
Test 2 (29 May 2014)

ZCT 205 Quantum Mechanics

Name:

Matrix Number:

1. The ground state of a particle bounded to a Dirac potential well

V (x) = −αδ(x),

with α a positive constant and energy E < 0, is

ψ0(x) =
√
κe−κ|x|, κ =

mα

~2

(a) State the ground state energy, E0 (you do not need to perform the calculation).

(b) Show that ψ0(x) is normalised. Show your steps clearly.

(c) Write down the wavefuction of a particle bounded to the Dirac potential in the ground state, Ψ0(x, t).

(d) What is the ground state wavefunction of the particle in momentum space, Φ0(p, t)? Show your steps clearly.

(e) Consider the particle above in momentum space representation. The position operator in momentum space is x̂ = −i~ ∂
∂p .

Any operator Q̂ in momentum space is given in terms of x̂ = −i~ ∂
∂p and p̂, i.e., Q̂ = Q̂(−i~ ∂

∂p , p̂). The expectation value

of any operator Q̂ in momentum space is hence expressed in terms of

〈Q̂〉 =
∫

Φ(p, t)∗Q(−i~ ∂

∂p
, p̂)Φ(p, t)dp

i. Calculate the expectation of the momentum for the particle in the ground state of the Dirac potential, 〈p̂〉, in
momentum space representation.

ii. Calculate the expectation of (momentum)2 for the particle in the ground state of the Dirac potential, 〈p̂2〉 in mo-
mentum space representation.

iii. What is the uncertainty of the momentum, σp, of the particle in the ground state?

Hint: ∫ ∞
−∞

pn

(p2 + p2
0)2

dp = 0 if n = 1∫ ∞
−∞

pn

(p2 + p2
0)2

dp =
π

2p0
if n = 2
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