
V
Ψr =
(x, y, z)
t
V =
V (, t)
Ψ =
Ψ(, t)
V () =
V (r)
V ()
r
V (r)
V (r) ∼
− 1

r2

V (r)
V =
V ()
Ψn(r, t) = ψn()e−iEnt/h̄

ψn()

− h̄2

2m
∇2ψ+V ψ = Eψ.

Ψ(, t) =
∑

cnψn()e−iEnt/h̄

cn
Ψ(x, 0)
(r, θ, φ)
∇
∇2 =

1
r2

∂

∂r

(
r2
∂

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
r2 sin2 θ

(
∂2

∂φ2

)
.

− h̄2

2m

[
1
r2
∂ψ

∂r

(
r2
∂

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂ψ

∂θ

)
+

1
r2 sin2 θ

(
∂2ψ

∂φ2

)]
+V ()ψ = Eψ.

(1)

ψ(r, θ, φ) = R(r)Y (θ, φ)

∂ψ

∂r
= Y

dR

dr
;
∂ψ

∂θ
= R

∂Y

∂θ
,
∂2ψ

∂φ2
= R

∂2Y

∂φ2
.

− h̄2

2m

[
Y

r2
d

dr

(
r2
dR

dr

)
+

R

r2 sin θ
∂

∂θ

(
sin θ

∂Y

∂θ

)
+

R

r2 sin2 θ

(
∂2Y

∂φ2

)]
+V ()RY = ERY.

(2)
RY
−2mr2/h̄2[

1
R

d

dr

(
r2
dR

dr

)
− 2mr2

h̄2 (V () − E)
]
+

1
Y

[
1

sin θ
∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1
sin2 θ

(
∂2Y

∂φ2

)]
= −`(`+1).

r
θ
φ
`(`+
1)

1
R

d

dr

(
r2
dR

dr

)
−2mr2

h̄2 (V ()−E) = `(`+1)

(3)

1
Y

[
1

sin θ
∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1
sin2 θ

(
∂2Y

∂φ2

)]
= −`(`+1).

`
ψ
θ
φ
Y sin2 θ

sin θ
∂

∂θ

(
sin θ

∂Y

∂θ

)
+
∂2Y

∂φ2
= −`(`+1) sin2 θY.

Y (θ, φ) =
Θ(θ)Φ(φ){

1
Θ

[
sin θ

d

dθ

(
sin θ

dΘ
dθ

)]
+ `(`+ 1) sin2

}
+

1
Φ
d2Φ
dΦ2

= 0

θ
φ
m2

1
Θ

[
sin θ

d

dθ

(
sin θ

dΘ
dθ

)]
+`(`+1) sin2 = m2, (θ)

1
Φ
d2Φ
dΦ2

= −m2, (φ)

φ
Φ(φ) = eimφ+e−imφ = eimφ.

mm
eimφ

e−imφ

Θ
Φ(φ)
Φ(φ+n2π) = Φ(φ)

exp 2πim = 1.



m
m = 0,±1,±2, · · · .
θ
Θ(θ) = APm

` (cos θ),

Pm
` (x) = (1−x2)|m|/2

(
d

dx

)|m|

P`(x),

P`(x)
`

P`(x) =
1

2``!

(
d

dx

)`

(x2−1)`.

Pm
` (x) =
P−m

` (x)
`
( d

dx )`

`
P`(x)
`
( d

dx )|m|P`(x)
|m| >
`
P

|m|
` (x)

|m| ≤ `⇒ m = 0,±1,±2, · · · ,±`
`
`
2`+
1m
θ
θ =
0π

P 0
2 (x)
P 1

2 (x)
P 2

2 (x)
P2(x)

Y

dV = d3 = r2 sin θdrdθdφ∫
|ψ|2r2 sin θdrdθdφ =

∫ ∞

0

R2r2dr

∫ φ=2π

φ=0

∫ θ=π

θ=0

|Y (θ, φ)|2 sin θdθdφ = 1

Y
R∫ ∞

−∞
R2r2dr = 1,

∫ φ=2π

φ=0

∫ θ=π

θ=0

|Y |(θ, φ)|2 sin θdθdφ = 1.

Y (θ, φ) = APm
` (cos θ)eimφ ≡ Y m

` (θ, φ) = ε

√
(2`+ 1)(`− |m|)!

4π(`+ |m|)
eimφPm

` (cos θ),

ε =
(−1)m

m ≥
0ε =
1
m ≤
0

Y m
` (cos θ, φ).∫ 2π

0

dφ

∫ π

0

[Y m
` (θ, φ)]∗

[
Y m′

`′ (θ, φ)
]
sin θdθdφ = δ``′,mm′ .

Y 0
0
Y 1

2
u(r) ≡
rR(r)
R =
u(r)/r

dR

dr
=
r du

dr − u

r2
→ r2

du

dr
= r

du

dr
−u

d

dr

(
r2
dR

dr

)
= r

d2u

dr2
+
du

dr
↗ −du

dr
↗= r

d2u

dr2

r
d2u

dr2
−2mr2

h̄2 [V (r) − E]
u

r
= `(`+1)

u

r

− h̄2

2mr

− h̄2

2mr
d2u

dr2
+

[
V (r) +

h̄2

2mr2
`(`+ 1)

]
u = Eu

(4)

Veff = V (r)+
h̄2

2mr2
`(`+1)

V (r)
`

h̄2

2mr2 `(`+
1)
u(r)∫ ∞

0

R2r2dr =
∫ ∞

0

u(r)2dr = 1.

V ()
V (r)

V () = { 0 , r ≤ a∞, r > a.

Ψ(, t) =
R(r)Y m

` (θ, φ)e−iEt/h̄

R(r)
R(r) =
u(r)/r
d2u

dr2
=

[
`(`+ 1)
r2

− k2

]
u,

(5)
k2 ≡√

2mE
h̄2

`
j`(x)
`

u(r) = Arj`(kr)+Brn`(kr),

j`(x) = (−x)`

(
1
x

d

dx

)` sinx
x

,

n`(x) = −(−x)`

(
1
x

d

dx

)` cosx
x

.(6)





n0(x)
n1(x)
j0(x)
j1(x)

R(r) = Aj`(x).

`
` =
0, 1, 2, · · ·
R(r =
a) =
0

R(r = a) = Aj`(ka) = 0 ⇒ j`(ka) = 0,

ka
`
`
j`(x)
x
j`(x)
j`(x) =
0
`
βn`n =
1, n =
3, · · ·
βn`
{n, `}
n
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