Chapter 3

Formalism




Hilbert Space




Two kinds of mathematical
constructs

- wavefunctions (representing the system)
- operators (representing observables)




Vector

Consider a N-dimensional vector wrp to a
specific orthornormal basis {|é) }

a>=la,a,a,..a>

Inner project of two vectors

(@|B) = aiby + a3by + - -+ + ayby




Functions, as vectors

A function Is a vector with infinite dimensionality.

Example:
f(x) = Z a, cos(nmz) + b, sin(nmx)
n=>0
f(x):[aLaz,,-;bLbz,,“} in the basis

[cos nsIx; sin nnx]

N -




Functions, as vectors
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N -




Wave function

A wave function in QM has to be normalised,

/ W|%de = 1.

Hence, in QM, we consider only the collection of
| all function that are square integrable

f(z) such that/ f(2)]?dx < oo
) U —




Hilbert space

The collection of all square integrable functions
constitute a Hilbert space, which is a subset of
the vector space.

Wave functions live in Hilbert space.

All functions living in Hilbert space Is square
Integrable




Inner product

Since all functions living in Hilbert space is square integrable,
the inner product of two functions in the Hilbert space is
guaranteed to exist

Fay= [ £ gw)da




§

By definition of the inner product

Take the complex conjugate of the inner product,
you will get

(flg) =

Foy= [ 1@ g(w)as

Complex conjugate

/f ' d:z:— (9l f)

“permuting the order in the inner product amounts to complex

conjugating it.”




Inner product of the same function

A1) = [ V@)

real and non-negative




Schwarz inequality

/ﬁ ' Fla)g(a)da] <

(flo)|?

\/ / £(@)Pda / 9(2)|2de

< (f1f){gl9)

i




The only function whose inner product with itself vanishes is O, i.e.

(f1f) = 0= f(z) =0




YT e — E—

Orthogonality

Two functions are said to be orthogonal if

(glf) =0

A set of functions, {f,}, is orthornomal if
they are normalised and mutually

orthornomal:

ﬂ-’




Completeness

A set of functions is complete if any other function (in Hilbert space)
can be expressed as a linear combination of them:

f(ﬂg) — Z Cnfn(w)




Making sense of these definitions

Try to make sense of these definitions by
making contact with what you have learned in
the previous chapters

The stationary states for the infinite square well
constitute a complete orthonomal set on the
interval (0O, a);

The stationary states for the harmonic oscillator
are a complete set on the interval (—oo, +00).




Expectation value of an observable
In terms of inner product

Fa

Q) = / T QUdr = (V|QD)

The observable has to be a real number, and it is the
average of many measurement:

(@) = (@)

Such mathematical requirement results in the fact that
not any operator can be a valid observable in QM.

.
E—




To be a valid observable in QM, an operator
must obey the requirement

(@) =(Q)
= (V[QV) = (QU|¥)

This can be proven by using the fact that

(flg)™ = (9lf)

N -




Proof

Given(Q)=(Q)
wlQw)=(¥IQ¥)
But (¥|Q¥)=(Q¥|¥)
Therefore,

(PIQY)=(Q¥|¥)

) E————— —




Hermitian operator

The operators representing observable in QM,
Q, has the property that

(flQg) = (Qflg)
for all f(x), g(x)

Such operators are called Hermitian,

Hermitian operator arises naturally in QM because their
expectation values are real.




Why Hermitian operators?

Observables in QM are represented by Hermitian operators Q
|




[ —
Fourier's trick to project out the

coefficients

If the functions {f,(z)} are orthornomal

Cp = <fn‘f>




Adjoin /
Hermitian conjugate

The adjoin or the conjugate of a Hermitian
operator Is defined as

(flQg) = (Q'flg)
for all f and g

Q a Hermitian operator

QT adjointo Q

N




In general, a Hermitian operator Iis equal to Its
conjugate, I.e.,

Q' =0Q




Example

A A h 0O .
Show that pT — P = 797 (l.e., the momentum
operator is Hermitian)

For this purpose, you need to show that

> hd
(f1hg) = / 09 G0 — o~ (5 lg)

et dx

Hint: you need to use integration by parts




Determinant states

e An determinate state for an observable Q Is one
In which every measurement of Q Is certain to
return the same value.

Example:
Stationary states are determinate state of the
Hamiltonian H (which is the observable energy).

A measurement of the total energy on a particle in
the stationary state ¥ _Is certain to yield the

corresponding allowed energy E .



The variance of Q In a determinate
state IS zero

QU = qU

This Is an eigenvalue equation for the
operator Q

e ———




In QM, determinate states of Q
are known as
“elgenfunctions of Q”

Q¥Y=q¥
W Is an eigenfunction of Q, and g Is
the corresponding eigenvalue.




To sum up

If a system Is in a state W that is a determinate state of
operator Q, then:

1)Every time a measurement is made for the observable Q,

the system in the state W wii always return a same
measured value g as a result of the measurement.

2) The mathematical description of a determinate state is
provided by the eigenvalue equation,

| | =qt |
W is known as an eigenfunction of Q; g the corresponding
eigenvalue.



Spectrum

An observable Q in an eigenvalue equation has
a set of eigenvalues, {q,, q,, q,, ....,}

The collection of all the eigenvalues of an
operator Is called its spectrum.

M

Example: H,, = E,

The spectrum are the set of discrete eigenenergies { F,, }




Degeneracy

Sometimes two distinct eigenfunctions may
share a same eigenvalue,

HY =e¥
HY ,=€eY¥,
YAy,

The spectrum iIs said to be degenerate for the
states ¥, ¥,




Eigenfunctions and eigenvalues

are intrinsic to an operator
Q¥Y=q¥
Given a Hermitian operator () there always
exist a set of eigenfunctions and the
corresponding eigenvalues.

In QM, the major task is to find out what are the
engenfunctions and the corresponding
eigenevalues of that operator.




Why you need to solve the
eigenvalue problem of Q?

Q¥Y=q¥

We need to find out the eigenvalues and
eigenfunctions of a Hermitian operator Q because ...

These eigenvalues and eigenfunctions are the
determinate states that form the stationary solutions
to the Schroedinger Equation.

Solving the eigenvalue problem of the corresponding
Hermitian operator is an integral part to the total
«___prediction of the related observable in QM. .




d
d¢

¢ 1s the usual polar coordinate in 2D

Example: Q =

Is Q hermitian?
Find its eigenfunctions and eigenvalues.

Q Is a hermiatian because

. 2 dg)
prd d

Show this.

= (0 flg)




1

Solving the eigenvalue problem for

Q—Z%

i"Ef(f;b) =qf(p)

We want to know what the function f(¢) looks
like

Due to the definition ¢ as the polar angle of a
| guantum system, cyclic boundary condition Is
to be imposed on f(¢):

f(@)=f(¢+2m)
| I~




Solving the eigenvalue problem

¢f(¢*) =qf(¢)

Solution:

f(p) = Ae 9%

Due to periodic boundary condition in ¢, f(¢)=f(¢p+2mr) The
possible values of the g Is restricted to

| g=0. +1.+2..

Prove this.

The spectrum of this operator is the set of all integers, and it is nondegenerat

\ e ——————




Checkpoint guestions

Consider a particle in an infinite quantum well

where the

wavefunction of the particle Is given

by the ground state W,.

Is the partic
position o

Is the partic

e an determinate state of the
nerator?

e an determinate state of the

Hamiltonian operator?




Two categories of Hermitian
operators

1. With discrete spectrum (e.g., Hamiltonian for harmonic
oscillator, Hamiltonian for infinite square well, etc.)

Those eigenfunctions with with discrete eigenvalues are
normalisable and live in Hilbert space. They represents
physically realisable states.

2. With continuous spectrum (e.g., Hamiltonian for free
particle)

Eigenfunctions with continuous eigenvalues are not
normalisable, hence do not represents physically
realisable states.




Mathematical properties of
normalisable eigenfunctions of a

Hermitian operator
(1) Reality: Their eigenvalues are real

Qf = qf, then ¢ = ¢*
Proof: Q )L — "-Yf

QO is hermitian

v

| (FIOf) = (O FIf)

(FlQfy=(flafy=] f(xlaf (x)|dx=q | f(x|f(x|dx=q(fIf)

(QfIfy=(qfIf)=] (qf(X))*f(X){Fq*ff(X)f(X)dx=q<f|fﬁ
=q=q

———————————

S PR




Mathematical properties of
normalisable eigenfunctions of a

Hermitian operator
(2) Orthogonality: Eigenfunctions belonging to
distinct eigenvalues are orthogonal.

Qg = ¢9,Qf = qf
If ¢ # ¢, then (f[g) =0

This is useful so that we can apply Fourier's trick




Proof of orthogonality

Orthogonality: Eigenfunctions belonging to
distinct eigenvalues are orthogonal.

Proof: A

Qg

79,Qf = af

J O is hermitian

(f10g) = (O flg)

g’ {flg) =q™(fg) =q<f|g> e.value is real:

qg*=q.9'=q™,
For the statement to be true,
qg<flg>=q<flg>qg=q
<flg>=0wheneverg=gq —~ IhiSIs

— __orthogonality




Orthogonality, stated in a different
way

<f|g>=0wheneverqg # Q'

This Is just the orthogonality
condition on the stationary
solutions we have seen In
Chapter 2 (but stated in a more
rigorous way)




Mathematical properties of
normalisable eigenfunctions of a
Hermitian operator

(3) Completeness: The eigenfunctions of an
observable operator are complete: Any

function In |

Ilbert space can be expressed as

liInear combination of them.

Recall that you have seen these three properties in the
stationary solutions in Chapter 2 !!!

f

x|=2 c,f,lx]

{f (x) } the set of eigenfunctions living in Hilbert

space (hence normalisable) S




Hermitian operator with continuous
spectrum

The three mathematical properties for the
eigenfunctions with discrete eigenvalues are
“desirable” properties for QM.

We wish that these would have also happened to
Hermitian operators with continuous spectrum.




Eigenfunction of Hertmitian
operators with continuous spectra
are not normalisable

Specific example of Hermitian operator with
continuous spectrum: momentum, position
operator for free particle.

* This case Is slightly complicated compared to the
case with discrete spectra as the eigenfunctions
are not normalisable.

* This Is because the inner products may not exist.

* However, reality, orthorgonality and completeness
of the eigenfunctions still hold (but manifest
themselves in a mathematically different way)

.




1 Momentum operator as an example
of Hertmitian operators with

continuous spectra

1 p="td

Let f,(z) and p be the eigenfunction and eigenvalue for p

ﬁfp(m) — pfp(x)

The general solution is f,(z) = Ae™®/n

) = [ Fy@fiada = |aF [ et

This is not square-integrable for a generic value (complex in general) of p,

‘ Note: If p is complex, p # p*




Restoring orthogonality

However, orthogonality of the eigenfunction can
be restored if we restrict only to real values of
the eigenvalues p (i.e., p* = p):

Rewrite the inner product of the eigenfunctions
as

| fp|fp> —

/ - (x)dx = |A|2/ ! (P=P)z/h g,

e ———




. Dirac delta function in Integral form

(1)

Plancherels theorem, we can express Dirac
delta function o(x) in terms of its fourier
transform F(k):

0(xr) = \/% / F(k)e™ dk.

F(k) = \/%_W / 6(x)e " dx
) U —




1

) o N —

Dirac delta function in integral form

(2)

1 —ika g L
F (k) = ﬁ/5($)6 dr = Nor

This Is the result of the deflnltlon of the Dirac delta function,

f5 dxf)

1 S
_ E ikx _ ikx
o(x) —\/%/ k)e"™ dk o /_Doe dk
5(£ o ZEJ) _ 2i/\ eik(a;—;gf)dk
T J_x

o Show this
/ VPV dy = 216(p' - p)




“Dirac orthonormality”

/ f* (@) fp(x)de = |Af / ¢! PPy

= |A]"2rhd (p’ — p)

Choosing A = \/ﬁﬂ (folfor) =6(p" = p)

| “Dirac orthornomalilty”

This is the orthonormality statement for eigenfunctions with
continuous spectrum.

=




To sum up the previous slides

The reality of eigenvalues and orthogonality of the
eigenfunctions of the momentum operator,
which Is an example of Hermitian operator with
continuous spectrum, are “restored”:

* p = p* (reality is “imposed”)

Solfp) = 5(?9; —p)

As comparison: reality and orthonormality statements for the
normalisable eigenfunctions case are

Qf = qf, then ¢ = ¢’
<f |f >=09

m,n




T —

Check point question

Does o (p - p') any different than o(p'— p) ?




Completeness

The eigenfunctions fp(x) with continuous, real

eigenvalues are complete, in the sense that
any square-integrable function f(x) can be
written as an integral the form

f@) = [ )y oy

1 .
_ c ezpm/hd:

This is considered as an axiom, which is to be accepted and not
to be proven.

S PR




Coefficient c(p)

c(p) in the expansion of f(x) can be obtained via
Fourier's trick (thanks to Dirac's orthonormality)

<fp"|f>

[ i@
[ r@{[ cawnap}

/_:C(p)</ fo(x) fp(x )dﬂ:}dp
[ i - Pt




Another example of Hermitian
operator with continuous spectrum:
position operator

Find the eigenvalues and eigenfunctions of the
position operator.

1gy(r) = ygy(x)

We want to know what is the eigenfunction gy(x), and the
eigenvalue y.




The eigenfunction of the continuous
observable x

1gy(z) = ygy(x)

What is a function of x that has the property that multiplying it by x Is
the same a multiplying it by a constant y?

The eigenfunction turns out to be
gy(z) = Ad(y — x)
Eigenvalue y is real.

gy(x) IS not square integrable, but still Dirac orthonormal (by
choosing A = 1):

(Gy'lgy) =y — ).




( The eigenfunction of the continuous
observable x Is complete

g,(x) = Ad(y — z) 1A=
f@) = [ @y

The coefficient c(x) is trivially given by

fw = [ " o(y)g,(@)dy = -
= /_ ) c(y)o(xz — y)dy = c(x)

N =




To sum up

If the spectrum of a hermitian operator 1s continuous (so the eigenvalues are
labeled by a continuous variable— p or v. in the examples; z, generically, in what
follows), the eigenfunctions are not normalizable, they are not in Hilbert space and
they do not represent possible physical states; nevertheless, the eigenfunctions with
real eigenvalues are Dirac orthonormalizable and complete (with the sum now an
integral). Luckily, this is all we really require.




Check-point guestions

Is the ground state of infinite quantum well an
eigenfunction of momentum?

: 2
with n =1 1 () 2\/ sin (i’r)

a a

papy(z) = h d gsin (ET) = .= [?ﬁﬁhcos (ﬂi’f‘)] ()

1 dx Vo a a

Zconstant x V1 (x).

Hence the ground statev; (). is not the eigenfunction of
momentum operator




Is the ground state of infinite
guantum well an eigenfunction of
momentum?

What Is the magnitude of the momentum in the
ground state?

ANS: the magnitude of the momentum Is
{/2mEl - mh/a

Since the momentum is definite, why not the ground state a
determinate state of the momentum?
ANS: See next slide




Is the ground state of Infinite
guantum well an eigenfunction of
momentum??

ANS: NO. The ground state In the Infinite quantum
well Is not a determinate state of the momentum
because It Is not the eigenstate of the
momentum operator.

The magnitude of momentum is determinate but
NOT the direction.

So the fact that the magnitude of the momentum is
determinate does not contradict the fact that the
ground state iIs NOT the eigenstate of the
momentum operator.




Check point question
(easy)

Problem 3.1 (a)

Suppose that f(x) and g(x) are two
eigenfunctions of an operator Q, with the same
eigenvalue g. Show that any linear
combination of f and g Is itself an eigenfuntion
of Q, with eigenvalue q.




Generalised statistical interpretation

QM can't tell you the precise value you will get in
a particular measurement (as would be the case
In classical mechanics)

In QM, the results of any measurement is not
deterministic but “spread out” according to a
probability distribution.

How to calculate the possible results of any
measurement?




Probabillity for discrete spectrum

Qf ,\x|=q,f,x

W(z,0) = Z Cr fn ()

, {f (x)} are the set of eigenfunctions associated
with the operator Q

) E————— —




Probabillity for discrete spectrum
(cont.)

If you measure an observable Q(x, p) on a
particle in the state ¥, you are certain to get one
of the eigenvalues of the hermitian operator

Q(x, p).

If the spectrum Is discrete, the probabillity of
getting the particular eigenvalue g_associated

with the orthornomalised eigenfunction f (x) IS

c,|?, where ¢, = (f,|¥)

lc_|* is the probability that a measurement of Q will yield the value q .
R




Interpretations of |c |°

U(z,0) = ) cpfulz)

mn

cn|?, where ¢, = (f,|T)

lc |> as the probability that the particle which is
now In the state ¥ will be in the state f_
subsequent to a measurement of Q.

The process of measurement 'collapses' the
wavefunction ¥ into one of its many 'potentia’
state f_into reality with a probability |c |°.



Normalisation of W

Since Y (x,0) chfn

IS normalised, e.g.,
(VW) =

It can be proven mathematically that
> leal® =1
T

Interpretation: the sum over of all possible
outcome of a measurement got to be unity.




Proof of » |c.|* =1

|2 05

— ZZC:yC;:(ﬁzf‘ﬁl)
J‘
— ZZC /Cy O n'n
2
— chcﬂ = z [€ul
3 i




Expectation value of QO
(Q) = (¥|QV)

T(z,0) = > cpfal)

(o)

Prove the last step (it's easy)




|

Continuous c.f. discrete spectrum

Discrete spectrum

Discrete eigenvalues q_labeled by discrete

variable n

Qf ,[xI=q,f, x|
IIJ('GC? O) — Z Cnfn(x)

mn

cn|?, where ¢,

Continuous spectrum

Continuous, real eigenvalue g(z) labeled by
continuous variable z; e.g.,z=xor=p

Qf ,IxI=qlz|f [x
‘P(x,O) f C(z)fz(x)dz

c(2)|?dd where c(2) = (f.|T)

7

q(2) real, f (x) Dirac-
continuous — J b o omalised

Igenvalues : :
ngseoci:tgg eigenfunctions
associated with

with Q 0




Statistical interpretation of
momentum measurement

plp(x) =pfp(x)
fo(z) = (1/V27h) exp(ipz /h).
p = —ihd/dx
c(p) = (Jp|¥)

- [ fe




Momentum space wavefunction
()= 0= [ W

O(p,t) = (fplV)

, IS the probability to obtain an
[P (p,t)|"dp  eigenvalue p in the range dp in an
| momentum measurement.

®(p,t) is in fact the Fourier transform conjugate of W(x,t?)

) U —




Fourier conjugate pair

\/le / " explipe/B)®(p, t)dp

“wave function in position space”

U(x,t) =

\/217rh /OO exp(—ipx/h)V(x, t)dx

“wave function in momentum space”

O(p,t) =

N -




Example: Calculate p for particle In
Dirac delta potential

o(x)

Vi(z) = —ad(x)

(v a positive constant

-
X

A particle of mass m is found in the delta function well.
What is the probability that a measurement of its
' momentum would yield a value greater than p, = ma/h ?




. Calculate p for particle in Dirac delta
potential

y(x)

U(x,t) = Y2 exp(—malz|/h?) exp(—iEt/h)
| E = —ma?/2h?
The momentum space wave function

P(p,t) = \/ﬁ/ exp(—ipx/h)V(x,t)dx

N .




Calculate p for particle in Dirac delta

potential
®(p, t)
~ Vmaexp(—iEt/h) [ . )
= — /_DO exp(—ipxr/h) exp(—ma|x|/h%)dx

2 . .
B \/5 pg/ e 1Bt/ h
I_ T p?+ pg " Show this. Hint: use integral table, e.qg., Spiegel

Note: m, a and h are expressed in terms of P0 — m@/h




. Calculate p for particle in Dirac delta
potential

2p0/2 —iEt/h
®(p,t) = \/; 7 T R

The probability to measure the momentum to lie between pand p £ dp is
2
Prob(p £dp) = |®(p,t)|"dp
3
I 2 Po

™ (p* + ;)

N




2pg/2 —iEt/h
O(p,t) = R

®(p) vs. p; po=1, (t=0)

O(p) |
1.0r




O(p)* vs. ;;; Po=1
O(p)
107

0.8

-

Shaded area showing probability to find particle with momentum lying
in py = dp |




(The probability to measure the momentum p to lie above p, is simply

o0 9 o0 p3
Prob(p > py) = / |<I>(p,t)\2dp:—/ C_—dp
Po n Po (p2_|_p(2))2
_ 2| Ppo _1(p> ~ 1 1
= : 5 + tan — = — — —
T Lp° + P Do P04 27
d(p)° vs. p; po=1
o
0.85—
06

0.4f

0.2}




Generalised uncertainty principle




Variances of two observables

Consider two observables A and B and their
variances:

0% = (A — (A)V[(A— (A)¥) = (f|f)
where f = (A — (A)W
L o ={(B—(B)Y|(B—(B))¥) = (g]g)

where g = (B — (B))¥

) E————— —



l/ Applying Schwarz inequality to the
products of variances

Due to Schwarz inequality

ohop = (1) {glg) = [{fl9)]"

Eqg. (1)




Look at |(f]g)]°

Let z = (f|g) (a complex number)

For any complex number z, _ -
1
2| = (Im 2)* + (Re 2)” > (Im 2)* = 2_(Z -z
(2
Eg. (2)

| In terms of f and g, Eq. (2) becomes

17 2

(A = | ((fla) = (fla))| = |- ((fla) - (ol

‘ Eq. (3)




Z —Z*, In terms of
commutator of A and B

Independently, one can show that

z=(flg) = --- (AB) — (A)(B)
2= (g|f> = - <§A> — (B)(A) (Show these)

|2~ =" = (fl9) — (alf) = (4B) — (BA) = (A, B])
g.
where the commutator of the operators A and B is defined as
A,B] = AB — BA
Show the last step in Eq. (4)

§




Putting everything together
040p > Kf\Q)\

[(flg)]* > z(mg) —(g|f))
(flg) — (g|f) = (AB) — (BA) = (|A, B])

21
This is the generalised uncertainty principle
N -

o2o% > (i«[ﬁjén)z’




It IS a mathematical result

* Note that the generalised uncertainty relation
IS a consequence of the mathematical
properties of Hermitian operators living in the
Hilbert space and complex number.




Canonical commutator relation
z,p| = ih

This Is an axiom (a principle that is generally assumed
to be true) in QM.

Plug 1t into the generalised uncertainty relation gives

1 2
2 2 - o 2
0.0, > h/2

Heisenberg’s uncertainty principle is recovered !!!

N




Note on the derivation of HUP
0.0, > h/2

* Heisenberg’s uncertainty principle is
recovered as a mathematical consequence of

(1) the canonical commutator relation axiom

(2) generalised uncertainty relation
T 2

it 2 (5:(14.5))
N




Incompatible observables

* A pair of iIncompatible observables, say {A, B}, Is
one whose operators do not commute,

[A, B] = 0

Incompatible observables do not have shared
eigenfunctions.

* I.e, If f(X) Is an eigenfunction of operator A, it

| cannot be an eigenfunction of B, or vice versa.




Note on the symbol for operator and
observable

* The symbol for “operator” and “observable”
IS often used interchangeably

* For example, A can be referred to as
“observable” or “operator”.

* Which one it represents can be inferred from
the context.




Proof by contradiction

Let A, B be two incompatible observables, hence,
[A,B]# 0

We will prove that they don't share a common (simultaneous)
eigenfunction by using “proof by contradiction”:

Assume A, B share a common eigenfunction g.
Ag = ag, Bg = bg
where a, b eigenvalues corresponds to A and B.
A, Bl g =(AB—-BA) g =(ab—-ba)g =0,
which is a contradictionto [A, B] # 0
Hence, g cannot be a common eigenfunction to A and B.




Example of incompatible
observables

*x and p

*There Is no eigenfunction of position that is also
an eigenfunction of momentum:

pf(x) =pf(x),29(x) = zg(x) = f(r) # g(x)




Consecutive measurements of two

Incompatible observables

* For incompatible observables A and B, the results of
the measurement of A will be rendered obsolete by
the subsequent measurement of B (think of

measuring momentum followed by measuring the
position).

I . L

N‘]\Am\(\r 1 & gpace

1M X snace




Helsenberg’s Gedanken experiment

Befor

Inciden

lllustrate very well the ey
incompatibility of measuring x %Q ‘\

and p of a photon

E

(a)
x and p of a photon cannot be known
simultaneously.

x and p are incompatible
observables.

(b)




1 Compatible observables
If [A, B] = 0, then A, B are compatible
(commuting) observables

They share a complete set of common
(simultaneous) eigenfunctions.

Example of commuting observables: H,
L4, and L

| Hf(x) = Ef(z).

L f(x) = (€ + 1)R* f (x)
L,f(z) = hm,f(x)

) U —




Consecutive measurements of two
compatible observables

If observables A and B are compatible, the result
of the A measurement will not effect the result of
the measurement of B subsequently (think of
measuring energy followed by total angular
momentum)




Analogy
* Compatible observables are like friendship;

* Incompatible observables are like romance.




Other uncertainty relations

Other than the famous Heisenberg uncertainty
relation,

0,0, > h/2

there exist many other very important results
from the generalised uncertainty principle.

o2 (U4 B))




( Uncertainty relation for Hamiltonian
and position
Ezxercise: Show that [H, x| = —%

Hence, show that ogo, > %

Hint: you need this

[AB,C] = A[B,C] + [A,C]B




( Uncertainty relation for Hamiltonian
and momentum

Ezercise: Show that [H,p| = ih-=V (x).

Hence, show that ogo, > ;‘1<d‘;f)>

Hint: you need this

and




The Energy-Time Uncertainty Principle

AEAt > h/2




The time variable, t

* Dynamical obserables are treated on very
unequal footing in the QM (see the Schroedinger

Equation) 9 A9
') W
. ih—a = 9 - VU
ot 2m Ox?

Time Is not dynamical observable like others (E,
p, X, etc.).

You don't measure “time” of a particle as you
might its position or energy.

Time Is an independent variable.

* Dynamical observables are function of time.
) —




Comparing AEAt > h/2 against 0,0, > h/2
In non-relativistic QM,
AEAt > h/2

cannot be derived from
0,0, > h/2

g, INn the uncertainty relation is standard deviation of
a collection of the measurement of observable Q

In contrast, At IS not the standard deviation of a
collection of the measurement of time. It iIs ...



ALIS ...

AEAt > h/2

The time it takes the system to change
substantially

* How to quantify the time for a 'substantial
change'

* That depends on how fast the system changes




Quantifying how fast a system is
changing

* The rate of change of the expectation value of
an observable

d
~(Q)

* |t tells us how fast an the expectation value of
an observable Q is changing in time

* This Is the quantity we would monitor to
guantify “how fast a system is changing”




( Expanding %(Q)

d d 2
Q) = —(V|QW
FQ=gven
v 90 O
— (— QW U —Ww U Q) —
(S21QW) + (W] ZEw) + (9]Q)
8_\[1 — if]ll} The TD Schroedinger equation
ot ih o o
| d 1~ a 1 a0
E@) = —%<H‘I’\Q‘1’>+%<‘P\QH‘I’> | <8t>

I o~ s 00

N e . —————




Show this

1~ . 1 A A _ 1 :
_%<H@\Q@)+%(@\QH\I}) = h([HjQD

Hint: The Hamiltonian H is hermitian




d ion o An 0@
—(Q) = ${HQ)+{Z7)

Typically, Q does not depend on time explicitly.

0Q
ot




Interpretation of
d i s

The equation tells us how the expectation value of
Q evolves In time

The evolution Is dependent of commutator of the
operator Q with the Hamiltonian.




Deriving Ehrenfest's theorem

Ehrenfest's theorem: expectation values obey

classical laws
Examples:

7 (x) = . (p)

4 (py = — (T2

The above relations can be derived from
d NN
. = —([H,
—(@Q) = T(H.Q)
N s -

Show this




Observable Q Is a conserved
quantity If commute with H

d LA o
“(Q) = +(1,Q)

 If [Q, H] = 0, then <OQ> is constant in time.

* QIs a conserved quantity.




2

Deriving ogog > (§> Q)

dt

Applying the generalised uncertainty principle to
a generic operator Q and the Hamiltonian H

Aoz (LA B))
lA%EB%Q

Loma) - (31




| . h
Interpreting ogog > 5

Rearrange: O
oy S h
‘d Q>‘ 2

dt
Compare this with AEATt g

| |dentify the following quantities

AE =0y A= gy

) U —




Interpretation of At

The change of expectation value of Q In time At
IS related via the definition
d{Q)

_ TQ _
At = gor/a SRR 7

We are now ready to interpret A¢ :

At

At represents the the amount of time It takes the
expectation value of Q to change by one
standard deviation.



(

At varies from observable to observable

0Q — diii?> Al’;

At varies from one observable to observable,

because different Q has a different %
|




Fast changing observable has large

uncertainty in energy
It any observable changes rapidly,

d(Q)

dt

that means At < 1

as 0, in gy =

d(Q)

dt

S>> 1

A+t Is fixed to 1 standard

deviation Iin the definition of At.

The “uncertainty” (AE) must be large
accordingto AEAt > n
— 9




The specific meaning of At varies
from case to case

* At as appeared in AtAE = h/2 has a variety of
specific meanings, depending on the context
of the system being considered.

* The best way to understand the meaning of At
IS by looking at many different examples.




Example 1.
At In the oscillation of a mixed state

A stationary state has definite energy, so
AE =0, At - oo, But for a mixture of two
stationary states, we could show that the

product of AE and At obey the uncertainty
bound.




Example 1 (cont. 1)

A linear combination of two stationary states

U(x,t) = ahy(z)e 1R 4 bipy ()~ 200
where a, b, (z), 1/ (z) are real

U(z,1)* = a1 ()" + b (2)
+ 2abip (x)1hs(x) cos (E2 _ Ellﬁ)

h
|
The period of oscillation is 7 = 27wh/(FEy — F1)
Note: (E,—E,) AE 27
- tZTt:wtﬁAEzhm,m—?

N -




T —

Example 1 (cont. 2)

Taking At = 7

T =2wh/(FEy — E})

then implies

AEAt=2nh>§




We have just shown that the energy-time
uncertainty principle is respected in the
system.




Example 2:
At In the motion of a free-particle

wave

How long does it take a free-particle wave
packet to pass by a particular point?

| AX >

—_—
v

A X

A free particle wave packet approaches the point A (Example 3.6).




Example 2 (cont.)

| AX >

A

At = Ax /v
= mAx/p

But £ — p*/2m, s0 AE — pAp/m

pAp mAx

AEAt =
m-p

> h/2
N e .

= AxAp




We have just shown that the energy-time
uncertainty principle is respected in the
system.




Example 3:
At In the decay of the A particle

The A particle last about 10™® seconds, before
spontaneously disintegrating. If you make a
histogram of all measurements of its mass,
you get a kind of bell-shaped curve centered at
1232 MeV/c?, with a width of about 120 MeV/c".
Why does the rest energy mc? sometimes
come out higher that 1232, and sometimes
lower? Is this experimental error?




| | >
1100 1200 1300 1400
MASS (MeV/c?)

Histogram of measurements of the A mass (Example 3.7).




Example 3 (cont. 1)

* The 'spread’ of the rest energy (equivalent to
the rest mass) of A particle, AE=120 MeV/c’ Is
consistent with the energy-time uncertainty
relation.

* You can check that indeed

AEAt = (12—01\/[6\/) (10~ **sec)

=6 x 107%2MeV sec
> h/2 = 3 x 107%* MeV sec

———————————




Example 3 (cont. 2)

* The rest mass of the Delta particle is not sharply
defined (unlike many other stable particles, e.qg,
electron and proton).

* The 'spread’ of the rest energy (rest mass) of the A
particle is an inherent uncertainty that arises due to
the time-energy uncertainty principle.

* The rest mass of the particle has a large 'spread’
(uncertainty) of the order ~MeV/c? because of its
short lifetime, 10* sec (strong interactions).

* The shorted the lifetime of a particle the larger Is
the uncertainty of its rest mass.




Example 3 (cont. 3)

* How large the value of AE of a particle
depends on the lifetime, t=At, which in turns
depend on the fundamental interactions acting
on the particles (strong forces, weak forces or
electromagnetic forces).

* As long as the value of AE fulfills the condition
that product of AE and At is less than h/2, it will
be allowed to happen, such as in the case of
the Delta patrticle.




We have just shown that the energy-time
uncertainty principle is respected in the
system.




TOo sum up

In the previous examples, At takes on a variety
of specific meaning.

In Example 1: it’s a period oscillation.

In Example 2, it’s the time it takes a particle to
pass a point

In Example 3, it's the lifetime of an unstable
particle.

In these examples, At is the time it takes for
the system to undergo “substantial’ change.

.
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