Chapter 4

Quantum Mechanics in Three
Dimension




Wavefunction in 3-D
Given a potential in 3D form
r=x,y,z)or(r, 6 @)

we seek the total solution as a linear
combination of the stationary states

to the 3D time-independent SE




Central potential

We will consider only central potential in ZCT 205:

Vir)=v(r)

The value of potential at the 3D location r=rr
depends only on r but not on 7 (direction)

N Ot
t de

ner words, V(r) Is angular independent.

nends only on the radial distance r of the

location r from the origin.




Spherical coordinates

* Due to the radial symmetry of the potential
V(r), it would be most convenient to solve the
SE in spherical coordinates:

r=(r,6,q))

X=Tr Ccos0cos ¢
y=rcos 0sin ¢
Z=rsino




|

Spherical coordinates: radius r; polar angle 6
azimuthal angle ¢




The Laplacian

<« — SEIn3D

* V¢, pronounced as “nabla-squared”, is known as
Laplacian

* |t is the 3D generalisation of the second-order
partial derivative operator wrp to an independent

coordinate.
L _ .
* |In Cartesian coordinates,
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62>82+82+825V2
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Laplacian In spherical coordinates

Do you know how this formula comes about? It
can be derived from the transformation rules
relating {x,y,z} to {r, 6, @}

7

Refer to Murray Spiegel, Vector analysis (Schaum's series) for

“___ thedervation..._.._ .




Check these out If Interested

Laplacian in Spherical Co-ordinates Derivation
— YouTube,
www.youtube.com/watch?v=5Uebg4AxkFo

ntt
Ntt
htt

0:/lp
0:/Is

anetmath.org/derivationofthelaplacianfromrecte

KIsickness.com/2009/11/20/

0://lwww.gsjournal.net/old/physics/arife7.pdf



http://www.youtube.com/watch?v=5Uebg4AxkFo
http://planetmath.org/derivationofthelaplacianfromrectangulartosphericalcoordinates
http://skisickness.com/2009/11/20/
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TISE In spherical coordinates

We are seeking the solution




T —

Separation of variables method (1)




Separation of variables method (2)

A onlyr-
dependent

only angular-dependent




Radial equation

We set the separation constant to be
The RHS becomes

1d (rzd—R) 27;1’*’;’2 (V(r) — E)
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Angular equation

The LHS becomes




Solving the angular equation




Y=Y(6,¢)

|

0 Y 0°Y
| sin 6)% (sin Q%> 952 = —((¢ + 1)sin* Y

Apply a separation of variable method to obtain the
angular solution Y, where Y = Y(G ; (I)> "

=,




(

Separation of angular variables

.0 (. 0Y 0°Y |
sin 6’% (Sll’l 6’%) | 952 = —(({ + 1) sin* §Y

Y (0.0) = ©(0)(0)

1 [, d (.  d© .l 1d0
{6 {smé’@ (sm@d—9>] + (£ 4 1) sin 9}_ b 4o

Show this
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6 and gequations

We set the separable constant as nm’

1 [ . d . dOY 9, 9
o _SmQ@ (Slﬂ@@)_ + (¢ + 1)sin“ 0 = m

(0 equation )

1 d*®
3 do? = —m” (¢ equation )

17




Solution to gequation

I
ddez
B() = ¢

m 1s known as magnetic quantum number

m covers both positive and negative values

18
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Boundary condition on the gsolution |
|

0(6) =
P(p+ n2mw) = P(P) nany integer
exp(2mim) = 1

m must be an integer

m=0,x1,x£2,---

19




Solution to 6 eguation

1. d . deY\ .9 9
o _smﬁﬁ (Smﬁﬁ>_ + (¢ 4+ 1)sin” = m

The solution is non-trivial

@(9) — APEm (COS 6?): A normalisation constant

m|
L Pl () = (1 - x?)mi/? (%) Py(x), x=cos 6

associated Legendre function

NOtiCG that Pgm(,f}j) — PE_m('fL') 20
e




Solution to 8 equation (cont.)

PM(z) = (1 — z2)iml/2 (%) " Py(z)

Py(x) is the /th Legendre polynomial

| Py(z) = 2%9' (%)E (2 — 1)"

Rodrigues formula:

N -

21
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The first few Legendre polynomials

legendre polynomials

0.5 —

£ o
o
P,(x)
-0.5 Po(x)
]. P1i(x)
Pz{:}
T Pa(x)
1 Pa(x)
1 2 ) | | | P
2 (31: 1) 1 -0.5 0 0.5
1 3 x
5(5x” — 3x)

L(352" — 302" + 3)
L(632° — 702° + 152)
1(2312° — 3152" + 1052* — 5)
(42927 — 6932 + 3152° — 35x)
2=(64352° — 120122° + 6930z — 12602” + 35)
35 (121552” — 25740z + 180182° — 46202 + 315z)

A= (461892'° — 1093952° + 900902° — 30030z" + 346527 — 63)
e ——— e

© 0 N O Ul A W N~ OB

—_
o




Polar plot of Legendre polynomial

http://demonstrations.wolfram.com/PolarPlotsOfLegendrePolynomials/

In these plots r (i.e., the length of a point on the plot from the origin) tells you the
magnitude of the function in direction 8

Note: set x = cos 0 as the argument in the expression of FP;(z)

P.=cos e

I".. I,-"I / Y
. ", 05 . . |'I 05 I'I .
A 4 '. / VAN RN
- 4 \ |

P =(1/2)(3 cos?6-1)

PolarPlotsOfLegendrePolynomials.nb N
) P,=(1/8)(35 cos*6—-30co0s*6 +3)



http://demonstrations.wolfram.com/PolarPlotsOfLegendrePolynomials/
file:///home/tlyoon/Dropbox/Teaching/ZCT205_1314/lecturenotes/PolarPlotsOfLegendrePolynomials.nb

Py(z) = 2% (%)E (22 — 1)

P;(x) is a polynomial (of degree /) in x,
and 1s even or odd according tothe parity of /

24




P2(z) = 1 Pi(z) = —(1 - 27)'?

P, (x) = 5;P5 (x)

Py (x) = 5P ()

Py (x) = 3(32° — 1)
Pl(z) = —3z(1 — z*)/?
Pi(x) =3(1 — 2%)

Associated Legendre polynomials

Py () = — 55 (x)

Py (x) = w55 (2)

Py'(x) = —1;P3(x)

P;(x) = 3(52° — 3x)

Py(z) = —3(5a” — 1)(1 - 2®)"?
Pi(z) = 15z(1 — 2?)

P}(z) = —15(1 — 2%)*?

PM(x) = (1 — a2)iml/2 (—> " Pu(x)

dx

Py(a) = 51 (%)

N —————

(22 — 1)".

25




Some associated Legendre
polynomials and polar plots

Note: set x = cos 0 as the argument in the expression of 72" (x)

A ~
0_ o_ 1 2
Py=1 Py= 3G cosm0-1) C) PR(6) (i} Pl

PII =sin # P;‘ =15 sin 6(1 — cos> ) A= A=

P‘lJ =cos ¢ P,% = 155sin° @ cos @ % Pie) % Pl(th

22=3 sin” @ P3'= %Siné)(.ﬁ cos” 60— 1)

= F Y
Pl=3sinf cos6 PY= ~(5cos’ 013 cosh) PY#) = =

P/ (x) is not, in general, a polynomial

It is only If m is even

26



Allowed values of / and m

1 d\*
P, = — | — 2 _ 1)~
(@) 26/ (dﬂj) (& )
« [ must be a non-negative integer

[m|
Py = (-2 () pyay

()™ Py(x) vanish if [m| > ¢

I . P™ () is non-zero only if
m| <{=m=0,£1,£2,--- £/

for a given ¢ (non-negative integer)

27

Notice that for a given ¢, there are 2¢ 4+ 1 values of allowed m



(

Notice that for a given ¢, there are 2¢ + 1 values of allowed m

|m|
Py = (-2 () pyay

Allowed values of / and m

=0, 1. 2....;
m=—l. —=l+1, .... —=1.0.1, ....1—=1. 1.

| « For example,

' P,(x),Py(x), P*(x), Py’ (x)

where |m| > [ are not allowed .

N e . —————




Exercise

Derive the first 3 non-zero Legendre

polynomial based on the Rodrigues formula.

Pi(z) = 2% (%)ﬁ (22 — 1)¢

29
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Exercise

Derive the associated Legendre function
PS(ZE)# P21(:E)& PQQ(:E)

based on the P»(z) that your have derived in
previous exercise.

30



Normalisation of W(r)

Solution to the 3D TISE with a central potential

W(r,0,0)=R(r)®(¢)0(6)=R(r)Y(¢,0)

Y =Y (0,9)=P(¢) - O(0)
= ®(¢) - AP (0)

Y(r) has to be normalised:

f all space

) E————— —

w(r,0,0)dv=1

31




Volume element in spherical

coordinates
dV = d’r = r*sin Odrdfd¢

Volume element
dV=r°sin6 de d¢ dr

32




Normalisation of W(r) in spherical
coordinates

dV = d’r = r* sin Odrdfd¢

J"allspace
_J«:Hooofz qu) Zn‘ll) (r,0,¢) ‘ r sm@drd@dq)—
| f:Hooo’"ZR(’" dr f _(Z)Hf sm@d@dq):l
1

Y(r,0,0) dv=

33




Normalisation of angular solution In
spherical coordinates

[oo Tos

The normalised angular wavefunctions are called spherical harmonics:

Y (0,6) = AP (cos 0)e™ = Y;(6, )

_ . (20+1)(f — |m|)!€im¢5 m (oS
B \/ 47 (0 + |m]) Fi*(cos0)

e=(—1)"form>0ande=1form <0 =

0,0 ﬁn6d6d¢=1




TI'he first few spherical harmonics Y, " (6, ¢)
[ =0, 1. 2....;

H:—[. —l"l'] —1. 0. 1, .o —=1. 1.

0 _ 1 )“3' 1 _ (_5 ) s X 0, 22U
Yy = (47, Y5 3 sin” Qe
3 1/2 7 1/2
0 — —— » (} p—
Y, _(411) cos 6 Y, (16;) (5 cos? 8- 3 cos 6)
Y = 1(8:;)”2 sin Qe 1% Y{! ='-|3(‘54l )”2 sin @ (5 cos> 0 — 1)et?®
: . 112 ., y
¥y = ( Sn)” (3 cos?f—1) Yit= (‘ézﬁ) " sin? 0 cos Qe 120

+ 12, iy . Yy
= ( ) sin 8 cos Pe ¢ ( ) " sin® fe =30
647




Visualisaion of SH

Visual representations of the first few spherical harmonics. Blue portions
represent regions where the function is positive, and yellow portions where the it
IS negative. 36

http://en.wikipedia.org/wiki/Spherical _harmonics



http://en.wikipedia.org/wiki/Spherical_harmonics

Orthonormality of spherical
harmonics

The spherical harmonics are automatically orthogonal

2T T
/ < / Y (0,0)]" [YE (6, 0)| sin ede} dd = S0t
0 . 0

Show that the spherical harmonics
YE)O: Y21

are normalised and orthogonal.

37
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Radial equation

dr 72 Y T e

d [ ,dR d? d?
_( )_ u  dy d%_r_
dr dr S dr dr

38




Radial equation in terms of u(r)

la (TQd_R) 2”;;7" (V(r)— E) = (({ + 1)

In terms of u(r) = r R(r)

\
d*u  2mr?

U U
V(r)— E|—=0{+1)—
P T W) - B = e+ 1)
| rearrange
Y
ht d*u | h? _
| | | =
2m, dr? vir) 2mr2€(€+ ) ! b

N .




Effective potential

R d?u | h? )
-V | 0+ 1 = F
2m dr? | (r) 2mr? SR !
(hz ********************
Vier=Vi(r) + (0 +1
s = V) 2WM+)
| (-dependent centrifugal term
Given V_(r), find the solutions u(r) which has a £-dependence.




A EEEE—— —
Normalisation of the radial solution

/ R*r*dr :/ u(r)*dr =1
0 0




Infinite spherical potential well

0, fr<a
- {1
oo, it r > a

Analogy: a spherical hollow hole in a large solid of ice.

What is its Wavefunctmn and the allowed energy?

hii,,iii,,,,iii,,iii,,iii

(r,t) = R(r)Y;" (0, ¢)e EV/"

,,,,,,,,,,,,,,,,,,,,,,,

The angular
solutions are the
same even for
different V(r)

R(r) Is
different for a
different V(r)

42




( TISE for infinite spherical potential

h? d?u

well In terms of u(r)

2m, dr?

uw = Eu

h2

V | 00+ 1
V) gg 1)

0, ifr<a
QT%E Vir) = {oo, if r > a

\J
W+ ol
T2

43




, i
Solution to du (e+)

dr? | r?

|

=
N

<

********************

u(r) = A?"jg(]ﬁ?”) + B?"’Ilg(k?")

ffffffffffffffffffffffff

spherical Bessel function of order E;’R

spherical Neumann function of order ¢
(Bessel functions of the second klnd)

o) = (- (1) s

)

r dx

ne(z) = —(—x)" (liy o5 2 .

X

xr




{

The first few spherical Bessel and Neumann functions,

_sin.x . cosX
=—"F" Hp=—=—7%"
. _SINX  COSX g _COSX Sin X
=2 X =2 X
el 2 2 %inr—icmr M1y =— S cc}sr—isint
22 x XU e c »oX T xe '
. 20! 2000 1 ey
Ji—= (Zf-lflj"tf‘ ny— — (&0) , forx << 1.

2yl

45

¢ must be a non-zero integer, £ =0,1,2,---.

N




The graphs of the first three Bessel
function

1.0 J,(x)
J,(x) —=—=

0.8 \ J2(X) -
0.6

0.4

0.2

0.0

-0.2

—-0.4




Exercise

Derive n (x), n.(x), J,(X), J(X).

Do you think the Neumann function a
physically acceptable solution?

Explain.

47



Boundary conditions on the radial
solution

u(r)=Ar j,(kr)+Brn,(kr)

1. R (r » 0) must be finite.

2. R (r=a) = 0 (wavefunction must vanish
at the boundary of the infinite well)

48



First BC on the radial solution

1. R (r » 0) must be finite.

u(r) = Arje(kr) + W

The BC leads to the dropping of the Neumann
function from the solution.

Hence, B=0

49



Second BC on the radial solution

2. R (r =a) = 0 (wavefunction must vanish
at the boundary of the infinite well)

R(r)=A ji(kr)

|

| R(r=a)=A j,(ka)=0
ka is a zero of the fth-order spherical Bessel functior

they have to be solved numerically 2

N




Examples of zeros in the spherical

Bessel functions

1.0

0.8

S, (x)
J,(x) ———=
J,(x) —-=--

0.6

0.4

0.2

0.0

—-0.2

—-0.4

< zeros for J (x)

15

20

11



Zeros

The zeros In the spherical Bessel functions of
order £ occurs at discrete points along the x-

axis.

For a fixed £, the zeros are labeled 3 ,

n=12,3,...

hese zeros are to be found numerically.

The Mathematica code shows you how to

solve for these zeros numerical
BesselFunctionoftheFirstKind.n

y

0

52


file:///home/tlyoon/Dropbox/Teaching/ZCT205_1314/lecturenotes/BesselFunctionoftheFirstKind.nb

Numerical results of the zeros 8 ,_,

Je=0(x)
1O}

0.8+
0.6
0.4}

0.2¢

FindRoot
FindRoot

BesselJ
BesselJ

FindRoot[BesselJ

FindRoot[BesselJ

B.., ,_, = 2.40483
,Bn“ , = 5.52008

—3[0

=11.7915

== 0, {X, 2}]
== 0, {X, 5}]
== 0, {X, 12}]
== 0, {X, 15}]

/\ s 1o =14.9309

X
\/ N

53



Quantisation of energy

Hence we arrive at the gquantisation of energy
ka=[,

n=1,23,..,1=0,1, 2, 3,...

B., is the n-th zero of the £ spherical Bessel
function.

k232 =(IBM)2
[(2mE)/h?] a* =(B, )"
E=E = (B )Nh/[(2ma)

54



The stationarv solution

* Each stationary solution is specified by a set of
three guantum number, {n, £, m}.

» Each stationary solution ¢/, with a set of
distinct qguantum number {n, £, m} is referred to as a

55

'State'.




Example

What is the solutions and allowed energies for £ = 0?

e Solutions:
e For/ =0 the allowed valuesfornisn=1, 2, - - -; and the allowed

value for m is m=0.
. The solutionsare y ,_,  .,nN=1,2,3, -
Allowed energies are
E = (B )Nh/(2ma),n=1,2,3,: -

n/t

E . o= (B _ ,_,)?h?*(2ma)=2.40483h%/(2ma)
E_,,o= (B, _,,)?h*(2ma)=5.52008h2/(2ma)
E ., o= (B _,)?h?(2ma)=11.7915h%/(2ma),

56




E  Is 2/+1 degenerate

E., = (8,,)h?/(2ma)

n{

For a given set of {n,/}, the energy Is given by E .

The energy Is dependent on both discrete number
n and £ but not on m.

Each energy level E  is (2/ + 1)-fold degenerate,

since there are (2/ + 1) different values of m for
each value of /.

In other words, there are 2/+1 stationary states
that carry the same energy E _,.

57




Example of energy degeneracy

The 3 states, each with a common /=1
and n=1,

Wi Vi Vi

11-17 1,107

bears the same energy
En=1,z=1=(1811)2ﬁ2/(2ma)

In this example, /=1, the the number of
degeneracy is 2/+1=3.

58




Normalisation of the radial function

/ AQM(T/GM)ZTQOZT =1
0 a

The normalisation A  are complicated to derive.

A, are n, [ dependent

59



Hydrogen atom
e’ 1

4’]1'60 T

Mprotgn > m,. Sothat the_ nucleus is “integrated out”
from the picture

—e

Note: V(r) < 0, bound state
(electron)




( TISE for hydrogen atom in terms of

h? d?u

2m, dr?

| hdgul_

2m dr?

u(r)
i P _
_V(’r) | 2m7"2€(€ + 1)_ u = Fu
Vir) = _4:;;%
Y
e’ 1 h
— — F
dregr  2mr2l(0+ 1) ! !

61




Solving the radial equation (1)

h d*u e’ 1 h
| — I U = Eu
2m dr? dregr  2mr2l(L+ 1)
vV =2mEF
= "%
— v —
1 d*u . me® 1  ((0+1)
— | u
k2 dr? 2megh?k Kr (kT)?
p — RT po T 27::08712
d?u | (0 +
Show this —= = |1 . | ( > b U
dp> | p p g

N —————




Solving the radial equation (2)

d*u _1 po  L(l+1) K= \/_?RE
— = I U L meQ
dp* | p p? PO = 5rcin

0 = Kr




Solution In the limit p — oo

, i _
d*u , ppfl 00 +1) )
dp* | p p?
oo
d?u

— U
d p?
_ Drop e? term so
u(p) = Ae™” + &é’; that u(p) is finite in
the limit p = «

u(p) ~ Ae ” when p — oc

64
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Solution in the limit p — 0
du [ po, U+ 1)

72 R
p— 0
d*u €(€+ )
dp
| ul(p) = Cpf* + Df o e i i
the limit p— 0O

u(p) ~ Cp*™ when p — 0

65
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Exercise

Check that
u(p) = Cp™' 4 Dp~*

IS Indeed the solution to

d*v (0 +1)

- (J
dp? p




YT e — E—

Patching up the limiting solutions

u(p) ~ Cp™** when p — 0 u(p) ~ Ae™” when p — o

O\

u(p) = plePu(p)  forallp

d*uv [, po Ll+1)

— = |1 | u

2

67




Casting the equation in terms of

U (0)
, i _
dp* | p p?

u(p) = p" e u(p)

= (

68



Seeking the solution via power
series method

d*v dv
- 2(0 + 1 —
(€ + p)dp

- [po—2(0+ 1)]v =10

dv _ | oo |
2"”“ - Y+ o(p) = cip

dp = j=0

v = 7=0
a0 Z i(j+ Dejpp’ ™!
\J
oo oC .
Zj (j+ Dejrip! +20+ 1) Z(_i + Dcjy10’
J=0 7=0

ox0 oo
) . . 69
2> jejpl + oo — 20+ 1D ejp! =0.
j=0 j=0

.




Seeking the solution via power
series method (cont.)

Z jG+ Dejpip! +20+1) }:(; + Dejyipf
J=0 =0

—ZZJC_,p’ -I-[po—z(f—l-l)]z cip! = 0.
j=0 =0

Equating the coefficients of like
powers yields the recurrent
formula

\/

JU+ Dejpr +20+ DG + Dejr — 2jcj + oo — 20+ Dle; =0

70




Recurrent formula

. :{ 2(j + €+ 1) — po }C*
I+ G+1)(G+20+2)) 7

an overall constant which would be fixed by normalisation.

=cot+ciptc,pite,p’+...

N

All C, J > 1, can be expressed in terms of the “seed” coefficient c,,

71



Divergence of the series

BUT the series Is divergent

v(p) = > eip =c,+c, pte,pitepi+... oo

7=0
) o 20+ 0+ 1) — po .
RS T T GG+ 20+2)

' For the proof, see the textbook.

72




The need for the eX|stence ofj
The infinite series

v(p) = Z cjp’

. j=0
causes u (p) to diverge at large value of p (see text
book for technical detail)

U(0) ~ C‘OPH_I

unless the summation is truncated beyond some
integerj

This Is an “existence” requirement.

For the series to converge, there must exist an
integer j . suchthatc,=0forallj>j

73
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Truncating the series

In order to make ¢, = 0 for allj>y ,we
look at the recurrence formula:

20 +£4+1) — po

KA { (

2(jmax _I_ € —I_ 1) — )OO

F+D(+20+2)

then c=0 forallj>j

e ———

N\

> C;

. One finds that if there exists an integer j _ such that

74




Termination of the series for
] 2 ]
2(jmax | € | 1) — Lo

All coefficients C withj >/ in the series vanishes

. :{2(”6“)_'00}0-
NG+ +2A+2)

2(j  +I1+1)—p,
— . — . ’
et G ) (et 214 2) e

J

( \

J max

75



Convergence of the series

As a result of the existence of j _, Whe2(j,... + ¢+ 1) = pg

the series Is truncated up to the j __ terms
J— j
ZJZO ij
J=J ~
:ZJZO C] pJ
=cot o pte,ptesp+..te; p™
An as a result, the function -
u(p) = p" e Pu(p)
becomes finite for all values of p.

(The rigorous proof of the convergence of u(p) for all
values of p Is not discussed here.)

76




jmax

The possible values of j are
J.=0,1,2,3, ..

Max

How to see this? From
j:jmax J
Zj:o ij
=cotc ptc,ptesp +...+c; p™

The smallest possible value for j _Is 0. In

this case, the series just “summed up” to a
value of ¢,

77




Principal guantum number n

We need aj__ to exist for the series to converge.

The particular values of j _ Is to be specified by a
pair of qguantum numbers, namely, {n, £}

ﬂizjmax—l_é)—l_]‘

The principal quantum number n is an
Independent, non-zero integer (because both

and £ are non-negative integers)

maxX

78



The possible values of n

The possible values of nare

n=1,6 2,3, ...,

* The principle quantum number is more
Important than the other quantum numbers,
£,m, and has to be specified first.

* Once n is specified, the possible values of /
must be consistent with the definition

n=7j...+t0¢+1

79



The smallest value of £ 1s O

What are the possible values for £7

1. / must be non-negative integers (as it
specifies the “order” of a Legendre
polynomial, as in P,)

2. The smallest value for £ is 0, independent
of n.

3. But the maximal value of £, [ is n-

dependent. Once the value of n is fixed,
what is the maximal value of £, £ _7?

max '

1=0,1,2,..1 &

MaX




The largest possible value of /

n E ijLX —I_ E —I_ 1
J... 1S not to be specified independently. It is to be
specified in terms of £ and n.

n-1 (fixed)

81



Hence, the possible value of /
(for a fixed n)

The possible values of £ for a fixed n is

{=0,1, 2,..., n-1

Count the number of £ states corresponds to a
given n state:

There are n [-state corresponds to fixed n

82




The possible value of j

s a dependent variable of / and n.

jmax

Jinax = Jonax (L1 1)
=n-1-1
For a fixed value of n, the value of
values depends on £.
Since/= 0, 1, 2,...,n-1
= n-1, n-2,n-3, ..., 0 83

Max

-Imax




Quantisation of energy

2(Jmax + L+ 1) = po N= Jou + 0+ 1

, N h? Kk? me?
2m 8m2esh? p;;
S meQ \/_sz
Po = 2megh? K R =

h

84
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Bohr formula for quantised energies

The energy of a hydrogen eigenstate with n=1,
irrespective of £ and m, is given by

P m e2 \°| 1 - E
" 2h? \ 4meg n2  n2’

Bohr formula.

FE:1 (= -13.6 eV) is the ground state energy
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Bohr radius

a = Tl — ().529 x 107 m

?ﬂ

In terms of Bohr radius, P = Pn = o,




(

The eigenfunction In full expression

wn,fgm(ra 93 Qﬁ) — Rnfngm(é): (f)),,

R, = ~pTle Pu(p)

v(p) a polynomial of degree j... = n — ¢ — 1 in p

whose coefficients are determined by the recursion formula

Cit+1 = : ,
(j+1)(j+20+2)

> C;
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Ground state

* GS corresponds to n=1.

* The largest allowed value of f = n-1=0
* The smallest value of £/ = 0.

* Hence, £ = 0.

* The number of allowed values of m is =
2/+1=1, 1.e., m=0.

* Hence, the set of quantum numbers
characterising the GS is

{ntm}={1,0,0}

e ———
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( Explicit expression for the GS
eigenfunction

Vi00(7, 0, @) = RIO(T)YOO(Qa Q)

1
€ _r/a
Rl[)((r) — Eoe / aY(]D — K/—l’ﬂ_

fio REgridr =1 = ¢o =2/ /a

1
L Yro0(r,0,0) = e "/

mTas

13.6
E_ = 12eV —13.6eV
N e ~

89
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First excited state

* |t corresponds to n=2.

* The largest allowed value of f = n-1=1

* The smallest value of £ = 0.

* Hence, the possible values for £ are {0,1}.

 The number of allowed values of m for /=0 is
21+1=1, i.e., m=0.

* The number of allowed values of m for =1 Is
2/+1=3, i.e.,, m=1,0,-1.

* Hence, the set of quantum numbers characterising
the first excited state is

{ntm}={{2,1,1},{2,1,-1},{2,1,0}; {2,0,0}}

90




Explicit expression for the first

excited state eigenfunction
r

" 2a

For { =1 Jmaet+tl=n—-1=1

P2

1 j:jma,ﬂ;:(] .
Ry (r) = (;pzze"”) PDRCT
7=0

— (4@2625&) (CDPQ) p— @7"6 2a

91



( Explicit expression for the first
excited state eigenfunction

7=0
_ (" 5 0 1
| = (5267 ) (corbterny)
_ _ C_U(l_L)e—fr/Qa
2a 2a 9

Show the last step
N —— _




Counting the degeneracy of E_

For a fixed n-state:

Sum over all allowed /
corresponds to the

fixed N \

the number of
allowed m at a
fixed £
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( n-state /-state m-state

// 4
////
W,
< ' [=n—1 )
' > (2141)=n
/4 \\\\ . l: 0
start /, S
from a W 4 W
single I, A\
n-state < ' 1
N Each {-state splits into
| 1 2/+1 m-state
WY
\‘
Al
Each n-state splits into n 94
/-state

N . e —




The number of degeneracy for n=2

« The number of degeneracy of E _, hence is n*=4

* 4 Is the total number of states with principle
gquantum number n=2.

 Each ofthe {n,{,m}={{2,1,1},{2,1,-1},
{2,1,0}; {2,0,0}} states share the same
energy, E..
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Exercise

Count the total number of degenerate states
corresponds to the quantum number n=3. List
down all of these state, Y _, ., one by one

ANS:

There are n°=9 states correspond to quantum
number n=2.

£=0,1,2.

For /=0, m=0

For /=1, m=0,F1
For /=2, m=0,F%1,F2

96



The states correspond to n=3

W

3,007

LIJ3,1,0 : L|J3,1,-1 : L|J3, 1,17
LlJS, 2,0 ’l'lJ 3,2,-2 ’L|J3, 2-1 ’L|J3,2,1 ’L|J3, 2,2

All these 9 states share the same energy E. =
-13.6eV/3% = - 1.511eV
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Assoclated Laguerre polynomial

The truncated series, v (p), apart from the
overall normalisation constant, Is a special
function known as associated Laguarre

polynomial i—i —nel-1 |
_ max J
L 2 3 n—1—1
=CypTCPTCP TC3P T TCp 4P
C C- C C,__ gy
:C01|1p| p_|_3p3_|_ n—1—1 n—I[—-1
Co Co Co Co
. 1 r r 2 r 3 y n—I1—1
_Co( C, PTE P TC P T...TC g P )

=C0L,211_+,i1(2p) "




Assoclated Laguerre polynomial

1@ = 1 () L@

o= () o

the qth Laguerre polynomial
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. The first few associated Lagerrer

polynomial
L=1 LE=2
L{=—x+1 L?= —6x+ 18
L)=x?—4x+2 L?=12x%—96x + 144
Li=1 L3=6
Li=-2x+4 L= —24x+96

L}=3x"—18x+ 18

) U —

60x2 — 600x + 1200

I~
N3 3
|
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The first few Laguerre polynomial

Lo=1
Ly=—x+1
= x? —4x+2
L3=-x"+9x*— 18x + 6
| Ly =x% = 16x° + 7242 — 96x +24
Ls = —x° +25x* — 2000 + 600x2 ~ 600x + 120
Lg=x0 — 36x% + 450x* — 2400x3 + 5400x2 — 4320x + 720

 —




The normalised hydrogen
eigenfunctions are

wn,f,m(ra 93 Qﬁ) — Rnfnm(é): Gﬁ));

1 _ r
Rnl:Flee p'CO Lil__;il(zp);p:E

1 [+1 _(r)

nda

20+1 (2T
_r an COLn—l—l(na)

[ r
Co (20, nal parer (21

_21an an na
2y () 2r
ZAnz(E) e Lille_l(a) 102
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Orthogonality of the eigenfunctions

The wave functions are mutually orthogonal.:

/ Ib:;gfm;wngm?“g Sin QdeCb — 5nnﬂ'5g€f 5mm"
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The normalisation constant Anz

2r, —(5) 2r
Ay (2 e (2

= \/(nz) z(z[(ni_f)l !)}L




Rig= a2 exp(—r/a)

_ 1 anf 1 r gy .
Ryp = '*J_fa (1 > a_) exp (—r/2a) The flrSF few
U e | normalised
2 apfy 25 2 (rFV\ o functions
_ & 3npfi_1r\[(r TR
R34 27\/@@ (1 i )(a)e};p (—r{3a)
_ 4 32 (N2
Ra, 81\@6& (a) exp (—+/3a)
_ 1l ap(y_3r, 1 . _
R4'O_Za - (1 A, 8( ) 192( ) )exp( r/da)
_ A5 =32 - 1 r Y R il WAy Ie
Ry = e a (l 1a + 20 (&) ) a‘_ex_p( ridir)

' ' ~\ ( 2 .
Ryp=—L_ a3 (1 _ 112.. L )(;’) exp (—r/da)
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« Graphs of the first few hydrogen radial wave functions, R,;(»)
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Density plots of the 3D WF projected on the 2D
cross-sectional area going through the origin

Hydrogen Wave Functmn

[ A a=t=1 e N
il 2 = | ] - i P LT (P Vim0, 40)

N \nag/ 2nf(n+ 1))

(3,1.1)

(3,2,1)

)

(4,0,0) (4,1,1)

(D
(4,2,2)

‘ ’ (7
By

-
'y
.:_
s

10}

’
-
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What Iis the most probably value of r
In the ground state of the hydrogen?

See solution in the main.pdf notes.

dP(r)/dr = O, where P(r) the probability density for at location r.
_ 2 D2
P(r) = 4nr anf(fr)

1 _
At the ground state, n=1, /=0 Rn:Lg:o — \/@8 r/a

Setting dP(r)/dr=0leadstor=r__=a

X
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T h——

Anr®R; o(r) vs.r/a
Al dP(r)/dr = 0
05 |
|
| |
04} |
|
- |
03+ |
|
02! |
| |
|
0.1 |
| r/a=1isthe most
| probable value of r
1 2 3 4

—— e, ———




Exercise

Find (r) and (r?) for an electron in the ground state of hydrogen atom.

Q) = [ [ [5 1,0 QU pmr?dr sin 0dOde
Here Q = r and Q = r?

—r/a

1
/'ubn,é’,m — wlaoao — me




/— S T —
Solution (1)

= f [ [ 0% 4 QU g dr sin 0d0d¢. |
For ()

1
/// e~y \/_36_T/ar2drsin9d9dqb
VT Ta

“3}

3a
— 471'—3 6—2r/a Sd?" —
Ta® Jo 2




/— —— e — —
Solution (2) |

Q) = [ [ [ 0% 4 Qnmr?drsin 0d0de. |
For Q — r?

1 1
(7?) = / / / e /0y e~ "2 dr sin 0dOd ¢
vVra? v ra?

1 o0
= dr— e~ 2"/ rtdr = 3a’
Ta’ J,




Bohr’s hydrogen model
(Remember ZCT 1047?)




B
" " - [ |
Quantisation of energy levels in Bohr's model
— Free electron
I— L&
Energy, | Energy. eV
— 1IN 0
— Ml -087x10"° -054
. —HB-136x107"  —085
— W 242107 -1.51 «  » Excited states
E—
S —H@-543%X100"" 340 )
R
]
E 13.6
E =—=-—¢eV
% n n
LY
\‘./n-l — " 1 76x10" 136 Ground state
A /
— P




(

Inter-state transition in Bohr's model
AE =FE; — E; = —13.6 eV ( 12 12)
he

Eﬁr:hb": T

1 (1 1
A ny n;

| Rydberg constant,

2 2
p__Mm e
41 ch? (47?6()) .

N -




Balmer series

f“'S'b-lil-'_g_!EL Paschen series n=7  Lyman Paschen Pfund —0.28evV =
(infrared) n=10\series senes SETIes é‘DJS eV
n= 3> - T y—" — .54 eV
) H=4 T oy —0.85 eV -
Brackett series — —
. n=3 Bracket 151 eV —
Lyman series (infrared) Ser;zsc
{ultraviolet) Pfund scrics H=72 wy —340 eV b
infrared) Balmer
SEries
I—
I

09 1 0O
2 o x
n.
n==6t f l |:|1'1=IJ!'r ~13.6eV
(a) For Lyman series, n; =1, n;, =2,3, 4l

For Balmer series, n. = 2, n. =3,4,5...

For Paschen series, ne= 3, n. =4,5,6...

For Brackett series,n. =4, n. =5,6,7...




What are the differences?
* The energy levels as predicted by Bohr's model Is
the essentially same as that predicted in the
guantum mechanical one, where the energy of
each state Is characterised by the principal
guantum number n.

* But in Bohr model it has no m, £ quantum
numbers; only n.

* Bohr's model has no degenerate states; unlike In
QM model, each energy level n is n*-degenerate.
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What are the differences? (cont.)

In Bohr's model, each orbit and state are discrete,
both are uniquely characterised by the quantum
number n.

* But in the QM model the states are characterised
by a set of three quantum number {n,/,m}. Each
guantum state Is known as an 'orbital’. These
orbitals are not discrete circles but a 'cloud’ of
probability of electrons, n(r) =¥ ()W (r).
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What are the differences? (cont.)

Both models are actually derived based on
TOTALLY different theoretical basis

* But yet there are so many common features that
agree between both.

119




THINK!

* Can you think of more differences between the
old quantum theory of hydrogen atom and the
guantum mechanical model?

* Try to think of the fundamental causes that
lead to these differences.
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