ " 1m

Substitution for x gives still other approximations. For example,

2 4

Vi-xm1-% -%

T3 for |x?| small

1 — % ~ 1 — é - % for 1 small, that is, |x| large.

8x x
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EXAMPLE 7  Limits Using Power Series
Evaluate
I Inx
im .
x—]1X — 1

Solution ~ We represent In x as a Taylor series in powers of x — 1. This can be accom-
plished by calculating the Taylor series generated by In x at x = 1 directly or by replacing
x by x — 1 in the series for In (1 + x) in Section 11.7, Example 6. Either way, we obtain

Inx =(x — 1) *%(x* 1F #aes

from which we find that

fiin % . fim (1 —%(x =) +) =1,

x—=1x — 1 x—1
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\ Taylor series representation of In x at x =
1
= f(x)=In x; f'(x) = x1;
s (%) = (-1) (M)xZ ™ (X) = (-1)2(2)(1) x3...
= f(x) = (-1) "}(n-1)!x";

O# (x—l)”=&!(x) (x—l)°+i¥ (x-1)"
nl &) (n-1)ix" n = ()P n
:%+n§;( L b | x-y) 20+n§;—( 20 (x-)

D, e D) e (D) e
= (x-1) + 5 (x-1)"+ 3 (x=1)" +...

(x=1)"+
AN /]

:(x—l\—lfx—1\2+i(x—1\3— +(—1\nl
\ 7 2\ 7] 3\ ] \ 7 n i . A
*Mathematica simulation
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EXAMPLE 8  Limits Using Power Series
Evaluate
. sinx — tanx
lim —————.
x—=0 X
Solution The Taylor series for sin x and tan x, to terms in x° , are
3 5 3 5
s 0x B g Bovcaaen gy e B B s
sinx = x 3!+5! A tan x x+3+15+ 5
Hence,
sirwcftanx:*xi*;LS*---:x3 *i*”ﬁ*---
2 8 2 8
and
i sinx — tanx _ i .
x—0 x3 x—0 2 8
S |
5
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TABLE 11.1 Frequently used Taylor series

=
]i‘=|+\’+Iz+"+x"+"'=EI". Ix|<1
2 )
L cx s (= DI x| <
L+x =)
2 " © n
T X x R
e —|+x+2-‘-+---+E-‘-+---7"26-’-'i. |x] < o
) “l = (—1)y!
= b e (-PE— = A
b T e P R % e
B I S L x B = (=1
cosx =1 =57 + 7y =0+ (1) (1")‘+7 _,_E{; @ Jx| < o0
2 3 " o0 _lﬂ—l n
!n(l+,\|:x—%+’%—---+(—1)“"‘7+---:E#A -1<x=1
3 aet
L +x_ SIPY (R L NP <A B WIS I ol
Ing— = 2tanh™'x = 2(rv3 + B g ..zg,!z"H. x| <1
: 8.0 o X 5 (=1t
nan‘::r—3 i s (=Pt _2:. e S 8
Binomial Series
- 2 -1 - 3 - — ) -k + k
(I+x}th+nu+nnmz|1)x +m(m 1;E‘m 2)x +_H+m(m 1)(m Z;I (m — k+ 1) .
P
=1+ ,,2;1 (’:)x‘. Ix|<1,
where
m\ _ m\  m(m = 1) m _mm = Do m—k+ D)
1J=m™ )7 k)T [ ore =
Note: To write the binomial series compactly, it is customary to define (’;) to be 1 and to take x* = 1 (even in the usually

excluded case where x = 0), yielding (1 + x)" = Zf_u (T).\". If m is a pasitive integer, the series terminates at x™ and the

result converges for all x.
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\ “ Weakness’ of power series
approximation

= Inthe previous lesson, we have learnt to approximate a given
function using power series approximation, which give good fit if
the approximated power series representation is evaluated near
the point it is generated

= For point far away from the point the power series being
generated, the approximation becomes poor

= In addition, the series approximation works only within the
interval of convergence. Outside the interval of convergence, the
series representation fails to represent the generating function

= Furthermore, power series approximation can not represent
satisfactorily a function that has a jump discontinuity.

= Fourier series, our next topic, provide an alternative to overcome
such shortage

142

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)

1111

Fourier Series
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Suppose we wish to approximate a function f on the interval [0, 277] by a sum of sine
and cosine functions,

fulx) = ap + (a;cosx + by sinx) + (azcos2x + bysin2x) + ---
+ (a, cos nx + b, sin nx)

or, in sigma notation,
n
folx) = ag + Z(a;( cos kx + bysinkx). (1)
=

We would like to choose values for the constants ag, ay, aa,...a, and by, bs, ..., b, that
make f,(x) a “best possible” approximation to f(x). The notion of “best possible” is
defined as follows:

fa(x) and f(x) give the same value when integrated from 0 to 27.

2. falx) cos kx and f(x) cos kx give the same value when integrated from 0 to
2n(k=1,...,n).

3. fulx) sin kx and f(x) sin kx give the same value when integrated from 0 to
2n(k=1,...,n).
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‘ y A function f(x) defined on [0, 2r] can

We chose f, so that the integrals on the left remain the same when f,, is replaced by f, so be represe nted by a Fou r|er Senes
we can use these equations to find ay, a), a2, ... a, and by, b, . .., b, from f: . L L .
. lim fn(x)zlmek(x)zlmZak coskx + b, sinkx
a =5 £ fx) dx (2
=a, +lim Zak coskx +b, sinkx,~—— Fourier series
. o representation of f(x)
ak:%/- f(x) cos kx dx, k=1,...,n (3) 0<x<2r.
0
27 —_—
bk=%f f)sinkxdy, k=1,...,n ) y =1(x)
0
| X
0 o)
e L7l
144 145
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- Orthogonality of sinusoidal
functions
m,k nonzero integer.
If m=k,
y J'Ozncos mx cos kxdx = J'OZ” cosmxcos mxdx = %jj”h cos(2mx )dx = %{x + sm22mx} =
m
I|mZakcoskx+b sinkx,o0 < X < o0 . ) ’
n—e j sinmxsin kxdx=J' sin® mxdx = 7
0 0
e /N\/\’\A’\/\\ P Ifm=k,
N I "'; Ij”cos mx coskxdx =0, Jjﬂsin mxsin kxdx = 0.(can be proven using, say, integration
! | } { | X by parts or formula for the product of two sinusoidal functions).
- 0 2 4 . . %
2 4 4 o7 bn In addtion, .[02 sinmxdx = J': cosmxdx =0.
n n
If -o0<x < oo, the Fourier series lim " f, (x) =1limY_a, coskx+b, sinkx Also, J'Oznsin mx coskxdx = 0 for all m,k. We say sin and cos functions are orthogonal to
n—o k=0 n—oo k=0
B each other.
146 147
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Derivation of a, Derivation of a,, k > 1

n f,(X)=a,+ ) a coskx+Db, sinkx
f,(X)=a,+ > a, coskx+b, sinkx (x)=2 kZl: ‘ ‘
k=1 Multiply both sides by cosmx (m nonzero integer), and integrate with respect to x

Integrate both sides with respect to x from x=0to x =2z _ ) 2 i i
from x =0 to x = 2z. By doing so, the integral _[0 cosmxsinkxdx get killed off '

27 2z N o2z R
_[0 f, (x)dx = JO a,dx +ZL a, coskxdx + b, sinkxdx = due to the orthogality property of the sinusoidal functions.
k=1

o n o n . In addtion, J'ZE cosmxcoskxdx will also gets ‘killed off ' except for the case m=k.
. 0
jo a,dx+>_a, jo coskxdx +Y_b, jo sin kxdx )
par P I f (x)cosmxdx =
=2ra,+0+0=2ra, 0
2r
= 273, = L f, (X)dx.
For large enough n, f,_ gives a good representation of f, =0+ amj'z” cosmxcosmxdx +0 = za,,
0

hence we can replace f, by f :

1 2r
=a, ZEL f (X)X

2 N 2z N 2 .
[ aycosmxdx+)"a, [ " coskxcos mxdx+ b, [ sinkxcos mxdx
0 k=1 0 k=1 0

1 2r
=a, :;JO f (x)cosmx dx.

148 149
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Derivation of by, k > 1 Fourier series can represent some

functions that cannot be represented by

b, is simularly derived by multiplying both sides by sinmx (m nonzero integer), Taylor series, e.g. step function such as

and integrate with respect to x from x =0 to x = 27. y

J:ﬂ f (x)sin mxdx = sl

2r R n 2r . 4 2w -
IO a, sin mxadx +k§ak IO cos kxsin mxdx +kZ=1: b, IO sin kxsin mxadx |
=0+0+bmj2”sin mxsinmxdx = 7, | I ¥
1 0 0 T 27
27 .
:bm:;J.O f (x)sinmx dx. @

FIGURE 11.16 (a) The step function

flx) = {

150 151

I, 0=x=m

2. mElxX=E2w
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EXAMPLE 1

Fourier series can be used to represent some functions that cannot be represented by Taylor
series; for example, the step function f shown in Figure 11.16a.

Finding a Fourier Series Expansion

I, if0 sx=m
ﬂ")*{z, ifm <x=2m.

The coefficients of the Fourier series of f are computed using Equations (2), (3), and (4).

L[
a0 =5 A flx) dx

1 - 2w 3
’E(ﬁ 1¢x+L zir)=5

2
= #ﬁ J(x) cos kx dx

= 27
(f coskxd.r+f ZCustxdx)
0 =
_ 1 ([sinkx]™ | [2sinke 7\ _
- ([o5e] + [2o]) =0

A=

k=1
L[
by = ﬁ] flx) sin kx dx
0
1 T 2
s U sin kx dx + f Zsmkxti‘c)
0 -
_ 1 ([ _coskx|" 4 |- 2coskx i
T ko L
_coskm — 1 _ (-1 -1
ke km 152
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¥ y
2k 2
. ° . . .
1 1
1 1 x 1 1 1 1 1 1 x
0 a 2 27 - 0 i 27 3w 4ar
(a) (b)
FIGURE 11.16 (a) The step function
1, 0=x=n7x
flx) = {
2, w<x=2w
(b) The graph of the Fourier series for f is periodic and has the value 3/2 at each point of
discontinuity (Example 1).
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So
aO:%, ay = ay = =0,
and
bi=—% b=0, by=—5 bi=0, bs=-2,

The Fourier series is

% _ % (sinx n sm33x " smSSx : )

b6 =0,...

Notice that at x = 7, where the function f(x) jumps from 1 to 2, all the sine terms vanish,
leaving 3/2 as the value of the series. This is not the value of f at 7, since f(7) = 1. The
Fourier series also sums to 3/2 at x = 0 and x = 27r. In fact, all terms in the Fourier se-
ries are periodic, of period 27, and the value of the series at x + 27 is the same as its
value at x. The series we obtained represents the periodic function graphed in Figure
11.16b, with domain the entire real line and a pattern that repeats over every interval of

width 27. The function jumps discontinuously at x = nm,n = 0, £1, £2,...

and at

these points has value 3/2, the average value of the one-sided limits from each side. The

convergence of the Fourier series of f is indicated in Figure 11.17.
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y ¥y Y
2t £ 2t if 2+ f
1.5 h L5 1y L5 fs
1 1 1
1 1 1 f 1 1 1 (- L i I s
0 - 27 0 - 27 0 kg 27
(a) (b)
B y
2t 32 2t !
L5E fs L5 fis
1 1
1 1 1 TR 1 1 1 T
] T 2m 0 T 2m
(d) (e)
. B s : i 1, 0=sx=n |,
~FIGURE 11.17  The Fourier approximation functions f,, f3, fs, fo, and f,s of the function f(x) = » i i Example 1.
, W<x=2w
155

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



Fourier series representation of a function
defined on the general interval [a,b]

THEOREM 24 Let f(x) be a function such that f and f’ are piecewise contin-

uous on the interval [0, 27r]. Then f is equal to its Fourier series at all points H i H
where f is continuous. At a point ¢ where f has a discontinuity, the Fourier series For a fo?Ctlon _deflned on the I_nte rval [0,27'5],
converges to the Fourier series representation of f(x) is
#e™) + F) defined as f(x)=a,+ Y a, coskx+b, sinkx
2

How about a function defined on an general
interval of [a,b] where the period is L=b-a
instead of 2n? Can we still use

ao+Zak coskx+b,sinkx to represent f(x) on

where f(c*) and f(c™) are the right- and left-hand limits of f at c.

[a, b]”
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Fourier series representation of a function Derivation of a,
defined on the general interval [a,b]
For a function defined on the interval of [a,b] the kx - 27kx
Fourier series representation on [a,b] is actually F(x)=a, +k§4ak cos +bsin——x
a, +Zak cos 27k +b, sin 27k X ° ¢ b d 5 b 27rkxd b 27kx
L s L L L (x)dx=La0 x+ZLakcosT X + ksm—dL X =
aO:EIa f(X)dX 27kx
I aodx+ZakI cos—dx+ij sm—dx
2 b 27 mx
a, =—| f(x)c —dx _ ~
L a,(b—a)
2 (b 1
== f( n—dx m positive integer —a = :_I
L e ""b-a
L=b-a
158 159
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Derivation of a,
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f(x):a0+2akcosw+bksin 27KX s
k=1
b 2rmx
L f (x)cos dx
- Ibao cos ZEmX dx +Zjb(ak cos K% cos 22X 4 b, sin 27 cos 2ﬁmxjdx
a a |_ |_
b 27mx L
=0+am_|'acos —dx+0 a, "y
—a =g.[ f x)cosmdx
moLJa L
Similarly,
:_j S 272'mX X
160
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B 1 ¢b _ 1t o m, 2 mL
_EL f(x)dx_—J'a mxdx——(b -a ) >
b L2 (cos2kz —1
:Ejmxcosgzg{lx_éﬂ xcmznbﬁx:zm ( > f ):
L Ja L L 4k
=_J~ . 27th X_2_m Lxsin 27thX i
_2m 12 2k7zC05(2k7z)+sm 2k _—mL,
L 4k%r? kr '
mL  mL & sin27zkx
gmme= 7 & «
k=1
[1 sin2zx  sindzx sSin6rx sin2nzx j
=mL| =- - - —— +...
2 Vi3 2 3 nr
162

Example:

f(X)=mx,0<x<L

a=0,b=L

161
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g m=2,L=1 2
/5
.1 )
0.5 0.5
2 ) 1 2 5 A 1 2
0.5 -0.5
= 4 n=30
e n=4 1.5
-2
-2
5
1
0.5
-2 -1 1 2 5
-0.5 .
-1 \ / s /
-1.5
- n=10 3 1 2
0.5 _
g \ . n=50
1 1.5
\ 0.5 2
2 1 1 2
0.5
. *mathematica simulation
-2
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CALCULUS ASSIGNMENT

QUESTIONS FOR ZCA 101



Tutorial 1 (Chapter 1)
Thomas' Calculus 11t edition

Exercise 1.3
Functions and Their Graphs

find the domain and range of each function.
L f(x) =1+ x°

|
Vi

3. F(1)

~

Vi - ;2

n

:
oS
—_—

3
"

Finding Formulas for Functions

13. Express the edge length of a cube as a function
of the cube’s diagonal length d. Then express the
surface area and volume of the cube as a function
of the diagonal length.

Functions and Graphs

Find the domain and graph the functions

16. f(x) =1 2

— 2x — x°

18. g(x) = V—x

22. Graph the following equations and explain why g

they are not graphs of functions of x.

a. b. |x +y|=1

x|+ 1yl =1
Piecewise-Defined Functions

Graph the function

1 — x, O0=x=1
24. g(x) =
SOy, 1<x=2
27. Find a formula for each function graphed. 21. f(x) =
b.
o
I
| | |
—————t——> 1
0 1 2 3 4

Exercise 1.4
Recognizing Functions

In Exercises 3, identify each function as a constant
function, linear function, power function,
polynomial (state its degree), rational function,
algebraic function, trigonometric function,
exponential function, or logarithmic function.
Remember that some functions can fall into

more than one category.

4
3+ 2x b y=x"2—2x+ 1

¢c. y=tanmx d. vy =log;x

Increasing and Decreasing Functions

Graph the functions. What symmetries, if any, do
the graphs have? Specify the intervals over which
the function is increasing and
the intervals where it is

A\.Hw”{m .
decreasing.

)
2

16. vy

Even and Odd Functions

Say whether the function is even, odd, or neither.
Give reasons for your answer.

19. f(x) = 3

x2+ 1
23, g(x) = x* + x



EXERCISES 1.5

Sums, Differences, Products, and Quotients

Find the domains and ranges of f, g, f + g, and

f-g

2. f(x) = Vix + 1, glx) = Vi — 1

Composites of Func

tions

6. If f(x) =x-1and g(x) = 1/(x + 1), find

a. f(g (72))
b. g (f(1/2))

12. Copy and complete the following table.

g(x) Fx) (f ° g)x)

1 - 2
" | x| )
x — 1 X

b. ? < P
e ? Vi x|
d. Vx ? x|

Shifting Graphs

17. Match the equations listed in parts (a)-(d) to the graphs in the ac-

companying figure.
a y=(x—-17%—4
=(x+27+2

c. )

Position 2

d.

b. y=(x —2)
y=(x+ ,du

rr.

Position 1

(-2,2 2,2)
Position 3 Lr
L1 L1
-4 -3 -2/-1, 0 1 2
Position 4,
(-3,-2)

(1, -4)

+ 2
-2

Graph the functions

48. vy

(x + 1)
Vertical and Horizontal Scaling

Exercises below tell by what factor and direction
the graphs of the given functions are to be stretched
or compressed. Give an equation

for the stretched or compressed graph.

-

51. y = x~ — 1, stretched vertically by a factor of 3

compressed horizontally by a factor of 4

EXERCISES 1.6
Radians, Degrees, and Circular Arcs

4. If you roll a 1-m-diameter wheel forward 30 cm
over level ground, through what angle will the
wheel turn? Answer in radians (to the nearest tenth)
and degrees (to the nearest degree).

Evaluating Trigonometric Functions

5. Copy and complete the following table of
function values. If the function is undefined at a
given angle, enter “UND.” Do not use a
calculator or tables.

0 - —2m/3 0 /2 /4
sin 6
cos 6
tan 6

cot @

Find the other two if x lies in the specified interval.

T

2

7. sinx ==, x € , T

| W



Graphing Trigonometric Functions
Graph the functions the ts-plane (t-axis horizontal,

s-axis vertical). What is the period of each
function? What symmetries do the graphs have?

Additional Trigonometric Identities

Use the addition formulas to derive the identity.
31. cos|x — 5 ) = sinx

Using the Addition Formulas

Express the given quantity in terms of sin x and
COS X.

39. cos(w + x)

Using the Double-Angle Formulas

Find the function values



Tutorial 2 (Chapter 2)
Thomas' Calculus 11t edition

Exercise 2.1

Limits from Graphs

3. Which of the following statements about the function y = f(x)
graphed here are true, and which are false?

a. lim f(x) exists.

x—>0

b. lim f(x) = 0.

x—0

¢. lim f(x) = 1.

x—>)
d. :j flx) = 1.
e. lim f(x) = 0.

x—1

f. lim f(x) exists at every point xpin (=1, 1).

XXy

lo— ¥y =flx)

Existence of Limits

9. If lim,—, f(x) = 5, must f be defined at x = 1? If it is, must
f(1) = 5? Can we conclude anything about the values of f at
x = 17 Explain.

10. If (1) = 5, must lim,—; f(x) exist? If it does, then must
lim,—,; f(x) = 5? Can we conclude anything about lim,_.; f(x)?
Explain.

Limits by Substitution

Find the limits by substitution.

27. lim xsinx

x—>/2

Average Rates of Change

Find the average rate of change of the function
over the given interval or intervals.

33. R(0) = V46 + 1, [0, 2]

Exercise 2.2

Limit Calculations

Find the limits.

) V3ih +1 —1
lim

17.
h—0 h

19, lim ~ 2
x5 x° — 25

4 _
27, lim 1
u—1 yo — 1

Using Limit Rules
39. Suppose lim,—. f(x) = 5 and lim,—. g(x) = —2. Find

a. lim f(x)g(x)

Xx—c

Limits of Average Rates of Change

Because of their connection with secant lines, tangents,
and instantaneous rates, limits of the form

. flx + h) — f(x)
im

h—0 h

occur frequently in calculus. Evaluate this limit
for the given value of X and function f.

Tq. flx) = /\ws x=717

Using the Sandwich Theorem

49. f VS — 2x2 = f(x) = V5 — x?for—1 = x = 1, find

lim,—q f(x).
EXERCISES 2.3

Centering Intervals About a Point

In Exercises 1-6, sketch the interval (a, ») on the x-axis with the
point x¢ inside. Then find a value of & > 0 such that for all
x0< |x—x| <6 = a<x<bh.

~7/2, b= —1/2,




Finding Deltas Graphically

use the graphs to find a & > 0 such that for all x
7.

4.9

Finding Deltas Algebraically

Each of Exercises 15-30 gives a function f(x) and numbers L, xo and
€ > 0. In each case, find an open interval about x, on which the in-
equality |f(x) — L| < € holds. Then give a value for & > 0 such

that for all x satisfying 0 < |x —xo| < & the inequality

|f(x) — L] < eholds.

15 fx) =x+1, L=5 xy=4,
More on Formal Limits

31. f(x) =3 — 2x, X0 = 3, e = 0.02

Prove the limit statements

.1
x—1 X
lim x miw =0
x—0 X

49.

EXERCISES 2.4
Finding Limits Graphically
3
7. a. Graph f(x) = Aa ’ x 7l
0, x = 1.
b. Find lim,— - f(x) and lim,—+ f(x).

c¢. Does lim,—, f(x) exist? If so, what is it? If not, why not?

Finding One-Sided Limits Algebraically
Find the limit

15.

lim
h—0"

Vi +4h +5 -5
h

. . Sin@
Using lim —/— =1
g 0—o 0
Find the limits
) sin 6
33. 1 —_—
mmmw sin 260
Calculating Limits as x — £ c©

In Exercises 37—42, find the limit of each function (a) as x — oo and
(b) as x— —00. (You may wish to visualize your answer with a
graphing calculator or computer.)

-5+ (7/x)

41 h(x) = —— )

Limits of Rational Functions

In Exercises 47-56, find the limit of each rational function (a)
X — 00 and (b) as x — — 00,

+ 1

49. =X -
f(x) R

EXERCISES 2.5

Infinite Limits

Find the limits.

13. lim tanx

x—(m/2)”



Additional Calculations

Find the limits.

1 2
2/3

25, lim
X

a. x—0"

c. x— 17

Graphing Rational Functions

Graph the rational functions in Exercises 27-38. Include the graphs
and equations of the asymptotes and dominant terms.

36. y =

Inventing Functions

Find a function that satisfies the given conditions and
sketch its graph. (The answers here are not unique. Any
function that satisfies the conditions is acceptable. Feel
free to use formulas defined in pieces if that will help.)

43. lim f(x) =0, lim f(x) = o0, and lim f(x) = o0

X—>+00 x—2" x—2%

Graphing Terms
The function is given as the sum or difference of two
terms. First graph the terms (with the same set of axes).
Then, using these graphs as guides, sketch in the graph
of the function.

1
59. wlﬁmsx.Txf 2 7

EXERCISES 2.6
Continuity from Graphs

In the exercises below, say whether the function graphed
is continuous on [ -1, 3] . If not, where does it fail to be

continuous and why?

1.

Applying the Continuity Test

At which points do the functions fail to be continuous?
At which points, if any, are the discontinuities
removable? Not removable? Give reasons for your

17. y = |x — 1| + sinx

x+2
COS X

20. y =
Composite Functions

Find the limits. Are the functions continuous at the
point being approached?

29, lim sin (x — sinx)
X—>TT

EXERCISES 2.7
Slopes and Tangent Lines

Find an equation for the tangent to the curve at the
given point. Then

5. y=4-— x2,  (—1, 3)sketch the curve and
tangent together.



Find the slope of the function’s graph at the given point.
Then find an equation for the line tangent to the graph
there.

18. f(x) = Vx + 1, (8,3)

B.v\um, x=0

Tangent Lines with Specified Slopes

26. Find an equation of the straight line having slope 1/4 that is tan-
gent to the curve y = V.

Rates of Change

30. Ball’s changing volume What is the rate of change of the vol-
ume of a ball (V = 3\33.3 with respect to the radius when the
radius is r = 27



Tutorial 3 (Chapter 3) EXERCISES 3.2
Thomas' Calculus 11t edition
Derivative Calculations

EXERCISES 3.1 Find the derivatives of the functions
- L . 5x + 1
Finding Derivative Functions and Values 24, u = ———
2Vx
Using the definition, calculate the derivatives of the (x + D(x + 2)
functions. Then find the values of the derivatives as 28. y = —— T
L (x — Dx —2)
specified.
6. r(s) = V2s + 15 (0), 7 (1), r(1/2) Find the first and second derivatives.
. o - q° +3
Find the indicated derivatives. 38. p = . S
(g— 1)y +(g+1)
dv .. - 1
10. dt =t I Using Numerical Values
12. s,_|u if 7= 39. Suppose u and v are functions of x that are differentiable at x = 0
dw and that

w(0) =5, u'(0)=-3, v(0)=-1, v'(0)=2.
Slopes and Tangent Lines

\ . , . . Find the values of the following derivatives at x = 0.
Differentiate the functions. Then find an equation of the 1hc the vatues o the Totlowing defivatives at x

tangent line at the indicated point on the graph of the d d(u d (v d .,
dnc_\._mzo:. p grap a. - (uv) b. T \v e \u d. e (7v — 2u)
18. w = g(z) = = (3,2)

Slopes and Tangents

41. a. Normal to a curve Find an equation for the line perpendicular

Find the values of the derivative to the tangent to the curve y = x* — 4x + 1 at the point (2, 1.

_\.._.q . M b. Smallest slope What is the smallest slope on the curve? At
N_ ) |w ; what point on the curve does the curve have this slope?
qu. 0=0 c. Tangents having specified slope Find equations for the
tangents to the curve at the points where the slope of the

Differentiability and Continuity on an Interval curve is §.
. . EXERCISES 3.3

The figure below shows the graph of a function over a

o_Omm.Q interval D. At what domain points does the Motion Along a Coordinate Line

function appear to be

a. differentiable? 7. Particle motion At time ¢, the position of a body moving along

b. continuous but not differentiable? the s-axis is s = > — 612 + 9rm.

c. neither continuous nor differentiable? a. Find the body’s acceleration each time the velocity is zero.
43. b. Find the body’s speed each time the acceleration is zero.

c¢. Find the total distance traveled by the body from ¢ = 0 to
r=2.




Free-Fall Applications

10. Lunar projectile motion A rock thrown vertically upward
from the surface of the moon at a velocity of 24 m/sec (about 86
km/h) reaches a height of s = 24r — 0.8¢ meters in 7 sec.

a. Find the rock’s velocity and acceleration at time . (The accel-
eration in this case is the acceleration of gravity on the moon.)

b. How long does it take the rock to reach its highest point?
¢. How high does the rock go?

d. How long does it take the rock to reach half its maximum
height? 27

Draining a tank It takes 12 hours to drain a storage tank by
e. How long is the rock aloft? opening the valve at the bottom. The depth y of fluid in the tank #
hours after the valve is opened is given by the formula

Conclusions About Motion from Graphs —_— OA_ - Fvw -
2)

a. Find the rate dy/dt (m/h) at which the tank is draining at time 7.

b. When is the fluid level in the tank falling fastest? Slowest?
What are the values of dy/dt at these times?

> <

EXERCISES 3.4

@ Derivatives
find dy/dx

5. y = (secx + tanx)(secx — tanx)

11. y = x’sinx + 2xcosx — 2sinx

25. Find y” if

a. y = cscx.

FIGURE 3.21 The graphs for Exercise 21. Tangent Lines

Graph the curves over the given intervals, together with

35. Find all points on the curve y = tanx, —mr/2 < x < 7/2, where theijr tangents at the given values of x. Label each curve
the tangent line is parallel to the line y = 2x. Sketch the curve g4 tangent with its equation.

and tangent(s) together, labeling each with its equation.
29. y=secx, —mw/2<x<m/2

x = —m/3, w/4

Trigonometric Limits
Find the limits
| 1

mw. .,_mmu._m sin H - M

40. lim V1 + cos (7 ¢sc x)

x—=>—m/6



EXERCISES 3.5

Derivative Calculations

In Exercises 9-18, write the function in the form y = f(u) and

u = g(x). Then find dy/dx as a function of x.

5
x L

14. y = 5 5y

Find the derivatives of the functions

_ 1 . -5 X 3
26. y = ysin " x — 3 008X

Second Derivatives

Find y"

N3
49. y = 1 + X
1
51. y = moo;wx - 1)

Finding Numerical Values of Derivatives

61. Find ds/dt when @ = 37/2if s = cos @ and d@/dt = 5.

Tangents to Parametrized Curves

94, x = sec’t — 1, y = tant, t = —m/4

EXERCISES 3.6

Derivatives of Rational Powers

Find dy/dx
13. y = sin[(27 + 5) %3]

Differentiating Implicitly
Use implicit differentiation to find dy/dx
19. x}y + xy2 =6

Second Derivatives

In Exercises 37-42, use implicit differentiation to find dy/dx and then
d*y/dx?.

41. 2\Vy=x—y

Slopes, Tangents, and Normals

Verify that the given point is on the curve and find
the lines that are (a) tangent and (b) normal to the curve
at the given point.

45. y> + x2=y*—2x at (—2,1)and (-2, —1)

Implicitly Defined Parametrizations

63. x? —2tx + 217 =4, 29— 32 =4, 1

2

EXERCISES 3.7

12. Changing dimensions in a rectangular box Suppose that the
edge lengths x, y, and z of a closed rectangular box are changing
at the following rates:

dx dy dz

i 1 m/sec, i —2 m/sec,

= 1 m/sec.

20. A growing raindrop Suppose that a drop of mist is a
perfect sphere and that, through condensation, the drop
picks up moisture at a rate proportional to its surface
area. Show that under these circumstances the drop’s



19. A draining hemispherical reservoir Water is flowing at the rate
of 6 Em\ min from a reservoir shaped like a hemispherical bowl of
radius 13 m, shown here in profile. Answer the following ques-
tions, given that the volume of water in a hemispherical bow] of ra-
dius Ris V = (7/3)y*(3R — y) when the water is y meters deep.

Center of sphere

/ Water level

EXERCISES 3.8

Finding Linearizations
find the linearization L(x) of f(x) at x = a.

4. f(x) = Vx, a= —8

Linearization for Approximation

You want linearizations that will replace the functions in
the following over intervals that include the given points
Xo. To make your subsequent work as simple as possible,
you want to center each linearization not at xo but at a
nearby integer x = a at which the given function and its
derivative are easy to evaluate. What linearization do
you use in each case?

5. f(x) = x>+ 2x, x=0.1

Linearizing Trigonometric Functions

Find the linearization of f at X = a.

11. f(x) =sinx at (a)x =0, (b)x =

The Approximation (1 + x)¥ =~ 1 + kx

17. Faster than a calculator Use the approximation (1 + x)* =

1 + kx to estimate the following.

a. (1.0002)%° b. V1.009
Derivatives in Differential Form
Find dy.

28. y =sec (x> — 1)

Approximation Error
The function f(x) changes value when x changes
from Xo to xo + dx . Find

31. %C& = x> + 2x, xo=1, dx=0.1
y
y =f(x)
! i
_ T Af = flxg + dx)
(x0-.f(x0)) df = f (xg) dx %
\m dx m
Tangent | |
| | . x
0 X0 Xo + dx




Tutorial 4 (Chapter 4)
Thomas' Calculus 11t edition

EXERCISES 4.1

Absolute Extrema on Finite Closed Intervals

Find the absolute maximum and minimum values

of the function on the given interval. Then graph the
function. Identify the points on the graph where the
absolute extrema occur, and include their coordinates.

24. g(x) = —V5 — x?%, V5=x=0

Finding Extreme Values
Find the function’s absolute maximum and minimum
values and say where they are assumed.

x+1

4, y= >+
s X2+ 2x + 2

Local Extrema and Critical Points

Find the derivative at each critical point and determine
the local extreme values.

48. w,H».u 3 —x

54. Let f(x) =
a. Does f{(0) exist?
b. Does f'(3) exist?
¢. Does f'(—3) exist?

d. Determine all extrema of f.

x* — 9x].

Optimization Applications

Area of an athletic field

62. An athletic field is to be built in the shape of a
rectangle x units long capped by semicircular regions of
radius r at the two ends. The field is to be bounded by a
400-m racetrack.

a. Express the area of the rectangular portion of the field
as a function of x alone or r alone (your choice).

b. What values of x and r give the rectangular portion
the largest possible area?

EXERCISES 4.2

Finding c in the Mean Value Theorem

Find the value or values of ¢ that satisfy the equation
\.A@V - \.AQV 1]
“bh-a O
in the conclusion of the Mean Value Theorem for the
functions and intervals.

2. f(x) = x¥3, [0,1]

Checking and Using Hypotheses

10. For what values of a, m and b does the function

3, x=0
flx) =4 —x* + 3x + a, 0<x<1
mx + b, l=x=2

satisfy the hypotheses of the Mean Value Theorem on
the interval [0, 2]?

Roots (Zeros)

Show that the function has exactly one zero in the given
interval.

15, f(x) =x* +3x + 1, [-2, —1]

Finding Functions from Derivatives

25. Suppose that f'(x)} = 2x for all x. Find f(2) if
a. f(0)=0 b f()=0 c f(-2)=3.

Finding Position from Acceleration

Exercise 43 give the acceleration a = d?s/dt?, initial
velocity and initial position of a body moving on a
coordinate line. Find the body’s position at time t.

43, a = —=4sin2t, v(0) =2, s(0) = =3



EXERCISES 4.3

Analyzing f Given f'

Answer the following questions about the functions
whose derivatives are given below:

a. What are the critical points of f?

b. On what intervals is f increasing or decreasing?

c. At what points, if any, does f assume local maximum
and minimum values?

7. £(x) = x3(x + 2)
8. f'(x) = x1(x = 3)

Extremes of Given Functions

a. Find the intervals on which the function is increasing
and decreasing.

b. Then identify the function’s local extreme values, if
any, saying where they are taken on.

c. Which, if any, of the extreme values are absolute?

o
3

2. J0) = o5

Extreme Values on Half-Open Intervals

a. Identify the function’s local extreme values in the
given domain, and say where they are assumed.

b. Which of the extreme values, if any, are absolute?
32, g(x) = x> —6x—9, —4=x<o

36. k(x) =x>+3x>+3x+1, —-00<x=0
Theory and Examples

47. As x moves from left to right through the point

c = 2, is the graph of f(x) = x3 — 3x + 2 rising, or is
it falling? Give reasons for your answer.

EXERCISES 4.4

Analyzing Graphed Functions

Identify the inflection points and local maxima and
minima of the functions graphed below. Identify the
intervals on which the functions are concave up and
concave down.

—
a1
13

[

[3

|
"

|_wu

Yt
-

Graph Equations

Use the steps of the graphing procedure to graph the
equations below. Include the coordinates of any local
extreme points and inflection points.

40. y = V|x — 4|

Sketching the General Shape Knowing y’

Each of Exercises below gives the first derivative of a
continuous function = f(x) . Find y"" and sketch the
general shape of the graph of f.

41. y =2+ x — x*

Theory and Examples

67. The accompanying figure shows a portion if the
graph of a twice-differentiable function y = f(x). At
each of the five labelled points, classify y' and y'" as
positive, negative, or zero.

y

y =/

P

75. Suppose the derivative of the function y = f(x) is

y'=@x-1D*x-2)
At what points, if any, does the graph of f have a local
minimum, local maximum, or point of inflection?
(Hint: Draw the sign pattern for y'.)



EXERCISES 4.5

Applications in Geometry

6. You are planning to close off a corner of the first
quadrant with a line segment 20 units long running from
(a,0) to (0, b). Show that the area of the triangle
enclosed by the segment is largest when a = b.

12. Find the volume of the largest right circular cone
that can be inscribed in a sphere of radius 3.

18. A rectangle is to be inscribed under the arch of the
curve y = 4cos(0.5x) from x = —m to x = . What
are the dimensions of the rectangle with largest area, and
what is the largest area?

22. A window is in the form if a rectangle surmounted
by a semicircle. The rectangle is of clear glass, whereas
the semicircle is of tinted glass that transmits only half
as much light per area as clear glass does. The total
perimeter is fixed. Find the proportions of the window
that will admit the most light. Neglect the thickness of
the frame.

EXERCISES 4.6

Finding Limits

In Exercises 1 and 5, use I’HOpital’s Rule to evaluate the
limit. Then evaluate the limit using a method studied in
Chapter 2.

1. lim ﬁ
—2x° — 4

Applying ’Hépital’s Rule

Use I’Hopital’s Rule to find the limits in Exercises 22
and 25.

2. lm(x-—=] 25

x—0" z

. 3x—95
Iim |uu
¥—100 2x° — x + 2

Theory and Applications

32. oo/o0 FOrm
Give an example of two differentiable functions f and
g with lim f(x) = lim g(x) = oo that satisfy the

X— 00 X—00
following.
a. lim 1) =3 b. lim /) =0
x—co g(x) x—00 g(x)
. fx)
¢. lim = 0
x—oo g(x)

EXERCISES 4.8

Finding Antiderivatives

In Exercises 8 and 14, find an antiderivative for each
function. Do as many as you can mentally. Check your
answers by differentiation.

4 3 1 3/ 1
8. a. H/\um b. —= . Vx+—
3 3V Va
14. a. csc*x  b. IWOmou uMH c. 1 — 8csc?2x

Finding Indefinite Integrals

In Exercise 31 and 46, find the most general
antiderivative or indefinite integral. Check your answer
by differentiation.

31. [ 2x(1 — x73) dx

46. [ (2cos2x — 3sin3x) dx

Checking Antiderivative Formulas



Verify the formulas in Exercises 60 by differentiation.

1 X
60. —dx=———F+ C
\AH.TCN x+ 1

Theory and Examples

101. Suppose that

flx) = M T — /\Mv and g(x) = M (x +2)
Find:

a. [ f(x)dx b. [ g(x)dx

c. [[—f(x)]dx d. [[—gx)]dx

e. [[f(x) +g(x)]dx f. [ [f(x) — gl)]dx



Tutorial 5 (Chapter 5 and 6)
Thomas' Calculus 11t edition

EXERCISES 5.1

Area

In Exercise 1 use finite approximations to estimate the
area under the graph of the function using

a. a lower sum with two rectangles of equal width.

b. a lower sim with four rectangles of equal width.

c. an upper sum with two rectangles of equal width.

d. an upper sum with four rectangles of equal width.

1. f(x) = x*betweenx = Oand x = 1
Area of a Circle

21. Inscribe a regular n-sided polygon inside a circle of
radius 1 and compute the area of the polygon for the
following values of n:

a. 4 (square) b. 8 (octagon) c. 16
d. Compare the areas in parts (a), (b) and (c) with the
area of the circle.

EXERCISES 5.2

Sigma Notation

Write the sums in Exercises 1 without sigma notation.
Then evaluate them.

2 6k
L 2T

Values of Finite Sums

17. Suppose that Y-, ax = =5 and Y}_, by = 6.
Find the values of

C. Mmmcﬂ + @wv
k=1

Evaluate the sums in Exercise 24.

6
24. DV(k* = 5)
k=1

Limits of Upper Sums

For the functions in Exercise 36, find a formula for the
upper sum obtained by dividing the interval [a,b] into n
equal subintervals. Then take a limit of this sum as

n — oo to calculate the area under the curve over [a,b].

36. f(x) = 2x over the interval [0, 3]

EXERCISES 5.3

Expressing Limits as Integrals
Express the limits in Exercise 1 as definite integrals.

1. _R_H._Eo M ¢ Axy, where P is a partition of [0, 2]
U0 k=1

Using Properties and Known Values to Find Other
Integrals

12. Suppose that [, g(t) dt = V2. Find

-3 0
a. g(t)dt b. g(u) du
0 -3
0 0 of+
c. [—g(x)] dx d. % dr
—3 -3 2

Using Area to Evaluate Definite Integrals

In Exercise 15, graph the integrands and use areas to

evaluate the integrals.
Km

X
2

—2 \&

15. + 3 ) dx

Evaluations

Use the results of Equations (1) and (3) to evaluate the
integrals in Exercise 38.

3b
38. x? dx



Average Value

In Exercise 55, graph the function and find its average
value over the given interval.

55. f(x) =x*—1 on ?u /ﬁ;

EXERCISES 54

Evaluating Integrals

Evaluate the integrals in Exercises 23 and 25.

‘/\..._.m —

2+ Vs
S F VS g

y 52

hﬁ

23.

25.

x| dx

—4
Derivatives of Integrals

Find dy/dx in Exercise 36.
0

36. y = Fg

tanx 1 + 17

Area

Find the areas of the shaded regions in Exercise 45.
45. y

¥ = sec f tan 6

0

|
S

<
INE=

V2

Theory and Examples

62. Find

N Y
lIim — &‘Qq
x>0 x° Jo 7+ 1

EXERCISES 5.5
Evaluating Integrals

Evaluate the indefinite integrals in Exercise 4 and 11 by
using the given substitutions to reduce the integrals to
standard form.

P\ .t
4, Hlnomw mEmsﬁ

_ z
u=1 cos 5

11. [ csc? 26 cot26 do

a. Usingu = cot260  b. Usingu = csc 20

Evaluate the integrals in Exercises 36 and 48.

36, [ —8cost 4

(2 + sint)?

48. [ 3x5\Vx® + 1dx

Simplifying Integrals Step by Step
Evaluate the integrals in Exercise 51.

51 \@. — 1)cos V3(2r — 1)* + 6
. V30Q2r— 12 +6

dr

EXERCISES 5.6

Evaluating Definite Integrals

Use the substitution formula in Theorem 6 to evaluate
the integrals in Exercises 7 and 14.

! S5r L S5r
ﬂ. a. ,‘:m& _u \‘ r‘:b«w
-1 Tﬁ. + miun 0 T_. + w...vl
0 sinw
14. a. 5 dw
—x/2 (3 + 2cosw)”
/2 sin w
b. aw

o (3 + 2cosw)?



Area

Find the total areas of the shaded regions in Exercise 32.
32.

A

X

73. Find the area of the region in the first quadrant
bounded by the line y = x, the line x = 2, the curve
y = 1/x2, and the x-axis.

EXERCISES 6.3

Length of Parametrized Curves

Find the lengths of the curves in Exercise 1.
l.x=1—-4¢ y=2+3 -2/3=t=1
Finding Lengths of Curves

Find the lengths of the curves in Exercises 7 and 16. If

you have a grapher, you may want to graph these curves
to see what they look like.

7.y = (1/3)(x*> + 2)** from x=0tox =

;;\n\/\&fgﬁ D =x= -1

2

Theory and Applications

27. a. Find a curve through the point (1, 1) whose length
integral is

dx

b. How many such curves are there?
Give reasons for your answer.



Tutorial 6 (Chapter 7)
Thomas' Calculus 11t edition

EXERCISES 7.1

Graphing Inverse Functions

Exercise 10 shows the graph of a function y = f(x).
Copy the graph and draw in the line y = x. Then use
symmetry with respect to the line y = x to add the
graph of =1 to your sketch. (It is not necessary to find
a formula for f~1.) Identify the domain and range of
f

10.

y

A
y = f(x) = tan x,

Ty <™

M !

1 >
_m 0
2

LA

Formulas for Inverse Functions
Exercise 15 gives a formula for a function y = f(x)

and shows the graphs of f and f~!. Find a formula for
£~ in each case.

15. f(x) =x* — 1

i y =/

y=r7

Derivatives of Inverse Functions

In Exercises 25 and 30:
a. Find f~1(x).
b. Graph f and f~! together.

c. Evaluate df/dx at x = a and amﬂ at x = f(a) to
show that at these points D H\A@ :

dx dx
25. f(x) =2x+ 3, a=—1

30.

a. Show that h(x) = x3/4 and k(x) = (4x)'/* are
inverses of one another.

b. Graph h and k over an x-interval large enough to
show the graphs intersecting at (2, 2) and (-2, -2). Be
sure the picture shows the required symmetry about the
line y = x.

c. Find the slopes of the tangents to the graphs at h and
k at(2,2)and (-2, -2).

d. What lines are tangent to the curves at the origin?

EXERCISES 7.2

Using the Properties of Logarithms

1. Express the following logarithms in terms of In 2 and
In 3.

a.In0.75 b. In (4/9) c. In (1/2)
d.In Y9 e.In3v2 f.In V13.5

Derivatives of Logarithms

In Exercise 22, find the derivative of y with respect to
X, t,or 8, asappropriate.
xlnx

2- V=11 Inx

Integration

Evaluate the integrals in Exercise 39.

2y dy
39. | ——
y- =25



Logarithmic Differentiation

In Exercise 64, use logarithmic differentiation to find the
derivative of y with respect to the given independent
variable.

64. y =20

i \/ sec 6

Theory and Applications

69. Locate and identify the absolute extreme values of

a.In (cos x)on [-2,7],

b. cos (In x) on m.m_.

EXERCISES 7.3

Algebraic Calculations with the Exponential and
Logarithm
Find simpler expressions for the quantities in Exercise 2.

9. a. mE@.MﬁqJ b. QIEPW c. mgﬂal_:m

Solving Equations with Logarithmic or Exponential
Terms

In Exercise 10, solve for y intermsof t or x, as
appropriate.
10. In(»* — 1) — In(y + 1) = In(sinx)

In Exercise 16, solve for t.

16. QQ&QEH+: — mm

Derivatives

In Exercises 23 and 36, find the derivative of y with
respect to x, t,or 6, as appropriate.

23. y = (x* — 2x + 2)e*

v

Inrdt

AV %

36. v =

Integrals

Evaluate the integrals in Exercises 49 and 56.

Vr
49. [ S—ar
p
/2
(1 + e*%) cse? 0 do

/4

56.

Theory and Applications

67. Find the absolute maximum and minimum values of
f(x) =e* —2x on |0, 1].

EXERCISES 7.4

Algebraic Calculations With a* and log, x

Simplify the expressions in Exercise 4.

4. a. 250567 b log,(e¥) ¢ log,(2°°5%)

Derivatives

In Exercises 18 and 29, find the derivative of y with
respect to the given independent variable.

18. y = (In6)™
x+ 1\
29. y = log; ‘M —_—

Logarithmic Differentiation

In Exercises 41 and 46, use logarithmic differentiation to
find the derivative of y with respect to the given
independent variable.

41. y = (Vo)
n_.@. u\._ — AEHVH—HH

Integration

Evaluate the integrals in Exercise 65.

2log, (x + 2)
65. i P dx




Evaluate the integrals in Exercise 72.

X

1
ﬂ%,

e

72.
Theory and Applications

75. Find the area of the region between the curve

y = 2x/(1 + x?) and the interval —2 < x < 2 of the
x-axis.

EXERCISES 7.5

6. Voltage in a discharging capacitor
Suppose that electricity is draining from a capacitor at a
rate that is proportional to the voltage V across its

terminals and that, if ¢t is measured in seconds,

dv f\
&|$.

Solve this equation for V, using V, to denote the value
of V when t = 0. How long will it take the voltage to
drop to 10% of its original value?

8. Growth of bacteria

A colony of bacteria is grown under ideal conditions in a
laboratory so that the population increases exponentially
with time. At the end of 3 hours there are 10,000
bacteria. At the end of 5 hours there are 40,000. How
many bacteria were present initially?

EXERCISES 7.7

Common Values of Inverse Trigonometric Functions

Use reference triangles to find the angles in Exercise 6.

) b. cos™! 1

2 va

6. a. cos

Trigonometric Function Values

13. Given that a = sin~1(5/13), find cos «, tan «,
sec a, csC a, and cot a.

Evaluating Trigonometric and Inverse Trigonometric
Terms

Find the values in Exercise 26.

26. sec (cot 1 V3 + csci(—1))

Finding Derivatives

In Exercise 51, find the derivative of y with respect to
the appropriate variable.

51. y = sin1\/2 ¢

Evaluating Integrals

Evaluating the integrals in Exercise 72.
dx

72.

Evaluate the integrals in Exercise 107.

07, (sin" ' x)? dx

Integration Formulas

Verify the integration formulas in Exercise 117.

tan ' x

X

-1 ..
117, [ B X ey — WEC + x?) —

32

EXERCISES 7.8

Hyperbolic Function Values and Identities

Each of Exercise 1 gives a value of sinh x or cosh x.
Use the definitions and the identity cosh? x —

sinh? x = 1 to find the values of the remaining five
hyperbolic functions.

5]
b

1. sinhx = IM

+ C



Derivatives Applications and Theory

In Exercise 16, find the derivative of y with respect to 83. Arc length
the appropriate variable.
1 Find the length of the segment of the curve y =

16. y = t? Ss,rﬂ (1/2) cosh2x from x =0 to x = In+/5.

Indefinite Integrals

Evaluate the integrals in Exercise 43.

43. 6 cosh WI In3 | dx

Definite Integrals

Evaluate the integrals in Exercise 60.
In10 ¥

60. 4 sinh? | = ) dx
0 2

Evaluating Inverse Hyperbolic Functions and
Related Integrals

When hyperbolic function keys are not available on a
calculator, it is still possible to evaluate the inverse
hyperbolic functions by expressing them as logarithms,
as shown here.

&:&LHHF?.T Hm+5u —00 < x < 00
oomeHH_D?..T HM+CU x=1
S:WLHHPEEU x| <1
271 —x
sech 'x = In L+ H_I».-_J 0<x=1
A/ .2
0mow|HHHEW+_+.__.»J x#0
.1, x+1 )
coth »ImE‘HI_J x| > 1

Use the formulas in the box here to express the numbers
in Exercise 66 in terms of natural logarithms.

66. csch™'(—1/V/3)



Tutorial 7 (Chapter 8)
Thomas' Calculus 11t edition

EXERCISES 8.1

Basic Substitutions

Evaluate each integral in Exercise 36 by using a
substitution to reduce it to standard form.

Inx dx

36. —
X + 4dxInx

Completing the Square
Evaluate each integral in Exercise 41 by completing the

square and using a substitution to reduce it to standard
form.

dx
@+:<HN+N&

Improper Fractions

41.

Evaluate each integral in Exercise 50 by reducing the
improper fraction and using a substitution (if necessary)
to reduce it to standard form.

P4t -7

- [ Sz ®

Separating Fractions

Evaluate each integral in Exercise 56 by separating the
fraction and using a substitution (if necessary) to reduce
it to standard form.

2 5 o
s6. | 2%
0 I + 4x-

Multiplying by a Form of 1

Evaluate each integral in Exercise 59 by multiplying by
a form of 1 and using a substitution (if necessary) to
reduce it to standard form.
1
59. do
secH + tand

Eliminating Square Roots

Evaluate each integral in Exercise 68 by eliminating the
square root.

68.

1 — sin*6do

/2
Assorted Integrations

Evaluate each integral in Exercise 82 by using any
technique you think is appropriate.

dx
82. .\ Y
xV3 + x*-
Trigonometric Powers

83.

a. Evaluate [ cos® 80 d6. (Hint: cos? 6 =1 —sin?6.)
b. Evaluate [ cos® 6 do.

c. Without actually evaluating the integral, explain how
you would evaluate [ cos® 8 dé.

EXERCISES 8.2

Integration by Parts

Evaluate the integrals in Exercise 1, 19 and 24.

1. &mEW&H

2
19. _tsec ! tdt
2\V/3

24. | e Fsin2xdx

Substitution and Integration by Parts

Evaluate the integrals in Exercise 30 by using a
substitution prior to integration by parts.

30. | z(Inz)*d=



37. Average value
A retarding force, symbolized by the dashpot in the
figure, slows the motion of the weighted spring so that
the mass’s position at time t is

y =2e tcost, t=0.
Find the average value of y over the interval
0<t<2m.

Yp———- Mass

Dashpot

R

Reduction Formulas

In Exercise 41, use integration by parts to establish the
reduction formula.

R ax
x"e n
xte®dy = —— — —

41. a a

X" le®dy, a#0

EXERCISES 8.3

Expanding Quotients into Partial Fractions

Expand the quotients in Exercise 6 by partial fractions.

-

g
73 — 22 — 6z

6.

Nonrepeated Linear Factors

In Exercise 12, express the integrands as a sum of partial
fractions and evaluate the integrals.

2x + 1

. — dx
x—Tx + 12

12.

Repeated Linear Factors

In Exercise 20, express the integrands as a sum of partial
fractions and evaluate the integrals.

20 \ x? dx
. (x — D(* + 2x + 1)

Irreducible Quadratic Factors

In Exercise 26, express the integrands as a sum of partial
fractions and evaluate the integrals.

st + 81

N@. j
s(s” + 9)°

ds

Improper Fractions

In Exercise 31, perform long division on the intergrand,
write the proper fraction as a sum of partial fractions,
and then evaluate the integral.

Ox® — 3x + 1

i
X3 = x?

31. dx

Evaluating Integrals
Evaluating the integrals in Exercise 38.

sin 0 d6

38. -
cos“ 0 + cosf — 2

EXERCISES 8.4

Products of Powers of Sines and Cosines

Evaluate the integrals in Exercise 6 and 14.

72
6. 7 cos’ tdt

/2

14. [ sin? 20 cos® 20 do



Integrals with Square Roots

Evaluate the integrals in Exercise 22.

NN.\ (1 — cos?£)¥* dt

Powers of Tan x and Sec x

Evaluate the integrals in Exercise 26.
7/12
26. 3 sec* 3x dx

Products of Sines and Cosines

Evaluate the integrals in Exercise 38.

38. CcOs X cos 7x dx

EXERCISES 8.5

Basic Trigonometric Substitutions

Evaluate the integrals in Exercise 1, 14 and 28.

dy
H. ~‘4
V9 + y°
Y Ay
14. 2y
V-1

1 — 72)5/2
2. \ Q=% 4
5

In Exercise 32, use an appropriate substitution and then
a trigonometric substitution to evaluate the integrals.

e Qw.
1 yV1+ (Iny)?

x > 1

32.

Applications
41. Find the area of the region in the first quadrant that
is enclosed by the coordinate axes and the curve

y =vV9 —x2/3.

EXERCISES 8.6

Using Integral Tables

Use the table of integrals to evaluate the integrals in
Exercise 8 and 20.

3 dx
*Vidx — 9
de
20. 4 + 5sin 26

Substitution and Integral Tables

In Exercise 45, use a substitution to change the integral
into one you can find in the table. Then evaluate the
integral.

45. [ cott\V'1 — sin*tdl, 0<1t< /2

Using Reduction Formulas

Use reduction formulas to evaluate the integrals in
Exercise 60.

60. [ csc*ycos’ ydy

Powers of x Times Exponentials

Evaluate the integrals in Exercise 80 using table
Formulas 103-106. These integrals can also be evaluated
using integration (Section 8.2).

80. [ x2V* 4y

Substitutions with Reduction Formulas

Evaluate the integrals in Exercise 81 by making a
substitution (possibly trigonometric) and then applying a
reduction formula.

81. [ efsec’® (el — 1)dt



Hyperbolic Functions

Use the integral tables to evaluate the integrals in
Exercise 90.

9(0. x sinh Sx dx

EXERCISES 8.8

Evaluating Improper Integrals

Evaluate the integrals in Exercises 1 and 26 without
using tables.

< dx
o x*+1

1
26. \ (—Inx) dx
0

Testing for Convergence

1.

In Exercises 35, 50 and 64, use integration, the Direct
Comparison Test, or the Limit Comparison Test to test
the integrals for convergence. If more than one method
applies, use whatever method you prefer.

/2
35. tan 6 dO
0
s0. [ 0
o 1 +e
_R._ dx
04. . P

Theory and Examples

65. Find the values of p for which each integral
converges.

oo

dx
> x(lnx)?

b.



Tutorial 8 (Chapter 11)
Thomas' Calculus 11t edition

EXERCISES 11.1

Finding Terms of a Sequence

Exercise 2 gives a formula for the nth term a,, ofa

sequence {a,}. Find the values of a,, a,, as,and a,.

2. m:HF
n!

Finding a Sequence’s Formula

In Exercise 16, find a formula for the nth term of the
sequence.

1

H_ H

16. The sequence 1, —=, 5, — ETIREE
1 497 16°25

Reciprocals of squares

of the positive integers,

with alternating signs
Finding Limits
Which of the sequences {a,} in Exercises 25, 49 and

80 converge. and which diverge? Find the limit of each
convergent sequence.

1 —2n
25. a, = ™
I
49, a, = |1 + 7
Inn)
80. a, = E

Vn

EXERCISES 11.2

Finding nth Partial Sums

In Exercise 1, find a formula for the nth partial sum of
each series and use it to find the series’ sum if the series
converges.
2 2 2 2
1.2+ =4+=4+=+--4+——+4 -
37927

Series with Geometric Terms

In Exercise 7, write out the first few terms of each series
to show how the series starts. Then find the sum of the
series.

'S A|Hvx

7. o

n=0
Telescoping Series

Find the sum of each series in Exercise 15.

o0

4
5.
15 2 o ~ 3n £

Convergence or Divergence

Is Exercise 23 converge or diverge? Give reasons for
your answer. If a series converges, find its sum.

NuM

h=

n

Geometric Series

In geometric series in Exercise 41, write out the first few
terms of the series to find a and r, and find the sum of
the series. Then express the inequality |r| < 1 interms
of x and find the values of x for which the inequality
holds and the series converges.

41. MA 1)"x"

n=0
Repeating Decimals

Express each of the numbers in Exercise 51 as the ratio
of two integers.

51. 023 = 0232

23.

(8]



EXERCISES 11.3

Determining Convergence or Divergence

Which of the series in Exercises 1, 9, 10 and 28
converge, and which diverge? Give reasons for your
answers. (When you check an answer, remember that
there may be more than one way to determine the series’
convergence or divergence.)

] — Inn
. 0. —
H n= — D " n=2 n
- Inn — n
10. — 28. -
:Mu n HHM n- + 1

EXERCISES 11.4

Determining Convergence and Divergence

Which of the series in 1, 10 and 36 converge, and which
o__<2@% Give reasons for your answers.

N EMW u/\|+ Vn 10. N:.si
36. M

n=1

p—

2

1 +22+3* 4+ +n

EXERCISES 11.6

Determining Convergence or Divergence

Is Exercise 1 converge or diverge? Give reasons for your
m3m<<ma

1. Mm _vx._._ 1

n=1
Absolute Convergence

Which of the series in Exercises 13 and 30 converge
absolutely, which converge, and which diverge? Give
ammosw *2 your answers.

13. 1)" ) S —5)™"
MA v/\m 30 MHA 5)

EXERCISES 11.7

Intervals of Convergence

In Exercise 1, 11 and 22, (a) find the series’ radius and
interval of convergence. For what values of x does the
series 8:<2@m (b) absolutely, (c) conditionally?

1. M,, 11. MA _?.

22. Mﬁb n)x"

n=1

In Exercise 36, find the series’ interval of convergence
and, within this interval, the sum of the series as a
E:Q.o: 9“ X.

36. Mﬁbwv:

n=0

EXERCISES 11.8

Finding Taylor Polynomials

In Exercises 1 and 4, find the Taylor polynomials of
orders 0, 1, 2, and 3 generated by f at a.

1. f(x) = Inx,
4. f(x) = 1/(x + 2),

a =1

a=20

Finding Taylor Series at x = 0 (Maclaurin Series)

Find the Maclaurin series for the functions in Exercise 9.
9 ¢ *
Finding Taylor Series

In Exercises 24 and 28, find the Taylor series generated
by f at x = a.

24, f(x) = 3x> —x* + 2% + 2% — 2,
a=—1
28. f(x) =2, a=1



EXERCISES 11.9

Taylor Series by Substitution

Use substitution to find the Taylor seriesat x = 0 of
the functions in Exercise 1.

1. e

More Taylor Series

Find Taylor seriesat x = 0 for the functions in
Exercise 8.

J.
8. x“smmx

EXERCISES 11.10

Binomial Series

Find the first four terms of the binomial series for the
functions in Exercises 1 and 9.

L (1 +x)Y?

1 1/2
X

9. |1 +

Find the binomial series for the functions in Exercise 11.

11. (1 + x)*

EXERCISES 11.11

Finding Fourier Series

In Exercises 1 and 8, find the Fourier series associated
with the given functions. Sketch each function.

1. fx) =1 0=x=27

g N : O=x==w
- fx) = —x. T <x=2m



