ZCT 205 Quantum Mechanics

Tutorial 2.1 (40%)
Q1 Separation of Variables

1dp  h? 1d%
ih—— = +
@ dt 2my dx?

LHS is a function of t alone while the RHS is a function of x alone. Equation above is true only

if both sides equal to a constant. We will call this constant E, so that

dp  iE h2d2¢+V()—E
B h(p 2m dx? x)=Eyp

Show the solution to the time-independent part is

@(t) = e~/
(2%)

Solution

Time-independent part of the equation : Z—‘f = —%(p

By using separation of variables,

[de =~ [dt

Inp =— % t+C v

@ = Ae Bt/ where A =eC
As the arbitrary constant is being absorbed, the solution to the time-independent part is

@(t) = e~ tEt/h (Shown) v



Q2

V() = ) (el

n=1

Show that the total solution (above) is a solution to the time-dependent Schroedinger equation
(TDSE), which is given by

L 0P h? 92y

—— s+ VY
9t 2m 9x2
(6%)
Solution
Let ‘P(x, t) = Z?{)=1 L]Jn(x’ t) - 2;0;1 ann(x)e—iEnt/h
al‘P( !t) [ oo —i
6: = _%anl Encnbn(x)e UEnt/h v
IW(x,t) PPn(x) _
axf Zn 1 Tl axzx iE t/h ‘/
LHS Of TDSE:  th2" = th |~ = Y21 iy (x)Epe 0t/
= Z;‘lo=1 Encnlpn (x)e_iEnt/h
= Z:lo=1 Enwn(x; t) V4
h? 9%y h2 o %y,
RHS of TDSE : —Eﬁ+vql:—%[2n=l Cr Z’z ]+V2n 1Wn(x, t)
h? 0% oo —iE,t/h o
== %ﬁ2n=1 Cnlljn(x)e n +V Zn:l ‘Pn(x, t) v
hZ 62 -
= (- V) B WD)
=HY5 Yo (x,t) v/

LY EW,(x,t) =AY W, (x, 1) (Shown) v



Q3

(i) For an infinite square well,

d?y V2mE
— 2 = — 2 >
_dxz__k Y ,where k = h’ k>0

E must be positive. Why?

(if) Using Euler relation, show that
P(x) = Cre™™* + C e~k
= Asinkx + B cos kx

Solution

(2%)

(i) For an infinite square well, V,,,;, = 0. E must be larger than V,,;,so that the wave function

is valid and normalizable.
(ii) Euler relation is given by e®* = coskx + isinkx
W(x) = Ce* + C,e~ikx
= C;(coskx + isinkx) + C,(cos kx — i sin kx)
= i(C; — C,) sinkx + (C, + C,) cos kx
Let A=i(C;—C,)and B = (C, + C,)
Y(x) = Asinkx + B cos kx (Shown)

v



Q4 The TISE solutions are mutually orthogonal

Given 1, solution to a time-independent Schroedinger equation (TISE)

h” d%y +V(x)=E
2m dx? x) = E
Prove
j.lpm*(x)lpn(x)dx = 5mn
Solution

For an infinite square well, U, (x) = \Esin (%” x)
a % _ 2 ra mim . nm
Jo ¥m () Yn()dx == [ "sin (Tx) sin (Fx) dx

When m = n, foa P, (x)* P, (x)dx = %foa sin? (%x) dx = EIO“% [1 — cos? (%nx)] dx

a

1 a . (nm a
=- [x — ——S1n (—x)]
a 2nm a 0

=1

cos(a—pB)—cos(a+p)
2

When m # n, employing trigonometry identity : sinasinf =

an Y () Y, (x)dx = lfoa [cos (? nx) — cos (m+n nx)] dx

a a

(8%)



Q5

Prove that

%=j¢ﬂw7@Mx

This can be simply proven by making use of the orthogonally of the TISE solutions :

j.lpm(x)*lpn(x)dx = Omn

Solution
W(x, t) = Tz cnihn ()e 7t/
Let  f(x) =¥(x 0) = Xm=1 Cm¥Pm(x)
J ()" f () dx = [ hn ()" [Ein=1 Cmtbm (X)] dx
=Zm=1Cm | Yn() Y () dx [P () Yo (x)dx = Spn

= Z;ﬁ:l Cm5mn

Since 6,,, = {(1) le f Z , all terms vanish except for c,,.

[P f)dx=c,  (Shown)

(3%)



Q6

Use
JI¥(x, )]*dx =1 and J Y ) Y (x)dx = S,y
to prove
Z|Cn|2 =1
n=1
Solution
Att =0,

[1%(x,0)]2 dx =1
JIZ 1 emPm O] [Zoey e ()] dx = 1
St T O Cn [ Um ) Y ()dx =1 5 [P (0) P () dx = Sy

Z?ﬁzl Z?lo=1 Cm*CnSmn =1

. 0; m#n .
Since 6,,, = { , all terms vanish except for m = n.
1; m=n
* _ . * _ 2
Z?lo=1 Cn Cp = 1 v Cp Cp = |Cn|

oY enl? = (Shown)

(3%)



Q8
Consider the solutions to a quantum harmonic potential.

(i) Assume n is 1, write down h(¢), hence the stationary wave function, ¥ (£).
(ii) Assume n is 2, write down h(¢), hence the stationary wave function, ¥, (§).
(5%)

Solution

h($) = 1]'1=0 ajfj = h(§)oaa + h(§)even

j4+2-K

Aj+2 =maj ; K=2n+1

(&) = h(§)e=5/?

() h(E) =as¢
Py (§) = a;€e5/2

(i) K=5 ; a,=-2a, v
hy(§) = ag + a$% = (1- Zfz)ao
h2(8) = (1 - 282 age4"/2



Q9
Consider the solutions to a quantum harmonic potential.

(i) Derive H;, H,, H; from the Rodrigues formula.

(ii) Derive Hs, H, from H,, H, using the recursion relation.

(iii) As a check, the function H; derived using both methods must agree.

Solution
(i) Rodrigues formula : H,(¢) = (=1)"e¢’ (dif)n e—§?
Hi(§) = (D 7 () = 2¢

Hy(©) = (Def” (&) o6 = 482 -2

Hy(©) = (1% (%) e = 887 — 12¢

(if) Recursion relation : H,,,(§) = 2¢H,,(§) — 2nH,,_1(§)
H3(§) = Hp41(5) , n=2
= 2§H,($) — 2(2)H,(8)
= 2§(4§7 —2) —4(29)
= 8&3 —12¢
H,(§) = H3,1(8) , n=3
= 2§H3($) — 2(3)H,($)
= 2§(85% —12§) — 4(4¢% - 2)
= 16&* — 4882 + 12

(9%)

v

v

v

v

(iii) Function H5 (&) derived from both Rodrigues formula and recursion formula are the same. v/



Q10

The time-dependent “stationary” solution is a travelling plane wave :

W, (x,t) = Ae™ (x—2mt)

Show
j-_oo Y, "W, dx — o
(2%)

Solution
W (x,t) = Aet(x “3mt)
W () = At K(Famt)
[2 oW dx = [ [A*e‘“‘("‘%t)] [Aeik(x—%t)] dx

= |A]2 [© dx /

= |A]*[x] %

ffooo YW, dx - oo (Shown) /



