ZCT 205 Quantum Mechanics
Tutorial 1 (25%0)
2 (i)

Prove that for a wave function that is the solution to the Schroedinger equation, the

normalization of the wave function is time-independent,

%(J_o:olll’(x, t)|2dx> =0

(7%)
Solution
ST Iw 0 0)lPdx) = [7, [ w)] da
=17 v (%) + (5-) w]ax 1) v
From Schroedinger equation : ih%—f = — %sz + V¥ (2)
~in 2= DIy 3 v
Substitute (2) and (3) into (1)
U veeoran) = [7, (v (57) - v (50| ax /
= lem v (5) v (5] ax /
= G -+ (GO @ v
As x - +oo, ¥ — 0, (4) becomes : v

= (J7|w(x, 0)[2dx) = 0 (Shown) v



2 (ii)

Prove this : (p)=[¥* G;—x) ¥ dx

Solution
(p) = m=-(x)
b0 =[x g W ) dx
= L[ (5)+ (50) ¥l ax
From 2(i) :
w0 =5 e v (5) v (Bl ax
By using integration by parts :
a0 = ol (5r) - G, - [0 (50) -
As x » too, ¥ = 0, (4) becomes :
w0 = =g v (50) - (5)]ax

=g U [V (&) dx = 1| (7))

By using integration by parts on second term :

20 ==={2[% [v*(£)] dx - [9¥"1=)

2mi

As x - too, ¥ — 0, (6) becomes :
d h oo « [OF

2@ = v (5)]ax
Substitute into (1)

N [LP* G:—x) ‘P] dx (Shown)
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Problem 1.17
A particle is represented (at time ¢t = 0) by the wave function

A(a?> —x?), if —a<x<+a
0, otherwise.

Y(x,0) = {

(a) Determine the normalization constant A.

(b) What is the expectation value of x (at time t = 0)?

(c) What is the expectation value of p (at time t = 0)? (Note that you cannot get it from
p = md(x)/dt. Why not?)

(d) Find the expectation value of x2.

(e) Find the expectation value of p2.

(f) Find the uncertainty in x (o,.).

(6%)
Solution
(a) Normalization condition : ffooollP(x, ))2dx =1
a
|Alzj (a? —x®)?%dx =1
—-a
| 15
A= 16a° v
(b)(x) = [ x|¥|?dx = |A]? [* x(a® - x?)?dx = 0 v
a « (D 0 _h a d _
© @) = [ |9 =) ®|dx =31412 [ {2 = x®) |- (a? = x®)|}dx = 0 v
Since we only know (x) at t = 0, we cannot calculate d(x)/dt.
(@) x?) = [ x?|W|dx = A% [* x?(a® - x?)2dx =& y
a . (0 82 . a d? _ 5h?
@0 = [ [¥ () ¥|ar = - [ @ - L@ - ffar=3T v

() 0 = /() = (07 = v



Problem 1.16

Show that
d (*
Ej_ooqjl ‘Pzdx =0

for any two (normalizable) solutions to the Schroedinger equation, ¥; and W,,.

(5%)
f l'Pl l‘Pzdx —f _(Lpl Lpz)dx
== [‘”1 ¥, +a&l111 ]dx 1) v
. . ow,” h? 9%w," x
From Schroedinger equation : —ih—— = - 6x21 + VY, (2)
Rk £ S AT 3
! at  2m ox2 2 ( )
Substitute into (1)
22w 22w
Gl e = [ (52) - e (F)] @ /
_ih (o 3 v, oW, "
" 2mJ-oax qjl (ax) Lpz( )]d v
o oW, "\
(G - (G, Q
As x — too, ¥ — 0, (4) becomes : v

=T W W,dx = 0 (Shown) v



