Chapter 2

Realistic projectile motion
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dt

dv. _ F  Newton’s law
m

() o ;

For a flat course the energy is all kinetic, so £ =

v t P
f v’dv':f —dt' v = v +2Pt/m
Vo 0 m

Assuming P a constant.

dE E total energy of the moving object, P
dr P the power supplied to the system.

1.2
Smuv*-
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Euler method

dv __ Viy1 — 2
- = + O(At?) v =,v: +2Pt/m
gives
Vigl = v + — At
muv;
t,' = | At

Given the velocity at time step i (i.e., v;), we can

calculate an approximate value of
the velocity at the next step, vy .
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Initialisation: Set values for P, mass m, and time step
At, and total number of time steps, N, initial velocity

V.

Do the actual calculation
Vi,1= V; + (P/mv)At
L=t + At
Repeat for N time steps.

Output the result
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Frictionless motion is unrealistic as it predicts
velocity shoots to infinity with time.

Add in drag force, innocently modeled as

~ 2
Fdragm""Blv"_Bzv.

The mass of air moved in time

dt 1s m,;, ~ pAvdt, wher
A the frontal area of the

-

o is the density of air and
ject. NS

Kinetic energy is E,;;
1 ) . F ragvdt —_ Eair

Fiag ~ |4CpAv? C is known as the drag coefficient B,=CpA/2
s C ~ 1, depend on aerodynamics, measured experimentally
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The effect of Fy,, Is to replace P by P — F, ,, v

dE dE

i —=P—-F;.,V
. = P dt drag
P P= |:dragVi
Vigl = U + — At [, Viit =V +< )At
mu; my;
el ey
el
mv mv m
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Develop a code that shows the variation of velocity
with time for a 1D object, which is constantly being

pumped Iin energy at a given rate fix rate, P, and an
non-zero Initial velocity v,,.

For a object undergoing 1D free fall motion along the
vertical direction,

P = dK/dt = -dU/dt = -d/dt(mgy)=-mgyv,

SO that P CpAVyi2

’ mv, ; 2m
mgv., CpAv,
=V,; — D She 00 Vit
Comv,; 2m
Vi

CpAv, >

=V, ; —gAt— LR

2m
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Two second order differential

2
d_f — 0 equations.
- =
at Wish to know the position
d2y (X,y) and velocity (v,,v,) of the
772 = —8 projectile at time t, given
Initial conditions.
.
g
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Four first order differential
equations.
dx
—_ =
dt g
dv, Xivl = Xi + Uy At
= 0 Euler’s
a method Usitl = Ux,i
Do Visl = Vi + vy Al
dt A
Vv = 9V —_ I
dvy - y,i+1 y,1i 8
T - Eq. 2.16
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Inclusion of drag force

similar for Fyrag y.
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Trajectory of a cannon shell with drag
force

Adding this force to the equations of motion leads to
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Drag force on a projectile depends on air’'s density, which in
turn depends on the altitude.

Two types of models for air's density dependence on
altitude:

Isothermal approximation - simple, assume constant
temperature throughout, corresponds to zero heat
conduction in the air.

p = po exp(—y/yo) Yo=KT/mg~10x10°m

*Adiabatic approximation - more realistic, assume poor
but non-zero thermal conductivity of air.

ayJa a =25 forair; a~6.5x10°K/m

p=p|l-=> _
0( T T, sea level temperature (in K)
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The drag force w/o correction Fug = — By v 1

For general altitude, it has to be modified:

B ——Bv- :—%C P, AV
Fd’:ag =5 _EC,OAV2 == _ECPOA\/Zﬁz _ﬁBZVZ
2 2 Po Po

* * * V p V p

rrrrrr [y ey Po

2 P

|:drag,y v _BZVVy Lp_)
0

corresponds to the drag force at sea-level, with B, = _EC PoA
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s exp[_Lj
Po Yo

thag,x = =By, (pﬁj = —Byvv, eXp[_yij; Fd*rag,y =—B,w, eXp(—yij
0 0 0

Yo =KT /mg ~1.0x10"m

ﬁz( _ﬂ]a
Po To

o (04
: p Ay ay
I:drag,x =—B,wv, - L_] =—B,wv, (1_1._] 1 I:drag,y T _BZVVy (1_ T_j

Po 0 0

L ~ 2.5 for air;
a~65x10°K/m _
T, sea level temperature (in K)
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Trajectory of a cannon shell with drag force,
corrected for altitude dependence of air density

Adding this force to the equations of motion leads to
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Modify the existing code to produce the curves as in Figure 2.5,
page 30, Giordano 2" edition.

10 Cannon shell trajectory
: T 2
8 i -, - )
\, With density
correction |
| Without /
ot - density correction %\ - ;
00 10 20 30

X (ikm)

FIGURE 2.5: Trajectory of a cannon shell with (solid curves) and without .('dotte_:d ;urves) ti}e :aﬂ;lle:;
of the lower air density at high altitudes taken into account. In all cases the air reglstance was inc ::l
with Bo/m = 4 % 10~% m~1, and the initial speed was 700 m/s. The lower twc; CUNEZ ;f:er:n tor a
firing angle of 35°, while for the top curves it was 45°. Note that the x and y scales are different.
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